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Abstract:

A Theory is Universal and it holds good for various systems. Systems have all characteristics based on
parameters. There is nothing in this measurement world that is not classified based on parameters, regardless
of the generalization of a Theory. Here we give a consummate model for the well knows models in
theoretical physics. That all the theories hold good means that they are interlinked with each other. Based on
this premise and under the consideration that the theories are also violated and this acts as a detritions on the
part of the classificatory theory, we consolidate the Model. Kant and Husserl both vouchsafe for this order
and mind-boggling, misnomerliness and antinomy, in nature and systems of corporeal actions and passions.
Note that some of the theories have been applied to Quantum dots and Kondo resonances. Systemic
properties are analyzed in detail.

Key words Einstein field equations

Introduction:
Following Theories are taken in to account to form a consummated theory:

1. Einstein’s Field Equations

The Einstein field equations (EFE) may be written in the form:

1 8rGG
R;..l.u - igp.u R+ G A= TTPM
where ¥¥...- is the Ricci curvature tensor, I the scalar curvature, Sz the metric tensor, A is
the cosmological constant, G'is Newton's gravitational constant, ¢ the speed of light in vacuum, and 7.
the stress—energy tensor.

2. Heisenberg’s Uncertainty Principle

A more formal inequality relating the standard deviation of position o, and the standard deviation of
momentum o, Was derived by Kennard later that year (and independently by Weyl in 1928),This essentially
implies that the first term namely the momentum is subtracted from the term on RHS with the second term
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on LHS in the denominator

Tzl :_} E!

3. Uncertainty of time and energy

Time is to energy as position is to momentum, so it's natural to hope for a similar uncertainty relation
between time and energy. This implies that the first term is dissipated by the inverse of the second term what
with the Planck’s constant h is involved

(AT) (AE) > A/2

4, Schrodinger’s equation:

Time-dependent equation

The form of the Schr&inger equation depends on the physical situation (see below for special cases). The
most general form is the time-dependent Schr&linger equation, which gives a description of a system
evolving with time:

Time-dependent Schr&dinger equation (general)

L 0 :
zha‘l’ = HWU

where ¥ is the wave function of the quantum system, i is the imaginary unit, 7 is the reduced Planck
constant, and Fr is the Hamiltonian operator, which characterizes the total energy of any given
wavefunction and takes different forms depending on the situation.LHS is subtrahend by the RHS .Model
finds the prediction value for the term on the LHS with imaginary factor and Planck’s constant

(5)Planck’s Equations:

Planck's law describes the amount of electromagnetic energy with a certain wavelength radiated by a black
body in thermal equilibrium (i.e. the spectral radiance of a black body). The law is named after Max Planck,
who originally proposed it in 1900. The law was the first to accurately describe black body radiation, and
resolved the ultraviolet catastrophe. It is a pioneer result of modern physics and quantum theory.

In terms of frequency (/) or wavelength (1), Planck’s law is written:

B,.(T) =

2hy? 1 2hc? 1

s 1 — =
c? e®TeT — 1 O AS exﬁhﬂi — 1

Where B is the spectral radiance, T is the absolute temperature of the black body, kg is the Boltzmann
constant, h is the Planck, and c is the speed of light. However these are not the only ways to express the law;
expressing it in terms of wave number rather than frequency or wavelength is also common, as are
expressions in terms of the number of photons emitted at a certain wavelength, rather than energy emitted. In
the limit of low frequencies (i.e. long wavelengths), Planck's law becomes the Rayleigh—Jeans law, while in
the limit of high frequencies (i.e. small wavelengths) it tends to the Wien. Again there are constants involved
and finding and or predicting the value of RHS and LHS is of great practical importance. We set to out do
that in unmistakable terms.
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Einstein Field Equations: Module Numbered One
NOTATION :

G, : Category One Of The First Term

G4 : Category Two Of The First Term

G5 : Category Three Of The First Term

T3 : Category One Of The Second Term

T,, : Category Two Of The Second Term

T,s :Category Three Of The Seond Term

Einstein Field Equations(Third And Fourth Terms):Module Numbered Two

G,¢ : Category One Of The Third Term In Efe

G : Category Two Of The Third Term In Efe

G,g : Category Three Of The Third Term In Efe

T,¢ :Category One Of The Fourth Term In Efe

T, : Category Two Of The Fourth Term In Efe

T,g : Category Three Of The Fourth Term On Rhs Of Efe
Heisenberg’s Uncertainty Principle: Module Numbered Three

G, : Category One Of lhs In The Hup(Note The Position Factor Is Inversely Proportional To The
Momentum Factor)

