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 ABSTRACT: Motivation for quantizing gravity comes from the remarkable success of the quantum 
theories of the other three fundamental interactions, and from experimental evidence suggesting that 
gravity can be made to show quantum effects Although some quantum gravity theories such as string 
theory and other unified field theories (or 'theories of everything') attempt to unify gravity with the 
other fundamental forces, others such as loop quantum gravity make no such attempt; they simply 
quantize the gravitational field while keeping it separate from the other forces. Observed physical 
phenomena can be described well by quantum mechanics or general relativity, without needing both. 
This can be thought of as due to an extreme separation of mass scales at which they are important. 
Quantum effects are usually important only for the "very small", that is, for objects no larger than 
typical molecules. General relativistic effects, on the other hand, show up mainly for the "very large" 
bodies such as collapsed stars. (Planets' gravitational fields, as of 2011, are well-described 
by linearised except for Mercury's perihelion precession; so strong-field effects—any effects of gravity 
beyond lowest nonvanishing order in φ/c2—have not been observed even in the gravitational fields 
of planets and main sequence stars). There is a lack of experimental evidence relating to quantum 
gravity, and classical physics adequately describes the observed effects of gravity over a range of 
50 orders of magnitude of mass, i.e., for masses of objects from about 10−23 to 1030 kg.We present a 
complete Model which probably explains the positivities and discrepancies and inadequacies of each 
model. Physics is certainly moving in to the subterranean realm and ceratoid dualism of consciousness 
and subject object duality(Freud vouchsafed only at the mother’s breast shall the subject and object 
shall be one),like a maverick trying to transcend the boundaries of space time, standing on the threshold 
of infinity trying to ponder what lies beyond the veil which separates the scene from unseen? 
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INTRODUCTION: 

The following figurative representation is explains in best possible words the model that is proposed. A 

consummate model encompassing all the theories is presented. The theories are there to be applied to 

various physical systems which have different parametric representationalitiesof. Concept of “Theory”is 

explained in previous examples. And the bank’s example of conservativeness of individual debits and 

credits and the holistic conservativeness of assets and Liability is pronouncedly predominant in this case 

also. We shall not repeat in the following the same argument. One more factor that is to be remarked is 

that there are possibilities of concatenation of same theory with different theories. That the name 

appeared twice in the Model should not foreclose its option for its relationship with others.  

 

 

 

 

 

 

 

 

  

CLASSICAL MECHANICS AND NEWTONIAN GRAVITY: 

MODULE NUMBERED ONE 

 

NOTATION : 

    : CATEGORY ONE OF CLASSICAL MECHANICS                 

    : CATEGORY TWO OF CLASICAL MECHANICS 

    : CATEGORY THREE OF CLASSICAL MECHANICS       

    : CATEGORY ONE OF NEWTONIAN GRAVITY 

 

 

 

 

 



Advances in Physics Theories and Applications                                                                                                                www.iiste.org 

ISSN 2224-719X (Paper)  ISSN 2225-0638 (Online) 

Vol 7, 2012  

 

 

141 
 

    : CATEGORY TWO OFNEWTONIAN GRAVITY 

    :CATEGORY THREE OFNEWTONIAN GRAVITY(WE ARE TALKING OF SYSTEMS;LAW IS 

THERE BUT IS APPLICABLE TO VARIOUS SYSTEMS) INVARIANT SU(3),THE PHYSICAL 

PARAMETER STATES  

 

QUANTUM MECHANICS AND QUANTUM FIELD THEORY: 

 MODULE NUMBERED TWO: 

==========================================================================

=== 

    : CATEGORY ONE OF QUANTUM MECHANICS     

    : CATEGORY TWO OF QUANTUM MECHANICS 

    : CATEGORY THREE OF QUANTUM MECHANICS 

    :CATEGORY ONE OF QUANTUM FIELD THEORY 

    : CATEGORY TWO OF QUANTUM FIELD THEORY  

    : CATEGORY THREE OF QUANTUM FIELD THEORY 

ELECTROMAGNETISM AND STR(SPECIAL THEORY OF RELATIVITY): 

 MODULE NUMBERED THREE: 

==========================================================================

=== 

    : CATEGORY ONE OF ELECTROMAGNETISM 

    :CATEGORY TWO OF ELECTROMAGNETIC THEORY 

    : CATEGORY THREE OF ELECTROMAGNETIC THEORY 

    : CATEGORY ONE OF STR 

    :CATEGORY TWO OF STR 

    : CATEGORY THREE OF STR 

 

 

GTR(GENERAL THEORY OF RELATIVITY )ANDQFT(QUANTUM FIELD THEORY)IN 

CURVED SPACE TIME(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH 

CONSEQUENTIALLY CLSSIFIABLE ON PARAMETERS) 

: MODULE NUMBERED FOUR: 

==========================================================================

== 
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    : CATEGORY ONE OFGTREVALUATIVE PARAMETRICIZATION OF SITUATIONAL 

ORIENTATIONS AND ESSENTIAL COGNITIVE ORIENTATION AND CHOICE VARIABLES OF 

THE SYSTEM TO WHICH QFT IS APPLICABLE) 

    : CATEGORY TWO OF GTR 

    : CATEGORY THREE OF GTR 

    :CATEGORY ONE OF QFT IN CURVED SPACE TIME 

    :CATEGORY TWO OF QFT(SYSTEMIC INSTRUMENTAL CHARACTERISATIONS AND ACTION 
ORIENTATIONS AND FUYNCTIONAL IMPERATIVES OF CHANGE MANIFESTED THEREIN )  

    : CATEGORY THREE OF QUANTUM FIELD THEORY 

GTR(GENERAL THEORY OF RELATIVITY(THERE ARE MANY OBSERVES AND GTR IS 

APPLICABLE TO BILLION SYSTEMS NOTWITHSTANDING THE GENERALISATIONAL 

NATURE OF THE THEORY) AND QUANTUM GRAVITY 

MODULE NUMBERED FIVE: 

==========================================================================

===  

    : CATEGORY ONE OF  GTR 

    : CATEGORY TWO OF QUANTUM GRAVITY 

    :CATEGORY THREE OFQUANTUM GRAVITY(THE FINAL THEORY MUST POSSESS THE 

SAME CHARACTERSTICS OF ITS CONSTITUENTS-IT CANNOT SIT IN IVORY TOWER 

WITHOUT APPLICABILITY TO VARIOUS SYSTEMS)  

    :CATEGORY ONE OF QUANTUM GRAVITY 

    :CATEGORY TWO OFQUANTUM GRAVITY 

    :CATEGORY THREE OF QUANTUM GRAVITY 

========================================================================= 

QFT IN CURVED SPACE TIME AND QUANTUM GRAVITY: 

