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Abstract 

     The effects couple stress on the unsteady flow of a couple stress fluid an incompressible non-Newtonian 

(Jeffrey) fluid through porous medium have been discussed. The thermal diffusion thermo effect are taken to our 

consideration. Analytical expression for the axial velocity, stream function and axial pressure gradient are 

established. The flow is investigated in a wave frame of reference moving with the velocity of the wave. The 

non-linear partial differential equations which govern this problem are simplified by making the assumptions of 

long wave length approximation. The analytical formula of the velocity and temperature have been obtained in 

terms of Bessel function of first and second kinds. In addition, it has been illustrated graphically for significant 

various parameters such as, magnetic parameter, couple stress parameter, permeability parameter, and thermal 

parameters . 
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1. Introduction   

     The study of peristaltic motion has gained considerable interest because of its extensive applications in urine 

transport from the kidney to bladder vasomotion of the small blood of the chyme in gastrointestinal tract, and so 

forth. Peristaltic pumping is found in many applications, for example, vessels movements, such as the transport 

of slurries, sensitive or corrosive fluids, sanitary fluid, and noxious fluids in the nuclear industry.  The couple 

stress fluid is a special case of non-Newtonian fluid which is intended to take into account the particle size 

effects. The micro-continuum theory of couple stress fluid proposed by Stokes [6], defines the rotational field in 

terms of the velocity field for setting up the constitutive relationship between the stress and the strain rate . The 

couple stress model plays an important role in understanding some of the non-Newtonian flow properties of 

blood. A number of studies for couple stress and non-Newtonian fluids have been reported [1-7]. 

     Theory of non-Newtonian fluids has received a great attention during the recent years, because the traditional 

viscous fluids cannot precisely describe the characteristics of many physiological fluids, see. Hayat & Ali [8]. 

Hayat et al. [9] have investigated the effects of compliant walls and porous space on the MHD peristaltic flow of 

Jeffery fluids. Srinivas [10] investigated the influence of heat and mass transfer on MHD peristaltic flow through 

a porous space with compliant walls. The influence of heat transfer and temperature dependent viscosity on 

peristaltic flow of a Jeffrey-six constant fluid has been studied by Nadeem [11]. Kothandapani [12] have 

analysed the MHD peristaltic flow of a viscous fluid in asymmetric channel with heat transfer. Kothandapani 

[13] studied the influence of wall properties in the MHD peristaltic transport with heat transfer and porous 

medium. Hayat & Ali [14] studied the peristaltic motion of a Jeffrey fluid in a tube with sinusoidal wave 

travelling down its wall. 

     Recently, the effect of magnetic field on viscous fluid has been reported for treatment of the following 

pathologies: Gastroenric pathologies, rheumatisms, constipation and hypertension that can be treated by placing 

one electrode either on the back or on the stomach and the other on the sole of the foot; this location will induce 

a better blood circulation. El-Dabe et al. [15] and [16] have been studied heat and mass transfer of a steady slow 

motion of a Rivilin-Ericksen fluid in tube of varying cross-section with suction. Also, they investigated the effect 
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of both magnetic field and porous medium on non-Newtonian fluid by studying the unsteady flow of a 

compressible biviscosity fluid in a circular tube, in which the flow is induced by a wave traveling on the tube 

wall. The incompressible flow of electrically conducting biviscosity fluid, through an axisymmetric non-uniform 

tube with a sinsusoidal wave under the considerations of long wave length and law Reynolds number, is 

discussed by El-Dabe et al. [17]. 

     The objective of this paper is to study the influence of couple stress, uniform magnetic field and permeability 

of the medium on the dynamics of unsteady flow of an incompressible Jeffrey fluid in a tube with heat and mass 

transfer. The governing equations of Jeffrey fluid in the cylindrical coordinates have been modeled. The 

equations are simplified using long wavelength and low Reynolds number approximations. The governing 

equations of fluid flow are solved subject to the relevant the boundary conditions, analytically. The effects of 

various parameters such as: magnetic parameter
2M , permeability k Reynolds number eR , Prandtl number rP , 

Schmidt number cS , Soret number rS  on these solutions are discussed and illustrated graphically.   