G, :Category Two Of Lhs In Hup
G,, : Category Three Of Lhs In Hup

T,, : Category One Of Rhs(Note The Momentum Term Is In The Denominator And Hence Rhs
Dissipates Lhs With The Amount Equal To Plack Constant In The Numerator And Twice Of The
Momentum Factor)

www.iiste.org
png
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T,, : Category Two Of Rhs (We Are Talking Of The Different Systems To Which The Model Is Applied
And Systems Therefore Are Categories. To Give A Bank Example Or That Of A Closed Economy The

Total Shall Remain Constant While The Transactions Take Place In The Subsystems)

T,, : Category Three Ofrhs Of Hup(Same Bank Example Assets Equal To Liabilities But The
Transactions Between Accounts Or Systems Take Place And These Are Classified Notwithstandi
Universalistic Law)

Uncertainty Of Time And Energy(Explanation Given In hup And Bank’s Example Holds Good
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Also): Module Numbered Four:
G,, : Category One Of Lhs Of Upte
G,s : Category Two Of Lhs In Upte
G, : Category Three Of Lhs In Upte
T,, :Category One Of Rhs In Upte
T,5 :Category Two Of Rhs In Upte

T, : Category Three Of Rhs In Upte

Schrodinger’s Equations(Lhs And Rhs) Same Explanations And Expatiations And Enucleation
Hereinbefore Mentioned Hold Good: Module Numbered Five:

G,g : Category One Of Lhs Of Se
G,q : Category Two Of lhs Of Se
G5, :Category Three Of Lhs Of Se
T,g :Category One Of Rhs Of Se
T,q :Category Two Of Rhs Of Se
T3, :Category Three Of Rhs In Se
Planck’s Equation: Module Numbered Six:

G, : Category One Of Lhs Of Planck’s Equation
G35 : Category Two Of Lhs Of Planck’s Equation
G5, : Category Three Oflhs Of Planck’s Equation
T, : Category One Of Rhs Of Planck’s Equation
T35 : Category Two Of Rhs Of Planck’s Equation

T3, : Category Three Of Rhs Of Planck’s Equation

(a13)(1), (a14)(1), (a15)(1), (b13)(1); (b14)(1), (b15)(1) (a16)(2); (a17)(2), (a18)(2)
(b16)(2)' (b17)(2), (b18)(2) g (azo)(3), (a21)(3), (azz)m ) (bzo)(S), (b21)(3)» (bzz)(S)
(az4)(4), (azs)(4)' (aze)(4)' (b24)(4), (bzs)(4)» (bza)(4), (bzs)(s)» (b29)(5)’ (b30)(5)
(a28)®, (220)®, (a30)®, (a32)®@, (a33), (a34)©, (032), (b33), (b34)©
are Accentuation coefficients
(1)@, (ai)®, (@15)W, (b1)™, (b1)®, (b1s)™, (a16)P, (ai)®, (a1)®,
(b16)®, (1), (b18)®, (a20)P, (a21)®, (23)P, (636)®, (b3)®, (b3)®
(2200, (a25)®, (az6) @, (b2)™, (b25)®, (b36)®, (b36)®, (b39)®, (b30)®
(a26)®, (a20)®, (2300, (@32)', (a35), (@3), (b3), (b33) ), (b3)
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are Dissipation coefficients

Einstein Field Equations: Module Numbered One

The differential system of this model is now (First Two terms in EFE)

Governing Equations

d613 (‘113)( )G14 [(a13)(1) + (ails)(l)(TM' t)]Gls
s = (a) D613 — [(@1) D + (@)D (Ths, )] 61
T = (a15) V614 — [(@1)D + (af5) D (T4, )]G
T8 = (by3) DTy — [(b1)D = B PV (G, D] Ty
d

25 = (by) DTy — [(bi) D = (1) DG, D] Ty
dT15

= (bys) Ty, — [(bls)(l) — (b1 )(1)(6 t)]T15
+(a}3)®P(T,,,t) = First augmentation factor
—(bi5)M(G,t) = First detritions factor

Einstein Field Equations(Third And Fourth Terms):Module Numbered Two

Governing Equations

The differential system of this model is now

d616

(a16)( )Gy, — [(aie)(z) + (‘11’6)(2)(7117' t)]616
aG ! "
—=(a 17)( )616 [(‘117)(2) + (a17)(2)(T17, t)]G17

aG ! "
—2=(a 18)( )Gy, — [(‘118)(2) + (a18)(2)(T171 t)]G18

dT16 (b16)(2)T17 - [(bm)(z) - (b )(2)((019) t)]T16
L = (by7) DTy — [(b1)@ — BINP((G19), )T,
dTlB

= (b1)PTy7 = [(b)® = (bi) @ ((G19), 1) Tis
+(a1’6)(2) (T,,,t) = Firstaugmentation factor
—(b15)@((G1o),t) = First detritions factor