MODULE NUMBERED SIX: 

 

==========================================================================

===  

    : CATEGORY ONE OF QFT IN CURVED SPACE AND TIME 

    : CATEGORY TWO OF QFT IN SPACE AND TIME 
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    : CATEGORY THREE OFQFT IN CURVED SPACE AND TIME 

    : CATEGORY ONE OF QUANTUN GRAVITY 

    : CATEGORY TWO OF QUANTUM GRAVITY  

    : CATEGORY THREE OF QUANTUM GRAVITY 

GTR AND QFT IN CURVED SPACE TIME 

MODULE NUMBERED SEVEN 

========================================================================== 

    : CATEGORY ONE OF GTR 

    : CATEGORY TWO OF GTR 

    : CATEGORY THREE OF GTR 

    : CATEGORY ONE OF QFT IN CURVED SPACE TIME 

    : CATEGORY TWO OF                           

    : CATEGORY THREE OF QFT IN CURVED SPACEAND TIME 

==========================================================================

===== 
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are Dissipation coefficients 

CLASSICAL MECHANICS AND NEWTONIAN GRAVITY: 

MODULE NUMBERED ONE 

 

The differential system of this model is now (Module Numbered one) 

1 

    

  
 (   )

( )    [(   
 )( )  (   

  )( )(     )]     2 
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( )    [(   
 )( )  (   
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 (   )

( )    [(   
 )( )  (   

  )( )(   )]      7 

 (   
  )( )(     )    First augmentation factor  8 

 (   
  )( )(   )     First detritions factor  

QUANTUM MECHANICS AND QUANTUM FIELD THEORY: 

 MODULE NUMBERED TWO: 

 

The differential system of this model is now ( Module numbered two) 
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 )( )  (   

  )( )((   )  )]      15 

 (   
  )( )(     )    First augmentation factor  16 

 (   
  )( )((   )  )     First detritions factor  17 

ELECTROMAGNETISM AND STR(SPECIAL THEORY OF RELATIVITY): 

 MODULE NUMBERED THREE: 

 

The differential system of this model is now (Module numbered three) 

18 
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 (   )
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 )( )  (   

  )( )(     )]      24 

 (   
  )( )(     )    First augmentation factor  

 (   
  )( )(     )     First detritions factor  25 

GTR(GENERAL THEORY OF RELATIVITY )ANDQFT(QUANTUM FIELD THEORY)IN 

CURVED SPACE TIME(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH 

CONSEQUENTIALLY CLSSIFIABLE ON PARAMETERS) 

: MODULE NUMBERED FOUR) 

The differential system of this model is now (Module numbered  Four) 

26 
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 )( )  (   

  )( )((   )  )]      32 

 (   
  )( )(     )    First augmentation factor 33 

 (   
  )( )((   )  )     First detritions factor  34 

GTR(GENERAL THEORY OF RELATIVITY(THERE ARE MANY OBSERVES AND GTR IS 

APPLICABLE TO BILLION SYSTEMS NOTWITHSTANDING THE GENERALISATIONAL 

NATURE OF THE THEORY) AND QUANTUM GRAVITY 

MODULE NUMBERED FIVE 

 

The differential system of this model is now (Module number five) 

35 
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 (   
  )( )(     )    First augmentation factor  42 

 (   
  )( )((   )  )     First detritions factor  43 

 

QFT IN CURVED SPACE TIME AND QUANTUM GRAVITY: 

MODULE NUMBERED SIX: 

 

 

The differential system of this model is now (Module numbered Six) 

44 
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 (   
  )( )(     )    First augmentation factor 52 

GTR AND QFT IN CURVED SPACE TIME 

MODULE NUMBERED SEVEN: 

The differential system of this model is now (SEVENTH MODULE) 

53 
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 (   
  )( )(     )    First augmentation factor  61 

 (   
  )( )((   )  )     First detritions factor 

FIRST MODULE CONCATENATION: 
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Where (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )   are first augmentation coefficients for category 1, 2 and 3  

  (   
  )(    )(     )  ,  (   

  )(    )(     )  ,  (   
  )(    )(     )  are second  augmentation coefficient for category 1, 2 and 3   

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )  are third  augmentation coefficient for category 1, 2 and 3  

 (   
  )(        )(     )   ,  (   

  )(        )(     )  ,  (   
  )(        )(     )  are fourth augmentation coefficient for category 1, 2 

and 3 

 (   
  )(        )(     )   (   

  )(        )(     )    (   
  )(        )(     )   are fifth  augmentation coefficient for category 1, 2 and 

3 

 (   
  )(        )(     ) ,  (   

  )(        )(     )  ,  (   
  )(        )(     )   are sixth augmentation coefficient for category 1, 2 and 
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  )( )(     ) ARESEVENTHAUGMENTATION 
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Where  (   
  )( )(   )    (   

  )( )(   )    (   
  )( )(   )  are first detritions coefficients for category 1, 2 and 3    

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )   are second detritions coefficients for category 1, 2 and 3    

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )  are third  detritions coefficients for category 1, 2 and 3    

 (   
  )(        )(     )    (   

  )(        )(     )    (   
  )(        )(     )  are fourth  detritions coefficients for category 1, 2 and 

3    

 (   
  )(        )(     )  ,  (   

  )(        )(     )  ,  (   
  )(        )(     )  are fifth detritions coefficients for category 1, 2 and 3    

 (   
  )(        )(     )  ,  (   

  )(        )(     )  ,  (   
  )(        )(     )  are sixth detritions coefficients for category 1, 2 and 3   

 (   
  )(  )(     )   (   

  )(  )(     )   (   
  )(  )(     ) ARE SEVENTH DETRITION 

COEFFICIENTS 
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63 

Where  (   
  )( )(   )    (   

  )( )(   )    (   
  )( )(   )  are first detrition coefficients for category 1, 2 and 3    

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )   are second detritions coefficients for category 1, 2 and 3    

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )  are third  detritions coefficients for category 1, 2 and 3    

 (   
  )(        )(     )    (   

  )(        )(     )    (   
  )(        )(     )  are fourth  detritions coefficients for category 1, 2 and 3    

 (   
  )(        )(     )  ,  (   

  )(        )(     )  ,  (   
  )(        )(     )  are fifth detritions coefficients for category 1, 2 and 3    

 (   
  )(        )(     )  ,  (   

  )(        )(     )  ,  (   
  )(        )(     )  are sixth detritions coefficients for category 1, 2 and 3   

64 

SECOND MODULE CONCATENATION: 65 

    

  
 (   )

( )    

[
 
 
 
 
  

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(    )(     ) ]

 
 
 
 

     

66 
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68 

Where  (   
  )( )(     )     (   

  )( )(     )    (   
  )( )(     )  are first augmentation coefficients for category 1, 2 and 3   