2. Mathematical Formulation  

     Consider a peristaltic flow of an incompressible Jeffrey fluid in a coaxial uniform circular tube. The 

cylindrical coordinates are considered, where R is along the radius of the tube and Z coincides with the axes of 

the tube as shown in figure (1). A uniform magnetic field 0B  is imposed and acting along axis.    

                                                            λ                                                                                                

                             b                                                               c 

                                    0B                  ),(2 tZr                2a  

                                                                                              1a                                         

                                           

                                                                                                                          

                                                                                                    Fig(1) : Geometry of the problem . 

       

     The geometry of wall surface is described as: 

)](
2

[.),( tcZSinbatZH −+=
λ

π
                                                                                                        (1) 

Where a is the average radius of the undisturbed tube, b is the amplitude of the peristaltic wave, λ  is the 

wavelength, c is the wave propagation speed, and  t  is the time. 

3. Basic equations  

     The basic equations governing the non-Newtonian Jeffrey fluid are given by:   

     The continuity equation is given by:  

0=∇V                                                                                                                                                     (2)   
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     The momentum equation with couple-stress fluid are:  
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     The temperature equation is given by:  
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=∇  (Laplace operator) and )( 224 ∇∇=∇ . AlsoV  is the velocity, µ is the dynamic 

viscosity, 
*K is the permeability, )0,,0( 0BB = is the magnetic field, σ  is the electrical conductivity,  eµ  is 

the magnetic permeability, τ  is the Cauchy stress tensor, and η is the constant associated with the couple stress. 

Too, T is the temperature of the fluid, k is the thermal conductivity and pc is the specific heat capacity at 

constant pressure. 

     The constitutive equations for an incompressible Jeffrey fluid are given by:  
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where S is the extra stress tensor, P is the pressure, I is the identity tensor, 2λ is the ratio of relaxation to 

retardation times,γ  is the shear rate and 2λ is the retardation time. 

4. Method of solution  

     Let U and W be the velocity components in the radial and axial directions in the fixed frame respectively. 

     For the unsteady two-dimensional flow, the velocity components may be written as follows:  

)0),,(W),,(U( zrzrV =                                                                                                                       (6) 

     Also, the temperature function may be written as follows:  

),( zrTT = .                                                                                                                                             (7)  

     The equations of motion (2)-(4) and the constitutive relations (5) take the form: 
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     In the fixed coordinates ),( ZR the flow between the two tubes is unsteady. It becomes steady in a wave 

frame ),( zr moving with the same speed as wave in the Z -direction. The transformations between the two 

frames is given by: 

Rr = , tcZz −=                                                                                                                              (12) 

Uu = , cWw −=                                                                                                                              (13) 

where ),( zr  and ),( WU  are the velocity components in the moving and fixed frames, respectively . After 

using these transformation, the equations of motion are; 
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where u  and w  are the velocity components in the r and z directions, respectively, ρ  is the density, p is the 

pressure, µ  is the viscosity. 

     The appropriate boundary conditions are: 
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     In order to simplify the governing equations of the motion, we may introduce the following dimensionless 

transformations as follows: 
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where φ  is the amplitude ratio, δ is the dimensionless wave number and α  is the couple stress fluid parameter 

indicating the ratio of the tube radius (constant) to material characteristic length (
µ

η
, has the dimension of 

length) .      

     Substituting (19) into equations (14)-(17), and simplify we obtain the following non-dimensional equations : 
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Where, the previous dimensionless parameters ( eR the Reynolds number, rP  the Prandtl number, nR  the 

Radiation parameter, aD  the Darcy number and 
2M  the magnetic parameter) are defined by: 
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     The related boundary conditions in the wave frame are given by: 
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     The general solution of the governing equations (20)-(23) in the general case seems to be impossible; 

therefore, we shall confine the analysis under the assumption of small dimensionless wave number. It follows 

that . In other words, we considered the long-wavelength approximation. Along to this assumption, 

equations (20)-(23) become:  
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     Assuming the components of the couple stress tensor at the wall to be zero [7], we have the following 

dimensionless boundary conditions: 
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where 
η

ηη ='
 is a couple stress fluid parameter (η  and η  are constants associated with the couple stress, 

when 1' →η  (i.e. ηη →
'

)  no couple stress effect; Newtonian fluid [6-8] ) .  