Heisenberg’s Uncertainty Principle: Module Numbered Three

Governing Equations

The differential system of this model is now

dG
=20 = (ag0)®Gyy — [(azo)(3) + (a3, )(3)(T21:t)]G20
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d621

= (‘121)( )Gzo [(a’21)(3) + (a’2'1)(3)(T21.t)1021

dG ’ "

22 (azz)( )621 [(azz)(s) + (azz)(B)(sz t)]Gzz
dar:

=20 = (byo) Ty, — [(bzo)(3) — (b36)®(G,3, t)]Tzo
dar:

2L = (byy)®)Ty — [(b21)(3) — (b3)®(G,3, t)]T21
dez

= (b)) Ty, — [(bzz)(3) — (b5)® (G, t)]Tzz
+(ayy)®(T,,,t) = First augmentation factor
—(by)®(G,3,t) = First detritions factor

Uncertainty Of Time And Energy(Explanation Given In hup And Bank’s Example Holds Good Here
Also): Module Numbered Four

Governing Equations::

The differential system of this model is now

d624

(az4)( )st [(a'24)(4) + (a'2'4)(4)(T25, t)]Gz4

dG ’ "
= = (a 25)( )Gz4 [(azs)(4) + (a25)(4)(T25,t)]625

daaG ’ "
26 = (A26) G5 — [(aze)(4) + (aze)(4)(T25vt)]Gze

T2 = (by) DTys — [(b3)® — (b5) P ((G27), )] s
dTZS (bzs)(4)T24 - [(bzs)(4) - (b )(4)((027)' t)]TZS
dT26

= (b26)PTos = [(b36) @ = (b56) P ((G27), 1)]Tas
+(ay,)®(T,s, t) = First augmentation factor
—(b5)®((G,7),t) = First detritions factor

Governing Equations:

Schrodinger’s Equations(Lhs And Rhs) Same Explanations And Expatiations And Enucleation
Hereinbefore Mentioned Hold Good: Module Numbered Five

The differential system of this model is now
d
GZS = (a 28)( )629 [(‘128)(5) + (az; )(5)(7'29: t)]st

dG ! "
=2 = (ag9)®Gag — [(‘129)(5) + (a3e)® (Tyo, t)]G29

dG30

(a30)( )ng [(aéo)(s) + (a’3'0)(5) (Tz9, t)]G3o
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(bzs)(s)T29 [(bzs)(s) - (b )(5)((631) t)]T28
(b29)(5)T28 [(b29)(5) - (b )(5)((631) t)]TZ‘?

= (b30) Ty — [(bso)(s) — (b3 )(5)((631) t)]Tso

)®)(T,q,t) = First augmentation factor

—(b55)®((G31),t) = First detritions factor

Planck’s Equation: Module Numbered Six

Governing Equations::

The differential system of this model is now

T2 = (a5) @63 — [(@3) @ + (@) @ (T3, ]G
T = (039) @63, — [(@3)@ + (a3) @ (T3, 0] G
Tt = (03) @633 — [(@) @ + (@5 (T3, ]G
T2 = (b)) Tz — [(05)© — (b3)® ((Gas), V)] Tz
T2 = (bs3)OTs, = [(B5:)® = (03) O ((G35), )] T
Tt = (b3)OTs5 = [(B5)® = (B3 O ((G35), 1)) T
+(a%,)© (T35, t) = First augmentation factor
—(b5)®((G35),t) = First detritions factor

Holistic_Concatenated Sytemal Equations Henceforth Referred To As “Global Equations”

(1)
)
3)
(4)
()
(6)

dGl3

dG14

Einstein Field Equations(First Term and Second Term)
Einstein Field Equations(Third and Fourth Terms)
Heisenberg’s Principle Of Uncertainty

Uncertainty of Time and Energy
Schrodinger’s Equations
Planck’s Equation.
_ anyWa,, | @@ O, ][ H@i) O Ty, O +Hai) D T ) |
a3 14~ 13
- | +(a£/4)(4,4,4—,4,) (TZS: t) ”+(aé18)(5,5,5,5,) (ng' t) ”+(al3!2)(6,6,6,6,) (T33, t) ‘ |
@6 (1) @ O, O]+ @) 2Ty, O] [ @) ED T 0] |
Q14 13~ 14
| | +(a§'5)(4'4'4'4') (Tys, 1) | +(aé'9)(5'5'5'5') (T, t) || +(a33)(6'6'6'6') (Ts3,t) | ]
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(@55) V| +(als) D (Tya, O] +(af) @2 (Ty, O |[+(a5) 33 (T, D) |
15
| +(aé,6)(4'4'4'4') (T25v t) H +(aélo)(5,5,5,5,) (ng, t) H +(a1314)(6,6,6,6,) (T33, t) ‘

dG
dis = (a15)(1)G14 -

Where | (aj5) ™ (Tya, 0)].[ (@) D (T1a, )
1,2and3

,|(a;’5)(1)(T14, t)l are first augmentation coefficients for category

|+(a1’6)(2'2') (Ty7,t) | , ‘+(a§’7)(2'2')(T17, t)| : |+(a;’8)(2'2') (Ty7,t) | are second augmentation coefficient for
category 1, 2 and 3