 (   
  )(    )(     )  ,  (   

  )(    )(     )  ,  (   
  )(    )(     )   are second augmentation coefficient for category 1, 2 and 3    

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )  are third  augmentation coefficient for category 1, 2 and 3   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are fourth augmentation coefficient for category 1, 2 and 

3   

 (   
  )(         )(     ) ,  (   

  )(         )(     )  ,  (   
  )(         )(     )   are fifth  augmentation coefficient for category 1, 2 and 

3   

 (   
  )(         )(     ) ,  (   

  )(         )(     )  ,  (   
  )(         )(     )   are sixth augmentation coefficient for category 1, 2 and 

3   

69 

 

 

 

 

 

70 
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  )(    )(     ) ARE SEVENTH DETRITION 

COEFFICIENTS 

71 
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74 

        (   
  )( )(     )    ,  (   

  )( )(     )   ,  (   
  )( )(     )    are first detrition coefficients for category 1, 2 and 3  

 (   
  )(    )(   )    (   

  )(    )(   )  ,  (   
  )(    )(   )   are second detrition coefficients for category 1,2 and 3  

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )   are  third  detrition coefficients for category 1,2 and 3  

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are  fourth detritions coefficients for category 1,2 and 3  

 (   
  )(         )(     )  ,  (   

  )(         )(     )  ,  (   
  )(         )(     )  are  fifth detritions coefficients for category 1,2 and 3  

75 
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 (   
  )(         )(     )   (   

  )(         )(     )  ,  (   
  )(         )(     )   are  sixth detritions coefficients for category 1,2 and 3  
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THIRD MODULE CONCATENATION: 

    

  
 

(   )
( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(     )(     )   (   

  )(      )(     )  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 

 

  (   
  )(      )(     ) ]

 
 
 
 

     

76 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

  (   
  )(      )(     ) ]

 
 
 
 

     

77 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

  (   
  )(      )(     ) ]

 
 
 
 

     

78 

 

 (   
  )( )(     ) ,  (   

  )( )(     ) ,  (   
  )( )(     )   are  first  augmentation coefficients for category 1, 2 and 3  

 (   
  )(     )(     )    (   

  )(     )(     )  ,  (   
  )(     )(     )  are second augmentation coefficients for category 1, 2 and 3    

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )    are third augmentation coefficients for category 1, 2 and 3    

 (   
  )(           )(     )  ,  (   

  )(           )(     )    (   
  )(           )(     )  are fourth augmentation coefficients for category 1, 

2 and 3   

 (   
  )(           )(     )   (   

  )(           )(     )    (   
  )(           )(     )  are fifth augmentation coefficients for category 1, 2 

and 3   

 (   
  )(           )(     )    (   

  )(           )(     )   (   
  )(           )(     )  are sixth augmentation coefficients for category 1, 2 

and 3    

79 

 

 

 

 

80 

 (   
  )(      )(     )  (   

  )(      )(     )  (   
  )(      )(     ) are seventh augmentation coefficient 81 

    

  
 

(   )
( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )  – (   
  )(     )(     )  – (   

  )(      )(   )   

 (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(     )(     )  ]

 
 
 
 

     

82 

    

  
 83 
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(   )
( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(   )   

  (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(     )(     )  ]

 
 
 
 

     

    

  
 

(   )
( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )  – (   
  )(     )(     )  – (   

  )(      )(   )   

 (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(     )(     )  ]

 
 
 
 

     

84 

 (   
  )( )(     )    (   

  )( )(     )     (   
  )( )(     )   are first  detritions coefficients  for category 1, 2 and 3   

 (   
  )(     )(     )  ,  (   

  )(     )(     )  ,  (   
  )(     )(     )   are second detritions coefficients for category 1, 2 and 3      

 (   
  )(      )(   )    (   

  )(      )(   )  ,  (   
  )(      )(   )   are third detrition coefficients for category 1,2 and 3  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )  are fourth  detritions coefficients  for category 1, 

2 and 3  

   (   
  )(           )(     )   (   

  )(           )(     )    (   
  )(           )(     )  are fifth  detritions coefficients  for category 1, 2 

and 3   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )  are sixth detritions coefficients  for category 1, 2 

and 3   

85 

– (   
  )(     )(     ) – (   

  )(     )(     ) – (   
  )(     )(     ) are seventh detritions coefficients 

==================================================================================== 

 

FOURTH MODULE CONCATENATION: 

86 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )   

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 

 (   
  )(        )(     ) ]

 
 
 
 

     

87 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(   )(     )   

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 

 (   
  )(        )(     ) ]

 
 
 
 

     

88 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )  

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 

 (   
  )(        )(     )

 ]
 
 
 
 

     

89 

 

      (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )                                                               

90 
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  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                                

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                                

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )    are fourth augmentation coefficients for category  1, 2,and  

3  

 (   
  )(       )(     ) ,  (   

  )(       )(     )   (   
  )(       )(     )   are fifth augmentation coefficients for category  1, 2,and  3  

 (   
  )(       )(     ) ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  are sixth augmentation coefficients for category  1, 2,and  3  

 (   
  )(        )(     )  (   

  )(        )(     )  (   
  )(        )(     ) ARE SEVENTH augmentation 

coefficients 

91 

 92 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

 (   
  )(          )(     ) ]

 
 
 
 

     

93 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

 (   
  )(          )(     ) ]

 
 
 
 

     

94 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

 (   
  )(          )(     ) ]

 
 
 
 

     

95 

       (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )                                                             

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                               

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                             

 (   
  )(       )(   )   (   

  )(       )(   )  ,  (   
  )(       )(   )   

                                                             

 (   
  )(       )(     ) ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  

                                                           

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(       )(     )  

                                                           

 (   
  )(           )(     )  (   

  )(           )(     )  (   
  )(           )(     )      SEVENTH DETRITION 

COEFFICIENTS 

96 

 97 

FIFTH MODULE CONCATENATION: 98 
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 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(           )(     ) ]

 
 
 
 

     

99 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(            )(     ) ]

 
 
 
 

     

100 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 

 (   
  )(           )(     ) ]

 
 
 
 

     

101 

       (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )                                                               

     (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                                 

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                                               

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are fourth augmentation coefficients for category 1,2, 

and 3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )  are fifth augmentation coefficients for category 1,2,and  

3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are sixth augmentation coefficients for category 1,2, 3

    

102 

 103 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(         )(   )    (   

  )(         )(     )  – (   
  )(         )(     )

 

  (   
  )(           )(     ) ]

 
 
 
 

     

104 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(         )(   )    (   

  )(         )(     )  – (   
  )(         )(     )

 

  (   
  )(          )(     ) ]

 
 
 
 