5. Solution of the problem 

     Equation (30) shows that p dependents on z only. The general solution of Eq. (31) is  
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1224 αλ , also 0I  and 0K  are the modified Bessel functions of the first and second kind of 

order zero. 1B  , 2B  , 3B  and 4B  are constants can be determinates by using the boundary conditions Eq. (28) 

and Eq. (33) and will not mentioned here for the sake of simplicity.   
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     The corresponding stream function (
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Where 11 su λ= , 22 su λ= , and 1K , 10 F  are the modified Bessel function of the second kind and 

Hypergeometric regularized function, respectively.  

     The instantaneous volume flow rate Q(z) (= drrw
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     Following the analysis given by Shapiro et al. [18], the mean volume flow, q  over a period is obtained as  
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Which on using Eq. (36) yields 
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     The pressure rise p∆ and the friction force (at the wall) on the outer and inner tubes are 
)(oF  and 

)(iF , 

respectively, in a tube of length L, in their non-dimensional forms, are given by: 

∫ 







=∆

1

0
dz

dz

dp
p ,                                                                                                                                            (39) 

∫ 







−=

1

0

2

2

)0(
dz

dz

dp
rF ,                                                                                                                                (40) 

∫ 







−=

1

0

2

1

)(
dz

dz

dp
rF

i
,                                                                                                                                 (41) 

     Substituting Eq. (58) in to Eqs. (39)-(41) with ε=1r , )2sin(12 zr πφ+= , we obtain the pressure rise and 

the friction force (at the wall of the outer and inner surfaces) .  

     The heat equation solution is found to be; 

)()( 0605 ArKBArIB +=θ                                                                                                                (42)                                               
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where 









+

Ω
=

nre RPR

A

3

41
. And by using the boundary conditions Eq. (28), we have 
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−
=     and  

)(

)(

20

520

6
ArK

BArI
B −=  .   

6. Numerical Results and Discussion    

     In this section, the numerical and computational results are discussed for the problem of an incompressible 

non-Newtonian Jeffrey fluid in a tube with heat and mass transfer through the graphical illustrations. The salient 

feature of peristaltic flow of couple-stress fluids through the porous medium are discussed through Figures (2-

19). MATHEMATICA program is used to find out numerical results and illustrations.  

     Based on Eq. 39, Figs.(2-4) illustrates the effects of the parameters ε , α  and M on the pressure rise p∆  

versusη ,φ , and q , respectively. Fig.2 shows that the variation of p∆  vs.η . We see that p∆ increases with 

the increases of any one of α or M . While p∆  decreases with the increases of ε .  

 

0.25

0.29

0.3

0.32

a

0.0 0.5 1.0 1.5 2.0

100

90

80

70




p

 

3.4

3.5

3.7

4

b

0.0 0.5 1.0 1.5 2.0

90

80

70

60

50




p

 

M 0.8

M 0.9

M 1

M 1.1

c

0.0 0.2 0.4 0.6 0.8

87.5

87.0

86.5




p

  

Fig.2 Plot  showing variation of  pressure rise p∆ vs. η , at 1.0,5.0,1.0,9.0 1 ==== φλ qDa
 for (a) different  values 

ofε ,  at 5.3,1.1 == αM , (b) different values of couple-stress parameterα , at 3.0,1.1 == εM , and  (c) different  

values of  magnetic parameter M , at 3.0,5.3 == εα . 
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Fig.3 Plot showing variation of pressure rise p∆  vs.φ , at 5.0,5.0,1.0,9.0 1 ==== ηλ qDa
 for (a) different values 

ofε , at 5.3,1.1 == αM , (b) different values of couple-stress parameterα , at 3.0,1.1 == εM , and (c) different 

values of magnetic parameter M , at 3.0,5.3 == εα .  