[ +(ay) B (T,y, O], [+ (@5) B3 (T, )], [+ (a5) 33 (T, )| are third augmentation coefficient for
category 1, 2 and 3

[+ (ag) 4444 (T, )|,
for category 1, 2 and 3

+(als) W) (Tys, t)

+(aye) @444 (Tys, t) ‘ are fourth augmentation coefficient

’

|+(a§’8)(5'5'5'5')(T29, t) ‘,‘+(a’2’9)(5'5'5'5') (Tyo, t)‘,|+(ag’0)(5'5'5'5')(T29, t)| are fifth augmentation coefficient
for category 1, 2 and 3

| +(a4,) @00 (Ta5, O} | +(afs) @00 (Tss, )|, | +(aly) @55 (T4, £) | are sixth augmentation coefficient
for category 1, 2 and 3

" " i) PGP G, O] [=B1) * (G100 |- B5) O (63, )|

13 1

= (b ) T - n n n T

ot 13)" 114 |—(b24)(4'4'4'4')(027, £) ‘_(bzs)(s.s,s,s,)(GM' t)||_(b32)(6,6,6,6,)(635't)‘ 13

e B e CA I )| B G el ] B C AR G gy
- 14 13 — 14

“ | [ (bge) 44 (G, 1) || = (D) 5555 (Gay, £) ||~ (b5) @5 (G5, 1) |

ans _ o, Joop bin) =B 6,0] [~Gi)* 610 O||- B G 0)] |
- 15 14 — 15

“ | [ = (bge) # 44 (G, 1) || = (b0) 555 (Gay, £) ||~ (b51) @59 (G35, 1) |

Where [~ (b)) (G, 1)],
and 3

-V, 1) | —(b;s)D(G, t) | are first detrition coefficients for category 1, 2

|—( 11)22) (G, t)H—(bl”7 22)(G,0, t)|,|—(b{’8 22)(G,,, t)‘ are second detritions coefficients for
category 1, 2 and 3

| = (50) 2 (Gos, )], = (131) 33 (G5, D) || = (052) B3 (G5, ) | are third detritions coefficients for category

1,2and 3

|—(b§;)(4'4'4'4')(627, t) | , | —(by) &4 (G, 1) ‘ , ’ —(by) &4 (G, 1) ‘ are fourth detritions coefficients
for category 1, 2 and 3

| = (be) 55559 (Gay, )], | = (B5) 55559 (Gay, )|, | = (b0) 55550 (G5, )| are ifth detritions coefficients for
category 1,2 and 3

| = (b5,) 655 (Gas, £)], |~ (b45) ©54 (G5, 1)

| = (b4,) 568 (G4, )| are sixth detritions coefficients for
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category 1, 2 and 3

N B G ax CA GG GO GND] | O RRIC)
- 16 17 16
a“ [+ (@) #4449 (Tys, D) || +(age) 55559 (T, )] [+(a5y) @500 (T35, 1)
o1 _ (g yG (a1) @[+ (@) @ (117, 0) || + (@) ) Ty, ) || +(@5) O (T, 0)|
d— - 17 16 - " n n 17
t | [+ (ag) @444 (Tys, )| | +(a59) ©5559 (Tyo, 0) || +(a5) 0509 (T3, 0) |
d1s _ (g Y)g (a;s)(2)| +(ai) ® (T1y, t)“"‘(ai's)(l‘l') Ty ©) I ‘ +(az,) B33 (T, t)‘ G
d— - 18 17 — " o m 18
‘ | | +(ah) @444 (T, ) || +(ai) 5559 (T, O] [+(ag) 5509 (T, £)|

Where | +(aje)® (Ty7, )|, | +(ai) @ (17, 1),
category 1, 2 and 3

+(a}) P (Ty5, 1) | are first augmentation coefficients for

|+(a§’3)(1'1') (Tya) t) | , | +(a}) BV (Ty,, t) ,|+(a§’5)(1'1')(T14, t)‘ are second augmentation coefficient for

category 1,2 and 3

|+(a§’0)(3'3'3)(T21, t) | ,l +(ay;) B33 (T, t) l ,|+(a§’2)(3'3'3)(T21, t) | are third augmentation coefficient for
category 1,2 and 3

|+(a§’4)(4'4'4'4'4) (Tys, £) |,|+(a§’5)(4'4'4'4'4) (Tys, £) |,|+(a§’6)(4'4'4'4'4) (Tys, £) | are fourth augmentation
coefficient for category 1, 2 and 3

|+(a§’8)(5'5'5'5'5)(T29, t) |, | +(ayy) 5555 (T,, t) | , | +(a4y) 5559 (Tyo, t) ‘ are fifth augmentation
coefficient for category 1, 2 and 3

| +(aé’2)(6'6'6'6'6) (T33, t) |’ | +(al3/3)(6,6,6,6,6) (T33, t) |’
coefficient for category 1, 2 and 3