     

105 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(          )(   )    (   

  )(         )(     )  – (   
  )(         )(     )  

  (   
  )(          )(     ) ]

 
 
 
 

     

106 

      – (   
  )( )(     )      (   

  )( )(     )     (   
  )( )(     )                                       

                         

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                             

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                                              
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 (   
  )(         )(   )   (   

  )(         )(   )     (   
  )(          )(   )   are fourth detrition coefficients for category 1,2, and 3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )  are fifth detrition coefficients for category 1,2, and 3 

– (   
  )(         )(     ) , – (   

  )(         )(     )  – (   
  )(         )(     )  are sixth  detrition coefficients for category 1,2, and 3 

SIXTH MODULE CONCATENATION 108 

    

  
 (   )

( )   

 

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(            )(     )  ]

 
 
 
 

     

109 

    

  
 (   )

( )   

 

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(             )(     )  ]

 
 
 
 

     

110 

    

  
 (   )

( )   

 

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(            )(     )  ]

 
 
 
 

     

111 

 (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )                                                                 

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                                                 

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )                                                                  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )   - are fourth augmentation coefficients 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )    - fifth augmentation coefficients 

 (   
  )(           )(     ) ,  (   

  )(           )(     )   (   
  )(           )(     )   sixth  augmentation coefficients   

 (   
  )(            )(     )   (   

  )(             )(     )   (   
  )(             )(     )  ARE SVENTH 

AUGMENTATION COEFFICIENTS 

112 

 113 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(            )(     )  ]
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 (   )

( )    

[
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(            )(     ) ]

 
 
 

     

115 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(            )(     ) ]

 
 
 
 

     

116 

 (   
  )( )(     )    (   

  )( )(     )     (   
  )( )(     )                                                               

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                                                 

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )                                                            

 (   
  )(           )(   )   (   

  )(           )(   )   (   
  )(           )(   )    are fourth detrition  coefficients for category 1, 2, and 3 

 (   
  )(           )(     ) ,  (   

  )(           )(     )   (   
  )(           )(     )   are fifth detrition  coefficients for category 1, 2, and 

3 

– (   
  )(           )(     ) , – (   

  )(           )(     )  – (   
  )(           )(     )   are sixth detrition coefficients for category 1, 2, and 

3 

– (   
  )(           )(     ) – (   

  )(           )(     ) – (   
  )(           )(     ) ARE SEVENTH DETRITION 

COEFFICIENTS 

117 

 118 

SEVENTH MODULE CONCATENATION: 
119 

    

  
 

(   )
( )    

[(   
 )( )  (   

  )( )(     )
̇̇   (   

  )( )(     )     (   
  )( )(     )     (   

  )( )(     )     

(   
  )( )(     )          (   

  )( )(     )      (   
  )( )(     ) ]     

120 

 

 

 

 

121 

    

  
 (   )

( )    [(   
 )( )  (   

  )( )(     )          (   
  )( )(     )        (   

  )( )(     )  

   (   
  )( )(     )       (   

  )
( )

(     )     (   
  )( )(     )     (   

  )( )(     )        ]     

 

122 

    

  
 

(   )
( )    

[(   
 )( )  (   

  )( )(     )          (   
  )( )(     )

̇
   ⏟          

⃛
    (   

  )( )(     )      (   
  )( )(     )    

123 

124 
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   (   
  )( )(     )         (   

  )( )(     )        (   
  )( )(     )   ]      

 

    

  
 

(   )
( )    [(   

 )( )  (   
  )( )((   )  )    (   

  )( )((   )  )         (   
  )( )((   )  )       

(   
  )( )((    )  )          (   

  )( )((   )  )         (   
  )( )((   )  )            

(   
  )( )((   )  )                                                 ]      

 

126 

    

  
 (   )

( )     

[(   
 )( )  (   

  )( )((   )  )    (   
  )( )((   )  )         (   

  )( )((   )  )       

(   
  )( )((    )  )          (   

  )
( )

((   )  )         (   
  )( )((   )  )            

(   
  )( )((   )  )                                                                                                ]      

 

  

127 

Where we suppose 
 

(A) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )      
                  
 

(B) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 
 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

 

     (  
  )( )(   )    (  )

( )  (  
 )( )  (  ̂   )

( ) 
  

(C)        (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) (   )    (  )

( )           
 

            Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants     

              and              

 
           They satisfy  Lipschitz condition: 

          (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 

          (  
  )( )(    )  (  

  )( )(   )  (  ̂   )
( )          (  ̂   )( )  

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   and(  
  )( )(     )  

. (   
   ) and (     ) are points belonging to the interval  [(  ̂   )

( ) (  ̂   )
( )] . It is to be noted that (  

  )( )(     ) 
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is uniformly continuous. In the eventuality of the fact, that if (  ̂   )
( )    then the function  (  

  )( )(     ) , the 
first augmentation coefficient attributable to terrestrial organisms, would be absolutely continuous.  
 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

(D) (  ̂   )
( ) (  ̂   )

( )   are positive constants 
 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

 

           Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

(E) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
       satisfy the inequalities  
 

 

(  ̂   )
( )

  (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )    

 
 

(  ̂   )
( )

   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )    
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(   )
( )    [(   

 )( )  (   
  )( )((   )  )   (   

  )( )((   )  )         (   
  )( )((   )  )       

(   
  )( )((   )  )          (   

  )( )((   )  )         (   
  )( )((   )  )            

(   
  )( )((   )  )                                                                                                   ]       

 

128 

129 

130 

131 

132 

 (   
  )( )(     )    First augmentation factor  134 

(1)(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       135 

(F) (2) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 136 

Definition of (  )
( )   (  )

( ): 137 

(  
  )( )(     )  (  )

( )  (  ̂   )
( )

  138 

(  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( )  139 

(G) (3)         (  
  )( ) (     )  (  )

( ) 140 

       (  
  )( ) ((   )  )    (  )

( )  141 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( ) are positive constants  and              

142 

They satisfy  Lipschitz condition: 143 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   144 

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   145 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) And (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )  

  then the function  (  
  )( )(     ) , the SECOND augmentation coefficient would be absolutely 

continuous.  

146 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 147 

(H) (4)  (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

148 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together 

with (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
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  satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     150 

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     151 

Where we suppose 152 

(I) (5)   (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

153 

       (  
  )( ) (     )  (  )

( )  

      (  
  )( ) (     )    (  )

( )           

 Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants   and              

154 

155 

156 

They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
     (  ̂   )( )   

157 

158 

159 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) And (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )  

  then the function  (  
  )( )(     ) , the THIRD augmentation coefficient, would be absolutely 

continuous.  