     Fig.3 shows that the variation of p∆ vs.φ . We see that p∆ increases with the increasing of ε . And 

p∆ decreases with the increasing of any one of α  or M . 

     Fig.4 shows that the variation of p∆ vs. q . In (a) we see that p∆ increases with the increasing of ε  in 0 

< q < 0.62, and  decreases with the increasing ofε when 0.62 < q . From (b) it is found that p∆ decreases 

with the increasing of α  in q < 0.719, and  increases with the increasing of α when  q > 0.719.And (c) 

show that p∆ decreases with the increasing of M . 
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Fig.4 Plot showing variation of pressure rise p∆ vs. q , at 5.0,5.0,1.0,9.0 1 ==== ηφλaD  for (a) different values ofε , 

at 5.3,1.1 == αM , (b) different values of couple-stress parameterα , at 3.0,1.1 == εM , and (c) different values of 

magnetic parameter M , at 3.0,5.3 == εα . 
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Fig.5 Plot showing variation of )(i
F  vs. η , at 5.0,1.0,1.0,9.0 1 ==== qDa φλ , for (a) different  values ofε   ,  at 

5.3,1.1 == αM , (b) different  values of couple-stress parameterα , at 3.0,1.1 == εM , and  (c) different  values of  

magnetic parameter M , at 3.0,5.3 == εα .  

     Based on Eq. 40, Figs.(5-7) illustrates the effects of the parameters ε , α  and M on the inner friction 

force
)(iF versusη , φ , and q , respectively. Fig.5 shows that the variation of 

)(iF  vs. η . We see that 
)(iF  

increases with the increasing ofε . While  decreases with the increasing of any one of α  or M . Fig.6 

shows that the variation of 
)(iF vs. φ . 

)(iF  decreases with the increasing of ε . And 
)(iF  increases with the 

increasing of any one of α  or M . 
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Fig.6  showing variation of )(i
F  vs.φ , at 5.0,5.0,1.0,9.0 1 ==== qDa ηλ , for (a) different values ofε , at 

5.3,1.1 == αM , (b) different values of couple-stress parameter α , at  3.0,1.1 == εM , and  (c) different  values 

of  magnetic parameter M , at 3.0,5.3 == εα . 

     Fig.7 shows that the variation of   vs. q . In (a) we see that 
)(iF  decreases with the increasing of ε  

when q < 0.65, and 
)(iF  increases with the increasing of ε  when q  > 0.65. From (b) it is found that 

)(iF increases with the increasing of α  when q < 0.72, and 
)(iF  decreases with the increasing of α  when 

q > 0.72. And (c) show that 
)(iF  increases with the increasing of M . 
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Fig.7  showing variation of )(i
F  vs. q , at 5.0,5.0,1.0,9.0 1 ==== φηλaD , for (a) different values of ε , at  

5.3,1.1 == αM , (b) different values of couple-stress parameter α , at  3.0,1.1 == εM , and (c) different  values of 

magnetic parameter M , at 3.0,5.3 == εα . 

       Based on Eq. 41, Figs.(8-10) illustrates the effects of the parameters ε , α , and M on the outer friction 

force 
)(oF  versus η , φ , and q , respectively. Fig.8 shows that the variation of 

)(oF  vs. η . We see that 
)(oF  

increases with the increasing of ε , while 
)(oF decreases with the increasing of any one of α  or M . 
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Fig.8  showing variation of )(o
F  vs. η , at 1.0,5.0,1.0,9.0 1 ==== φλ qDa

, for (a) different values of ε ,  at  

5.3,1.1 == αM , (b) different values of couple-stress parameter α , at  3.0,1.1 == εM , and (c) different  values of 

magnetic parameter M , at 3.0,5.3 == εα .  