+(ay,)(©66660)(T,,, t)‘ are sixth augmentation

e g oy, _| @i P =G0 0] |01 G || 050) NG 0] |

= (D16 17 — 16
“ (=G5 #4449 (67, )| = (bg) O5559) (G0, D) || = (b5) @549 (s, D)
s _ o o Rl ECHRIEHD) | ECALEIEN] BCARRICHD .

- 17 16 — 17
“ (=B #4449 (67, )| = (b36) G559 (G4, )| = (b35) @549 (s, D)
o _ g g _| QPG 0] |-GG 0| 05) NG 0] |
4 \Mis 17 = 18
“ [ (3“4 (Gy1, 0) || ~(b5) ©5559) (G, )|~ (B5) @459 (G5, O]

where‘ —(b4) P (Gyo, t)‘ ,|—(b’1’7)(2)(G19, t)| ,’—(b’l’g)(z)(Gw, t)‘ are first detrition coefficients for
category 1, 2 and 3

|—(b{’3)(1'1')(G, t) I, — (b)) (G, b) |, | —(bj5) (G, b) ‘ are second detrition coefficients for category

1,2 and 3
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|—(b§’0)(3'3'3')(623,t)|,|—(b§’1 (3'3'3')(623,t)|,|—(b§’2 (3'3'3')(623,t)| are third detrition coefficients for
category 1,2 and 3

—(by ) A (G, ) || —(b5) 444D (G, 1) || — (bye) 444 (G, t) | are fourth detritions
24 27 25 27 26 27
coefficients for category 1,2 and 3

| = (be) 55559 (Gay, D), |~ (b35) 55555 (G5, )|, |~ (b5) 5555 (G54, 1) | are fifth detritions coefficients
for category 1,2 and 3

|—(b§’2)(6'6'6'6'6)(635, t) I,I —(b3) (66660 (G,., 1) |, | —(by,) (66660 (G, ., t)l are sixth detritions
coefficients for category 1,2 and 3

y “ (a50) [ +(a20) P (T, || +(af) *>D (T17, )] | +(ai3) P (T, 1)

—2 = (a ) 3 G - 172 " " G
de 20 2 ‘+(az4)(4'4'4'4'4'4)(T25» t) ||+(a28)(5'5'5'5'5'5) (T2, t) ||+(a32)(6’6’6’6’6’6) (T33, t)| 20

2 = (a,)®6 (@) P (@) (T, O +@) 22T, O @) DT )] |

— =4 20— 21
at [+ ) #4449 Ty, 0) || +(ago) &55555) (Th, 1) || +(aly) ©44400 (T, )|

2 — (4,))®6 (a52) P +(@5) (o0, O| | H(@i) O3 (T, O] |+ (@) MV (T )] |

— = 4y 21— 22
dt I +(a1216)(4,4,4,4,4,4) (T25’ t) I | +(al3l0)(5,5,5,5,5,5) (ng, t) || +(aé’4)(6'6'6'6'6'6) (T33, t) I

|+(a§’0)(3)(T21, t)H+(a§’1)(3)(T21, t)H+(a§’2)(3)(T21, t)‘ are first augmentation coefficients for
category 1,2 and 3

s

| +(ags) @2 (Ty7, t) ‘ ,l +(aiy) @ (T35, 1)
for category 1, 2 and 3

+(a}e) #*D (T, t) ‘ are second augmentation coefficients

|+(a1’3)(1'1'1')(T14, t)H +(a)) B (T, ) |,|+(a{’5 aincr,,, t)‘ are third augmentation coefficients
for category 1, 2 and 3

| +(ay,) A4 (Tyg, t) | ) | +(ays) @44 (Tye, t) | ) | +(ays) @A (Tye, t) | are fourth augmentation
coefficients for category 1, 2 and 3

|+(ag’s)(S'S'S'S'S'S)(ng, t) |’|_|_(aérg)(s,s,s,s,s,s)(ng’ t) | )
coefficients for category 1, 2 and 3