160 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(J) (6)  (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

161 

There exists two constants There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   
satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

162 

163 

164 

165 

166 

167 
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Where we suppose 168 

(K) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       
 

(L) (7)   The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 
 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

169 

  

(M) (8)           (  
  )( ) (     )  (  )

( ) 

      (  
  )( ) ((   )  )    (  )

( )         

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

170 

   They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

171 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) And (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It 

is to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the FOURTH augmentation coefficient WOULD be 

absolutely continuous.  

172 

 

 

173 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(N) (  ̂   )      ( ) (  ̂   )
( )   are positive constants 

(O)  
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     

174 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(P) (9)   There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

175 
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Where we suppose 176 

(Q) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                      

(R) (10)   The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

177 

  

(S) (11)         (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) (     )    (  )

( )           

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants  and              

178 

They satisfy  Lipschitz condition: 

   (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

179 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , theFIFTH augmentation coefficient attributable 

would be absolutely continuous.  

180 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(T) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

181 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(U) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   satisfy the inequalities  
 

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

182 

Where we suppose 183 

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

(12)   The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

184 
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Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

  

(13)          (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) ((   )  )    (  )

( )           

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

185 

They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

186 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the SIXTH augmentation coefficient would be 

absolutely continuous.  

187 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

188 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

189 

Where we suppose 

 

190 
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(V) (  )
( ) (  

 )
( )

 (  
  )

( )
 (  )

( ) (  
 )

( )
 (  

  )
( )

     

                  

 

(W) The functions (  
  )

( )
 (  

  )
( )

 are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

 

     (  
  )

( )
(     )  (  )

( )  (  ̂   )
( )  

 

     (  
  )

( )
(   )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

191 

  

(X)         (  
  )

( )
(     )  (  )

( ) 

           (  
  )

( )
((   )  )    (  )

( )           

 

            Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants     

              and              

 

192 

           They satisfy  Lipschitz condition: 

          (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 

          (  
  )( )((   )

   )  (  
  )( )((   ) (   ))  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )  

 

193 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It 

is to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to 

terrestrial organisms, would be absolutely continuous.  

 

194 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 195 
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(Y) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

 

           Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

(Z) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
       satisfy the inequalities  

 

 

(  ̂   )
( )

  (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )    

 

 

(  ̂   )
( )

   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )    

 

196 

 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

197 

 

 

 

 

198 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

==================================================================================

= 

Definition of     ( )    ( ) : 

199 
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   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

 

 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions 

              which satisfy                                           

200 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )    201 

    ( )    
  (  ̂   )

( ) (  ̂   )( )     202 

    ( )    
  (  ̂   )

( ) (  ̂   )( )   203 

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

204 

  ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
 

 
  205 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
 

 
  206 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  207 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  208 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

209 

 210 

 if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying the conditions 
 
          Definition of     ( )    ( ) : 
 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

Consider operator   ( )  defined on the space of sextuples of continuous functions               which satisfy                                 
                                      

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )    
 

    ( )    
  (  ̂   )

( ) (  ̂   )( )    
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    ( )    
  (  ̂   )

( ) (  ̂   )( )   

By 
 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

  
 ̅  ( )     

    

∫ [(   )
( )   ( (  ))  ((   

 )( )  (   
  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 

 

 
  

 

 ̅  ( )     
    

∫ [(   )
( )   ( (  ))  ((   

 )( )  (   
  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 

 

 
  

 
 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

 
 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

 

 ̅  ( )     
    

∫ [(   )
( )   ( (  ))   ((   

 )( )   (   
  )( )( ( (  ))  (  )))    ( (  ))]   (  )

 

 
  

 
Where  (  )  is the integrand that is integrated over an interval (   ) 
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Consider operator   ( )  defined on the space of sextuples of continuous functions               

which satisfy             

211 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )    212 

    ( )    
  (  ̂   )

( ) (  ̂   )( )     213 

    ( )    
  (  ̂   )

( ) (  ̂   )( )   214 

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

215 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
  216 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
  217 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  218 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  219 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

220 

 

Consider operator   ( )  defined on the space of sextuples of continuous functions               

which satisfy         

221 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )    222 

    ( )    
  (  ̂   )

( ) (  ̂   )( )     223 

    ( )    
  (  ̂   )

( ) (  ̂   )( )   224 

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

225 

  ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
  226 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
 

 
  227 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  228 
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 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  229 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

230 

 Consider operator   ( )  defined on the space of sextuples of continuous functions            

   which satisfy                               

231 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )    232 

    ( )    
  (  ̂   )

( ) (  ̂   )( )     233 

    ( )    
  (  ̂   )

( ) (  ̂   )( )   234 

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

235 

  ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
  236 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
  237 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
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  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
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 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

240 

Consider operator   ( )  defined on the space of sextuples of continuous functions               

which satisfy               

241 

242 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )    243 

    ( )    
  (  ̂   )

( ) (  ̂   )( )     244 

    ( )    
  (  ̂   )

( ) (  ̂   )( )   245 

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
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  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
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( )   ( (  ))  ((   
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  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
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 )( )   (   
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  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
 

Where  (  )  is the integrand that is integrated over an interval (   ) 

251 

 

Consider operator   ( )  defined on the space of sextuples of continuous functions               

which satisfy      

252 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )     253 

    ( )    
  (  ̂   )

( ) (  ̂   )( )     254 

    ( )    
  (  ̂   )

( ) (  ̂   )( )   255 

By 
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   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
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  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  259 

 ̅  ( )     
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  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
 

Where  (  )  is the integrand that is integrated over an interval (   ) 

261 

: if the conditions IN THE FOREGOING are fulfilled, there exists a solution satisfying the conditions 

 

          Definition of     ( )    ( ) : 

 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions               
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which satisfy                                 

                                      

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )    

 

263 

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

  

264 

    ( )    
  (  ̂   )

( ) (  ̂   )( )   265 

By 

 

 ̅  ( )     
  

 ∫ [(   )
( )   ( (  ))   ((   

 )( )     
  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
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( )   ( (  ))  ((   

 )( )  (   
  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
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∫ [(   )
( )   ( (  ))  ((   

 )( )  (   
  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
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( )   ( (  ))   ((   

 )( )   (   
  )( )( ( (  ))  (  )))    ( (  ))]   (  )

 

 
  

 

 

269 

 ̅  ( )     
  

∫ [(   )
( )   ( (  ))   ((   

 )( )   (   
  )( )( ( (  ))  (  )))    ( (  ))]   (  )
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Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Analogous inequalities hold also for                       272 

(a) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself 
.Indeed it is obvious that 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

273 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 1 

274 

(b) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself 
.Indeed it is obvious that 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

275 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 1 

276 

(c) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself 
.Indeed it is obvious that 

  

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

277 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem1 
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Analogous inequalities hold also for                       