       Fig.9 shows that the variation of 
)(oF  vs. φ . We see that 

)(oF  decreases with the increasing of ε , while 

)(oF increases with the increasing of any one of α  or M . 
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Fig.9  showing variation of )(o
F  vs. φ , at 5.0,5.0,1.0,9.0 1 ==== ηλ qDa

, for (a) different values of ε , at  

5.3,1.1 == αM , (b) different values of couple-stress parameterα , at  3.0,1.1 == εM , and (c) different values of  

magnetic parameter M , at 3.0,5.3 == εα .  

     Fig.10 shows that the variation of 
)(oF  vs. q . In (a) we see that 

)(oF  decreases with the increasing of ε  in 

q < 0.62, and 
)(oF  increases with the increasing of ε  when q > 0.62. From (b) it is found that 

)(oF increases 

with the increasing of α  in q < 0.719, and 
)(oF  decreases with the increasing of α  when q > 0.719. And (c) 

show that 
)(oF  increases with the increasing of M . 
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Fig.12  showing variation of )(o
F  vs. q , at 5.0,5.0,1.0,9.0 1 ==== ηφλaD , for (a) different values of ε ,  at 

5.3,1.1 == αM , (b) different  values of couple-stress parameter α , at  3.0,1.1 == εM , and (c) different  values 

of  magnetic parameter M , at 3.0,5.3 == εα . 

     Fig.11 shows that effects of the parameters rP , nR , and eR  on the temperature distribution function θ  is 

direct, means θ  increases with the increasing of any one of these parameters with fixed others when 0 < r < 3, 

and then oscillatory. Also θ > 0 when r < 1.1754, and θ < 0 when      r > 1.1754. 
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Fig.11 showing variation of temperature θ  vs. r , at 3.0,1.0,3.0,1 1 ====Ω φzr , for (a) different values of 
nR ,  at 

2,2 == er RP , (b) different values of rP , at 8.0,2 == en RR , and (c) different values of eR , at 

1.0,2 == nr RP .  

7. Trapping phenomona 

      The formation of an internally circulating bolus of fluid by closed streamlines is called trapping and this 

trapped bolus is pushed ahead along with the peristaltic wave. The effects of M ,α , aD , 1λ ,ε ,φ , q , and 

η on trapping can be seen through Figs.12-19. Fig.12 show that the size of the trapped bolus decrease with the 

increase in M , also at M =0.34 a new region of trapped bolus appears near the flat wall of canal and increase 

in size with the increase in M . Fig.13 is plotted, the effect of α on trapping, the size of the trapped bolus 

decrease with the increase in α , also at α =3.7 the trapped bolus disappear to wave near the upper wall of 

canal. Fig.14 show that the size of the trapped bolus increase with the increase in aD , and at aD =1.2 the 

trapped bolus disappear to wave near the upper wall. Fig.15, show that the size of the trapped bolus increase with 

the increase in 1λ . Fig.16, depicts the variation of ε  on the trapping phenomena. The size of the trapped bolus 

increase with the increase in ε  near the upper wall, while at ε =0.2469 a new region of trapped bolus appears 

near the flat wall of canal and disappear at ε =0.3815.  
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Fig.12 Graph of the streamlines for four different values of magnetic parameter M ; (a) M = 0, (b) M = 0.34, (c) 

M = 1, and (d) M = 1.19 at 5.0,5.0,3.0,5.3,1.0,1.0,9.0 1 ======= qDa ηεαφλ . 
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Fig.13 Graph of the streamlines for four different values of couple-stress parameterα ; (a) α = 3.5, (b) α = 3.6, 

(c) α = 3.7, and (d) α = 4 at 5.0,5.0,3.0,1.0,1.0,9.0,1.1 1 ======= qDM a ηεφλ . 
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Fig.14 Graph of the streamlines for four different values of Darcy number aD ; (a) aD = 0.8, (b) aD = 1, (c) 

aD = 1.1, and  (d) aD = 1.2 at 5.0,5.0,3.0,5.3,1.0,1.0,1.1 1 ======= qM ηεαφλ . 
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Fig.15 Graph of the streamlines for four different values of 1λ ; (a) 1λ = 0.07, (b) 1λ = 0.1, (c) 1λ = 0.13, and (d) 