+(a4y) 55555 (Ty, t) ‘ are fifth augmentation

| +(ay,)©66660)(T,, t) | , | +(ays)©06660)(T,, t) |, | +(ay,)©66660)(T,, t) ‘ are sixth augmentation
coefficients for category 1, 2 and 3
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T _ o oy 5) P =05 G55, 0]|- G **2 G0, O||- GG 0] |
2 = (020) T — ~ — — 20
‘ ] | —(by) #4444 (G, t) ‘ | —(by) 55559 (Gyy, t) ||_(b32)(6'6'6'6'6'6) (G35, 1) | ]
T _ O i) P05 G55, 0]|- B2 G0, O |- B G0 |
d— - 21 20 7 " " 21
‘ || (bgs) #4449 (G, £) || = (b5e) ©55559) (Gay, 1) || = (b) 0009 (G5, 1) |
et _ o o 05) P =0 G35, 0]|- G 2 G0 O||- GG 0] |
2 = (022) T — ~ — — 22
' ] | —(bye) 44D (Gyy, t) l | —(b3p) 5559 (Gyy, t) ||_(b34)(6'6'6'6'6'6) (Gss, ©) | ]
|—(b§’0)(3)(623, t)|, —(by) P (6,3, 1) ,|—(b§’2)(3)(623, t)| are first detritions coefficients for category
1, 2and 3
|—(b{’6)(2'2'2)(619, 1, =B E22 (Gr, )|, | —(bie) #2P (G0, t)‘ are second detritions coefficients for
category 1, 2 and 3

~(bi) VG, 1),

| — (b)) LV(G, 1) | , —(bys)EED(G, b) | are third detrition coefficients for category

1,2and 3

[— () @449 (G, D[ = (b55) #4449 (G, D [~ by ) 444D (G, 0)| are fourth  detritions
coefficients for category 1, 2 and 3

=5 555559 (G, )} | = (b5) 555559 (G5, 0) |,
coefficients for category 1, 2 and 3

—(b4y)E55555) (Gyy, t) | are fifth detritions

—(b5,)(©66660) (Gao ) || — (i) (600660 (Goo t) || —(by,) ©O8660) (G,s, t) | are sixth detritions
32 5 33 5 34 5
coefficients for category 1, 2 and 3

R £ S C AL R | KGRI 0] XA D)
= A24 25 — 24
dt | [+(@i) A (T, )] [ +(a1) 7222 (117, O] [+(a50) 232 (T, )|
dGos _ 0 g (@55) @ +(a55) W (Tys, D] [ +(az0) &5 (Tyo, D] [ +(a25) @9 (T3, 0)|
= Aazs 24— 25
dt | [+ (@) (1, 0] [+(ay) @222 (T, 0] [+(ag) 3323 (T, )|
dGye (@) @6 (aés)(4)| +(a%s) ™ (Tys, 1) l | +(a%,) ) (Tyo, ) H +(a%,) ©®) (Tss, 1) ‘
= (az¢ 25 26
dt | [+(af) WD (T, )] [ +(afy) 222D (T3, )| | +(a5) G239 (T, 0)|

Where |(a’z’4 )(Tys, t) | , | (ay) @ (Tys, t) || (ay) P (T,s, t)| are first augmentation coef ficients for category 1,2 and 3

|+(a’2’8)(5'5') (Tyq,t) | | +(aye) 55 (Tho, t) | | +(ay) %) (Tyo, t) | are second augmentation coef ficient for category 1,2 and 3

|+(a’3’2)(6'6') (T33,t) |,|+(a’3’3)(6'6') (Ts3,t) | | +(aky)®%) (Tss,t) | are third augmentation coef ficient for category 1,2 and 3

|+(a’1’3)(1'1'1'1)(T14, t) |, I +(al) V(T t) |, | +(als) (T, t)l are fourth augmentation coefficients for category 1, 2,and 3
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[+(af) @222 (T, O] [+ (af) 22D (T,,, )

+(a}g) ®#2A(T,,, t)| are fifth augmentation coefficients for category 1, 2,and 3

b

[+(a5) C*33) (T, O} |[+(ag) 332 (T, )

+(ayy) 3333 (T,y, t) | are sixth augmentation coefficients for category 1, 2,and 3

b

Tos _ 0 Sy (B5) V|0 P67, O] |=03) 2 G0, O||- (05) G55 0)] |
- 24 25 24
dt _ |—(b{’3)(1'1'1'1)(6, t)‘ ‘_(b{%)(z,z,z,z)(Glg’ t) H_ (b3 B339 (G, t)‘ |
L ) | S CA I CHD) CO IR g
- 25 24 25
dt _ |—(b{'4)(1'1'1'1)(6, t)| |—(b{'7)(2'2'2'2)(619, t) ||_ (by) @333 (G, t)| |
@Tos _ oy, o (55) @] =(03) ® (G27, )| | = (B5) & (G, ) || - (b)) (G5, D]
- 26 25 26
dt | =G93 IE, 0] [~ (b1 222D (G619, 0)||- (05 522D (Goa, )|

Where|—(b3)® (G, 0)|,|=(b5)® (G5, )