(d) The operator  ( ) maps the space of functions satisfying 37,35,36 into itself .Indeed it is 

obvious that 

 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 

279 

 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 7 

 

280 

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

281 

 

282 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

283 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

284 

In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

GLOBAL EQUATIONS into itself 

285 

The operator  ( ) is a contraction with respect to the metric  

 (( ( )  ( )) ( ( )  ( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

286 

 Indeed if we denote   

Definition of  ̃  ̃ : 

(  ̃  ̃ )   ( )(   ) 

It results 

287 



Advances in Physics Theories and Applications                                                                                                                www.iiste.org 

ISSN 2224-719X (Paper)  ISSN 2225-0638 (Online) 

Vol 7, 2012  

 

 

175 
 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 

| ( )   ( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  (  ̂  )

( )(  ̂  )
( )) (( ( )  ( )   ( )  ( )))  

And analogous inequalities for          . Taking into account the hypothesis  the result follows 

288 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then 

it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

 (             ) and hypothesis can replaced by a usual Lipschitz condition. 

289 

Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

290 

 

291 

Definition of  ((  ̂  )
( ))

 
      ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

292 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

293 

 Remark 5: If       is bounded from below and       ((  
  )( ) ( ( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

294 
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Indeed let     be so that for        

(   )
( )  (  

  )( )( ( )  )         ( )  ( )( )  

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for      if       (   
  )( ) ( ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

295 

 296 

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

297 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

298 

 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

299 

In order that the operator  ( ) transforms the space of sextuples of functions        satisfying  300 

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

301 

Indeed if we denote   

Definition of    ̃    ̃ :   (    ̃    ̃ )   ( )(       ) 

302 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  
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Where  (  ) represents integrand that is integrated over the interval       304 
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From the hypotheses  it follows 

|(   )
( )  (   )

( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  

(  ̂  )
( )(  ̂  )

( )) (((   )
( ) (   )

( )  (   )
( ) (   )

( )))  

305 

And analogous inequalities for          . Taking into account the hypothesis  the result follows 306 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then 

it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

307 

Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

308 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

309 

 

 

 

 

 

310 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

311 

 Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then 

        

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  

312 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  
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    (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that     is 

unbounded. The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

314 

 315 

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

316 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  
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(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

318 

In order that the operator  ( ) transforms the space of sextuples of functions         into itself 319 

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

320 

Indeed if we denote   

Definition of    ̃    ̃ :( (   )̃ (   )̃ )   ( )((   ) (   )) 

321 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 

322 

 

 

323 

| ( )   ( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  

(  ̂  )
( )(  ̂  )

( )) (((   )
( ) (   )

( )  (   )
( ) (   )

( )))  

And analogous inequalities for          . Taking into account the hypothesis  the result follows 

324 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 325 
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not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then 

it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

327 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

328 

 Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then 

        

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  
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330 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

331 

 332 

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 
333 
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(  ̂   )
( )     (  ̂   )

( ) large to have 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

334 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

335 

In order that the operator  ( ) transforms the space of sextuples of functions        satisfying  IN to 

itself 

336 

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )     

Indeed if we denote   

Definition of (   )̃ (   )̃ :    ( (   )̃ (   )̃ )   ( )((   ) (   )) 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  ) 

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses it follows 

337 
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|(   )
( )  (   )

( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  

(  ̂  )
( )(  ̂  )

( )) (((   )
( ) (   )

( )  (   )
( ) (   )

( )))  

And analogous inequalities for          . Taking into account the hypothesis the result follows 

339 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered 

as not conformal with the reality, however we have put this hypothesis ,in order that we can 

postulate condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

340 
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If instead of proving the existence of the solution on   , we have to prove it only on a compact then 

it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

Remark 2: There does not exist any    where    ( )           ( )      

From GLOBAL EQUATIONS it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

341 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

342 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

343 

Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then 

        

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  

344 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS 

inequalities hold also for                       

345 

 346 



Advances in Physics Theories and Applications                                                                                                                www.iiste.org 

ISSN 2224-719X (Paper)  ISSN 2225-0638 (Online) 

Vol 7, 2012  

 

 

182 
 

 It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

 

347 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

348 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

349 

In order that the operator  ( ) transforms the space of sextuples of functions         into itself 350 

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

 Indeed if we denote   

Definition of (   )̃ (   )̃ :    ( (   )̃ (   )̃ )   ( )((   ) (   )) 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 
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|(   )
( )  (   )

( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  

(  ̂  )
( )(  ̂  )

( )) (((   )
( ) (   )

( )  (   )
( ) (   )

( )))  

And analogous inequalities for          . Taking into account the hypothesis (35,35,36) the result 

follows 

353 
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Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered 

as not conformal with the reality, however we have put this hypothesis ,in order that we can 

postulate condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then 

it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

354 

Remark 2: There does not exist any    where    ( )           ( )      

From GLOBAL EQUATIONS it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

355 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

356 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

357 

Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then 

        

Definition of  ( )( )        : 

Indeed let     be so that for        

 

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( ) 

358 
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Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is 
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unbounded. The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

Analogous inequalities hold also for                       

 361 

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

362 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

363 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

364 

In order that the operator  ( ) transforms the space of sextuples of functions         into itself 365 

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

 Indeed if we denote   

Definition of (   )̃ (   )̃ :    ( (   )̃ (   )̃ )   ( )((   ) (   )) 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 
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(1) (  
 )( ) (  

  )( ) (  )
( ) (  

 )( ) (  
  )( )      

                  
 

(2)The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 
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Definition of (  )
( )   (  )

( ): 
 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

 

     (  
  )( )(   )    (  )

( )  (  
 )( )  (  ̂   )

( ) 
  

(3)        (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) (   )    (  )

( )           
 

            Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants     

              and              

 
           They satisfy  Lipschitz condition: 

          (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 

          (  
  )( )(    )  (  

  )( )(   )  (  ̂   )
( )          (  ̂   )( )  

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   and(  
  )( )(     )  

. (   
   ) and (     ) are points belonging to the interval  [(  ̂   )

( ) (  ̂   )
( )] . It is to be noted that (  

  )( )(     ) is 

uniformly continuous. In the eventuality of the fact, that if (  ̂   )
( )    then the function  (  

  )( )(     ) , the first 
augmentation coefficient attributable to terrestrial organisms, would be absolutely continuous.  
 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

(AA) (  ̂   )
( ) (  ̂   )

( )   are positive constants 
 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

 

           Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

(BB) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
       satisfy the inequalities  
 

 

(  ̂   )
( )

  (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )    

 
 

(  ̂   )
( )

   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )    

 

 

Analogous inequalities hold also for                       

 

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 
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(  ̂   )
( )     (  ̂   )

( ) large to have 

 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  
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( ̂  )( ) [((  ̂   )
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 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