1λ = 0.14 at 5.0,5.0,3.0,5.3,1.0,9.0,1.1 ======= qDM a ηεαφ . 
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Fig.16 Graph of the streamlines for four different values of ε ; (a) ε = 0.2, (b) ε = 0.2467, (c) ε  = 0.3, and (d) 

ε = 0.38 at 5.0,5.0,1.0,5.3,1.0,9.0,1.1 1 ======= qDM a ηλαφ . 
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Fig.17 Graph of the streamlines for four different values of φ ; (a) φ = 0.05, (b) φ = 0.1, (c) φ = 0.2, and (d) 

φ = 0.23 at 5.0,5.0,1.0,5.3,3.0,9.0,1.1 1 ======= qDM a ηλαε . 
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Fig.18 Graph of the streamlines for four different values of q ; (a) q = 0.1, (b) q = 0.3, (c) q = 0.5, and (d) q = 

1.4 at 1.0,5.0,1.0,5.3,3.0,9.0,1.1 1 ======= φηλαεaDM . 
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Fig.19 Graph of the streamlines for four different values of η ; (a) η =0.3, (b) η =1, (c) η =1.65, and (d) η =1.9 

at 1.0,5.0,1.0,5.3,3.0,9.0,1.1 1 ======= φλαε qDM a
. 

8- Concluding remarks 

     We have presented a theoretical approach to study the annulus peristaltic flow of a couple stress with heat and 

mass transfer of a Jeffery fluid in a tube through porous medium. The present analysis can serve as model which 

may help in understanding the mechanism of physiological flows in an annulus for fluids behaving like a couple 

stress fluid. From the point of view of mechanics, it is interesting to note how the peristaltic motion is influenced 

by the applied pressure gradient. Here we have analyzed the peristaltic flow through a gap between two coaxial 

tubes, the inner tube is rigid and the outer one has wave trains moving independently, the gap between them is 

filled with an incompressible viscous couple stress fluid (as a blood model). A long wavelength approximation is 

adopted. The exact expressions for axial velocity of the fluid, stream function and the axial pressure gradient are 

obtained analytically. Numerical integrations are used to analyze the novel features of pumping and trapping. 

The main findings can be summarized as follows:   
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1-  The variation of pressure rise p∆  as a function of the couple stress fluid parameter q  for various values of 

other physical parameters indicate that in the pumping region p∆ > 0, an increase of α  decreases the pumping 

rate p∆  , and the copumping region p∆ < 0, the pumping rate increases by increasing α . There is a linear 

relation between q  and p∆ . 

2- The variation of pressure rise p∆  as a function of η  for various values of other physical parameters indicate 

that in the pumping region p∆ > 0, an increase of α  decreases the pumping rate p∆ , and the copumping 

region p∆ < 0, the pumping rate increases by increasing α . The effect of parameter ε  on p∆  is opposite to 

the effect of α  on p∆  vs. η . The relation between η  and p∆  is a nonlinear. 

3- The variation of pressure rise p∆  as a function of φ  for various values of other physical parameters indicate 

that in the pumping region p∆ > 0 an increase of α  decreases the pumping rate p∆ , and the copumping region 

p∆ < 0, the pumping rate increases by increasing α . There is a nonlinear relation between φ  and p∆ . 

4- The variation of the outer and inner friction forces 
)(oF and 

)(iF  appear at the outer and inner surfaces of the 

tubes, respectively, as a function of q , η , and φ , respectively, for various values of other physical parameters 

indicate that the outer friction 
)(oF  has a greater value (positive or negative) than the inner friction 

)(iF . The 

effects of ελ ,,, 1 MDa , and α  on any of 
)(oF  and 

)(iF  can be considered to have similar effects of these 

parameters on of pressure rise  but with a reflection about the horizontal axis. There is a nonlinear relation 

between η , and φ  vs. the friction forces. 
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