— (bY@ (G, t) | are first detrition coef ficients for category 1,2 and 3

’

|—(b§’8)(5'5')(631, O, |=(B5) 5 (Gay, t) I, —(b5,)55) (G, t)l are second detrition coef ficients for category 1,2 and 3

’

—(b53)® (G35, 1)

|—(b§’2)(6'6')(635, 0|, | = (b4) ) (Gys, 1) | are third detrition coef ficients for category 1,2 and 3

[= () G210 (6, O [~ () 1D (6, )

— (b)) (G, t)l are fourth detrition coef ficients for category 1,2 and 3

’

|—(b{’6)(2'2'2'2)(619, t) \, I — (b)) ?22D(Go, 1) || — (b)) ##2D (G, t) | are fifth detrition coef ficients for category 1,2 and 3

b

b

|— (byp)B333) (G s, t) |,|— (by) B33 (Gya, t) || - (B25) 3333 (G, 1) | are sixth detrition coef ficients for category 1,2 and 3

(@56) [+ (a5)® (T, ) || +(ag) ) (Ts, 6) || +(azy) @59 (T35, |
28
|+(a1r3)(1,1,1,1,1)(T14’ t) | +(ay) 2222 (T, t) |’+(a/2ro)(3,3,3,3,3) (Tyy, t) ’

dG
728 = (azs)(S)Gm -

dGy (@,0)G (a’29)(5)‘ +(a59)® (Tyo, 1) l | +(ays) 4™ (Tys, t) H +(ag3) 00 (Tz3, t) | G
= az9 28 — 29
dt _|+(air4)(1,1,1,1,1)(7~14’ t)||+(a1’7)(2'2'2'2'2)(T17, t)H+(a§'1)(3'3'3'3'3)(7121't)l_
dGyg © (a50) ¥ +(a56)® (Tio, )| +(a6) ) (Tys, 0| +(a5) @) (T, 1)
= (a30)®Gyo — G
ar = (000 T @) A0 (1, 0] [H (@) P22 Ty, O+ (@) 729 (1, 0] | &

Where | +(a)® (Tyo,t)

,I +(ahe)® (Tho, 1) || +(ase) O (Tyo, ) I are first augmentation coef ficients for category 1,2 and 3

y

And [+(ag)**) (Tys, )

+ (a;s)u"l') (Tys, 1)

s |+ (@) 4 (Tys, t)| are second augmentation coef ficient for category 1,2 and 3

[+(a5) %) (Tas, 0|, [ +(a43) 59 (T3, ©)

+(ay) 659 (Tys, 1) | are third augmentation coef ficient for category 1,2 and 3

’

[+ @) SO (T, D)) [+ (ap) VD (T, 0)
3

+(aly) TPID(T,, t) | are fourth augmentation coefficients for category 1,2, and

b
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[+(af) ®222D(T,,, D) [+ (aj) 22222 (115, 0)

+(ajg) ®#222(T,,, t) | are fifth augmentation coefficients for category 1,2,and 3

b

[+(a5) C*333 (T, O] [ +(a5) B2333 (T, 1)

+(a,)@3333(T,,, t)l are sixth augmentation coefficients for category 1,2, 3

b

T _ o ooy (65) 7| =Bi) P G30, 0] | =0 G O (B39 G5 0)] |
- 28 29 © 28
dt _ ‘ —(b}5)LLID(G 1) ‘ ‘_(b{%)(z,z,z,z,z)(alg’ t) H_ (b5)33333) (G, 1) ‘ |
Ty _ o o DN = CARICHD) | ST ERICHD] HCS GBI
- 29 28 29
dt | — (b)) (G, t)| l_(b{’7)(2'2'2'2'2)(519; t) I l_ (b)) 33333 (G e t) |
o _ o (650) @] =05 D (Ga1, O] | = (b5 “* Gz, ) || (B3> (G35, 1)
- 30 29 — 30
dt =i (6, 0] |- (b)) #222D (G619, D) || - (b5) 33232 (Gps, )|

where l— (bye)® (G, t)| ,I—(bé’g)(s)(Ggl,t)l | =(B5) B (G, t)| are first detrition coef ficients for category 1,2 and 3

|—(b§’4)(4'4')(627, )|, | = (b5 4 (Gyr, )|, | = (bye) 4 (G, t)| are second detrition coef ficients for category 1,2 and 3

’ ’

|—(b§’2)(6""")(635, t)l,|—(b§’3)(6"’"’)(035,t)|, —(b4,)659 (G, t)| are third detrition coef ficients for category 1,2 and 3

[~ (i) 11D (6, )| [~ (by) P (6, )