37,35,36 into itself 

 

371 

The operator  ( ) is a contraction with respect to the metric  
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( )))    
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 Indeed if we denote   

 

Definition of (   )̃ (   )̃ : 

( (   )̃ (   )̃ )   ( )((   ) (   )) 

It results 
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  ̃ 
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|  ∫ (   )
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Where  (  ) represents integrand that is integrated over the interval       

 

From the hypotheses it follows 

 

 

 

|(   )
( )  (   )

( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  

(  ̂  )
( )(  ̂  )

( )) (((   )
( ) (   )

( )  (   )
( ) (   )

( )))  

 

And analogous inequalities for          . Taking into account the hypothesis (37,35,36) the result 

follows 
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Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then 

it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

375 

 

 

Remark 2: There does not exist any    where    ( )           ( )    

   

From 79 to 36 it results  

 

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     
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   ( )    
  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

 

Remark 3: if     is bounded, the same property have also              . indeed if  

 

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 

In the same way , one can obtain 

 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 

 If             is bounded, the same property follows for           and            respectively. 

 

377 

Remark 7: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

 

378 

Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then 

        

 

Definition of  ( )( )        : 

 

Indeed let     be so that for        

 

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( ) 
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Then  
     

  
 (   )

( )( )( )        which leads to  

 

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

 

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations 37 

to 72 

 

380 

In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

GLOBAL EQUATIONS AND ITS CONCOMITANT CONDITIONALITIES into itself 

381 

 

 

 

 

382 

The operator  ( ) is a contraction with respect to the metric  

 

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

Indeed if we denote   

Definition of (   )̃ (   )̃ : 
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It results 
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( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  ) 

 

Where  (  ) represents integrand that is integrated over the interval       

 

From the hypotheses  it follows 
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And analogous inequalities for          . Taking into account the hypothesis  the result follows 

384 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered 

as not conformal with the reality, however we have put this hypothesis ,in order that we can 

postulate condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then 

it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 2: There does not exist any    where    ( )           ( )      

From CONCATENATED GLOBAL EQUATIONS it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

386 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

387 
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    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

Remark 7: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

388 

Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then 

        

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( ) 

389 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

 

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

 

390 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   391 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )  392 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( ) : 393 

By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots 394 

(a) of    the equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     395 

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 396 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 397 

By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 398 

roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    399 

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     400 

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) :- 401 

(b) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 402 
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(  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( )  403 

(  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )   

and   (  )
( )  

   
 

   
   

404 

 (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  405 

and analogously 

(  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( )  

 (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

and (  )
( )  

   
 

   
   

406 

(   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )   407 

Then the solution satisfies the inequalities 

     
  ((  )( ) (   )( ))     ( )     

  (  )( )  

408 

(  )
( ) is defined 409 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   410 

( 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) )    

411 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    
412 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   413 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

(   )( )   
 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

414 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 415 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   )

( )  (   )
( )  

416 

(  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   

 )( )  (   )
( ) 

417 

 418 

Behavior of the solutions 419 
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 If we denote and define 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(a)   )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )  

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(   )  (   
  )( )((   )  )   (  )

( )  

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( ) : 

(b) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the 

equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

420 

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) :- 

(c) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )   

421 

and analogously 

  (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

  (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )      and (  )

( )  
   

 

   
   

 (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )    

Then the solution  satisfies the inequalities 

    
  ((  )( ) (   )( ))     ( )     

  (  )( )   

(  )
( ) is defined  

422 

 

 

 

 

 

 

423 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   424 

( 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  
425 
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(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) )  

      
  (  )( )     ( )     

  ((  )( ) (   )( ))     
426 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   427 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     
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 )( )     ( )    
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(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

428 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   )

( )  (   )
( )  

              (  )
( )  (   )

( )(  )
( )  (   

 )( )   

                        (  )
( )  (   

 )( )  (   )
( ) 

429 

 430 

 431 

 
If we denote and define 
 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 
 

(d) (  )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 
 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   
 

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )  

 

432 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 
 

(e) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the 

equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

 

433 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 
 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 

(f) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 
 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

434 
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       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  
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( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
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( )  
 
and analogously 
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( ) (  )
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( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 
are defined  respectively 
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Then the solution satisfies the inequalities 
 

       
  ((  )( ) (   )( ))     ( )     
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where (  )
( ) is defined  
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Behavior of the solutions  
If we denote and define 
 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 
 

(g) (  )
( )  (  )

( )  (  )
( )  (  )
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and analogously 
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Then the solution satisfies the inequalities 
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Behavior of the solutions 
 If we denote and define 
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(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

477 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 
 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )  
  

             (  )
( )  (   )

( )  (   )
( )  

 

             (  )
( )  (   )

( )(  )
( )  (   

 )( )   
 

             (  )
( )  (   

 )( )  (   )
( )  

478 

 479 
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 If we denote and define 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(m) (  )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )  

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 

(n) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the 

equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

480 

 

481 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 

(o) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 
 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  

482 

and analogously 

       (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  

   
 

   
   

483 
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    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 

are defined  respectively 

 

Then the solution  satisfies the inequalities 

 

          
  ((  )( ) (   )( ))     ( )     

  (  )( )  

 

where (  )
( ) is defined  

484 

 

 

 

 

 

 

 

 

 

 

 

485 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   

 

486 

( 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) ) 

487 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    
488 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   489 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

(   )( )   
 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

490 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   )

( )  (   )
( )  

491 



Advances in Physics Theories and Applications                                                                                                                www.iiste.org 

ISSN 2224-719X (Paper)  ISSN 2225-0638 (Online) 

Vol 7, 2012  

 

 

201 
 

                 (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   

 )( )  (   )
( )  

 

       From GLOBAL EQUATIONS we obtain  

 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))    

(   
  )( )(     ) 

( )  (   )
( ) ( ) 

 

Definition of  ( ) :-          ( )  
   

   
 

 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  

 ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )) 

 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 

 

(a) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  

 

492 

In the same manner , we get 

 

493 
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  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

 

(b) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

494 

(c) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 

theorem. 

495 
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Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) this also 

defines (  )
( ) for the special case . 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 

We can prove the following 

 If (  
  )( )    (  

  )( ) are independent on   , and the conditions  

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

      (   )
( ) (   )

( ) as defined  are satisfied , then the system WITH THE SATISFACTION OF THE 

FOLLOWING PROPERTIES HAS A SOLUTION AS DERIVED BELOW. 

 

496 

496A 

496B 

496C 

497C 

497D 

497E 

497F 

497G 

. 497 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

498 

 499 

From GLOBAL EQUATIONS we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

500 
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Definition of  ( ) :-          ( )  
   

   
 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  

(   )
( )) 

501 

 

 From which one obtains  

(a) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

 ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( )  

502 

 In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

Definition of ( ̅ )
( ) :- 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

503 

(b) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

 (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 

504 

(c) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

(  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( )  

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

505 
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(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in 

the theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

 506 

: From GLOBAL EQUATIONS we obtain  
 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  

(   )
( )) 

 From which one obtains  
 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

(d) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

   ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

507 
 
 
 
 
 
508 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

509 

(e) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

510 
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( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 511 

(f) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) this also 

defines (  )
( ) for the special case . 

 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )   

512 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
513 

 514 
        From  GLOBAL EQUATIONS we obtain  

 
  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 
 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

(g) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

515 
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       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

516 

(h) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

517 

(i) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) this also 

defines (  )
( ) for the special case . 

 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 

518 
 
 
 
 
519 

 520 
we obtain  521 
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  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  

(   )
( )) 

 
 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

(j) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

522 
 
523 

(k) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

524 

(l) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

525 
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Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) this also 

defines (  )
( ) for the special case . 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 526 
Behavior of the solutions 

 If we denote and define 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(p) (  )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   

 

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )  

527 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 

(q) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the 

equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

528 

 

 

 

 

 

 

529 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 

 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

530. 
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     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 

(r) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 

 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  

 

and analogously 

 

       (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 

are defined by 59 and 67 respectively 

 

531 

Then the solution of GLOBAL EQUATIONS satisfies the inequalities 

 

          
  ((  )( ) (   )( ))     ( )     

  (  )( )  

 

where (  )
( ) is defined  

532 
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      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   

 

533 

( 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) ) 

 

534 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    
535 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   536 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

(   )( )   
 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

537 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )  

  

             (  )
( )  (   )

( )  (   )
( )  

                 (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   

 )( )  (   )
( )  

538 

 

 

 

539 

         From CONCATENATED GLOBAL EQUATIONS we obtain  

 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))    

(   
  )( )(     ) 

( )  (   )
( ) ( ) 

 

Definition of  ( ) :-          ( )  
   

   
 

 

It follows 

540 
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  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  

 ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )) 

 

 From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

(m) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  

In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

 

541 

(n) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

542 

(o) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

543 
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(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   

Now, using this result and replacing it in CONCATENATED GLOBAL EQUATIONS we get easily 

the result stated in the theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) this also 

defines (  )
( ) for the special case . 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 

(   )
( )     (   

 )( )  (   
  )( )( )          544 

(   )
( )     (   

 )( )  (   
  )( )( )          545 

has a unique positive solution , which is an equilibrium solution for the system 546 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        547 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        548 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        549 

(   )
( )     (   

 )( )  (   
  )( )(   )          550 

(   )
( )     (   

 )( )  (   
  )( )(   )          551 

(   )
( )     (   

 )( )  (   
  )( )(   )          552 

has a unique positive solution , which is an equilibrium solution for  553 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        554 



Advances in Physics Theories and Applications                                                                                                                www.iiste.org 

ISSN 2224-719X (Paper)  ISSN 2225-0638 (Online) 

Vol 7, 2012  

 

 

214 
 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        555 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        556 

(   )
( )     (   

 )( )  (   
  )( )(   )          557 

(   )
( )     (   

 )( )  (   
  )( )(   )          558 

(   )
( )     (   

 )( )  (   
  )( )(   )          559 

has a unique positive solution , which is an equilibrium solution 560 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

561 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        563 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

564 

(   )
( )     (   

 )( )  (   
  )( )((   ))          

 

565 

(   )
( )     (   

 )( )  (   
  )( )((   ))          

 

566 

(   )
( )     (   

 )( )  (   
  )( )((   ))          

 

567 

has a unique positive solution , which is an equilibrium solution for the system 568 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

569 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

570 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

571 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

572 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

573 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

574 

has a unique positive solution , which is an equilibrium solution for the system  575 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

576 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

577 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

578 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

579 
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(   )
( )     (   

 )( )  (   
  )( )(   )          

 

580 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

584 

has a unique positive solution , which is an equilibrium solution for the system  582 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        583 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        584 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        585 

 

 

586 

(   )
( )     (   

 )( )  (   
  )( )(   )         587 

(   )
( )     (   

 )( )  (   
  )( )(   )          588 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

589 

has a unique positive solution , which is an equilibrium solution for the system  

(a) Indeed the first two equations have a nontrivial solution          if  

 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  

(   
  )( )(   )(   

  )( )(   )      

 

560 

Definition  and uniqueness of    
   :-   

 

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows 

that there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three 

first equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

(e) By the same argument, the equations( SOLUTIONAL)  admit solutions         if  
 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

561 
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[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see 

that   is a decreasing function in     taking into account the hypothesis   ( )      ( )     it 

follows that there exists a unique    
  such that  (  )    

Finally we obtain the unique solution OF THE SYSTEM 

   
            ((   )

 )    ,    
            (   

 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

562 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

 

563 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 

equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

564 

 

 

 

 

565 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows 

that there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three 

first equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

566 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows 

that there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three 

first equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

567 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows 

that there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three 

first equations  

568 
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(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

(f) By the same argument, the equations 92,93  admit solutions         if  

 ( )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )( )  (   
 )( )(   

  )( )( )] (   
  )( )( )(   

  )( )( )     

 Where in  (           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows 

that there exists a unique    
  such that  (  )    

569 

(g) By the same argument, the equations 92,93  admit solutions         if  

 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

570 

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that 

  is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows 

that there exists a unique    
  such that  ((   )

 )    

571 

(a) By the same argument, the concatenated equations  admit solutions         if  

 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in    (           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows 

that there exists a unique    
  such that  ((   )

 )    

572 

 

 

 

 

573 

(b) By the same argument, the equations of modules  admit solutions         if  
 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see 

that   is a decreasing function in     taking into account the hypothesis   ( )      ( )     it 

follows that there exists a unique    
  such that  ((   )

 )    

574 

(c) By the same argument, the equations (modules)  admit solutions         if  
 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see 

that   is a decreasing function in     taking into account the hypothesis   ( )      ( )     it 

follows that there exists a unique    
  such that  ((   )

 )    

575 
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(d) By the same argument, the equations (modules) admit solutions         if  
 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values It is easy to see that   is a 

decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  (  )    

578 

579 

580 

581 

Finally we obtain the unique solution of 89 to 94 

   
            (  )    ,    

            (   
 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

   
  

(   )( )   
 

[(   
 )( ) (   
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Obviously, these values represent an equilibrium solution  
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
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Then taking into account equations (global) and neglecting the terms of power 2, we obtain  597 
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Belong to  ( )(   ) then the above equilibrium point is asymptotically stable 
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