— (b)WY (G, 1) | are fourth detrition coefficients for category 1,2, and 3

’

|—(b{’6)(2'2'2'2'2)(019, t) I,I — (b)) @222 (G4, ) || (bi5) #2222 (Gyo, 1) I are fifth detrition coefficients for category 1,2, and 3

b

b

|- (b3) #2339 (G, D)} |- (b)) B339 (G, )

- (by)B3333)(G,, 1) | are sixth detrition coefficients for category 1,2, and 3

4G5 _ (o (a52) ] (@3) O T3, 0] |+ (@50) 059 (T, O] [+ @) (T, 0] |
= a3z 33 32
dt -‘ +(a£’3)(1'1'1'1'1'1) (Tys ) ‘ | +(a1’6)(2'2'2'2'2'2)(T17, t) ||+(aélo)(3'3'3'3'3'3) (Ty1, t) ’
dGis (@) 96 (a’33)(6)| +(a33)© (Ts3, 1) l ‘ +(a3) &5 (T, t) ||+(a'2'5)(4’4’4’) (Tys, t)| G
= \d3z3 32~ 33
dt _|+(a£'4)(1'1'1'1'1'1) (Tpa, t)H+(a1'7)(2'2'2'2'2'2)(T17, t)||+(a§'1)(3'3'3'3'3'3) (Tyy, t) I
dGs, (226 (‘154)(6)‘ +(a4) @ (Ts3, 1) ||+(a§'0)(5'5'5)(T29, t) H+(aél6)(4'4'4')(T25' t)| G
= A3y 33 34
dt -‘ +(a115)(1,1,1,1,1,1) (Tys ) ‘ | +(airg)(z,z,z,z,z,z)(TU' t) ||+(a512)(3.3,3,3,3.3) (Ty1, t) I

|+(a’3’2)(6) (T33, t)\,|+(a§’3)(6) (T3, t)\,|+(a§’4)(6) (T3, t)| are first augmentation coef ficients for category 1,2 and 3

[+(aj) 59 (T,0,0)

| +(ayy) 559 (Tyo, t) I, +(ay) 555 (T,o, t) | are second augmentation coef ficients for category 1,2 and 3

[+ (a5 @44 (Tys, )

+ (a;s)MAA') (Tys, )

, (@) B4 (Tys, t)l are third augmentation coef ficients for category 1,2 and 3

b

| +(a’1’3)(1'1'1'1'1'1)(T14, t) |’ | +(a/1/4)(1,1,1,1,1,1) (T4t

+(as) @, t)| - are fourth augmentation coefficients

b

| +(a/1/6)(2,2,2,2,z,z)(TU, t) |’ | +(a/1/7)(z,2,2,2,2,2) (Ty7,)

+(a)s)@22222(T,,, t)| - fifth augmentation coefficients

|+(a’z’0)(3'3'3'3'3'3)(T21,t)I,I+(a’2’1)(3'3'3'3'3'3)(T21,t)H+(a§’2)(3'3'3'3'3'3)(T21,t)| sixth augmentation coefficients
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AL B G D I C AL o) | TGP S ) | ST G T CHI) g
- 32 33 32
dt |- (i) DG, )] | = (i) #2222 (Gro, £)] |- (b3) G223 (Ga 1)
AT o (65) |03 @G5, O || (050 539 (G50, 0] |- GG 0] |
- 33 32 7 33
dt | —(bl,) @D (G, t)| |—(b{'7)(2'2'2'2'2'2)(619, £) ‘ ‘ — (by)B333333) (G, t) ‘
e B C T G AL o) | TG S ) | ST G ST CAI) g
- 34 33 34
dt |- (i) DG, )] | = (i) @222 (Gro, £)] |- () G223 (Gya 1)

|—(b§’2 ©) (G5, t)l,l—(bég)(ﬁ)((}“, t)| ,|—(b§’4)(6)(635,t)| are first detrition coef ficients for category 1,2 and 3

|—(b§’8)(5'5'5) (G31,t) |,|—(b§g)(5'5'5)(631, t) | ,|—(b§’0)(5'5'5)(631, t)l are second detrition coef ficients for category 1,2 and 3

|—(b§’4)(4'4"*')(627, t) |,|—(b§’5)(4'4'4')(027, t) |,|—(b§’6)(4'4'4')(027, t)| are third detrition coef ficients for category 1,2 and 3

|—(b{’3)(1'1'1'1'1'1) @G,t) |, | —(by)@111LD (G 1) I,| —(bis)ALLLLD (G, t) | are fourth detrition coefficients for category 1, 2, and 3

|—(b{g)(2'2'2'2'2'2)(619, t) I,I—(b{’7)(2'2'2'2'2'2)(019, t)I,| —(bip)@22222(G,,, t)l are fifth detrition coefficients for category 1, 2, and 3

|— (byy)B33333) (G, t) \, l— (by)B33333)((Gs, t) |, | — (by,)333333) (G, t)| are sixth detrition coefficients for category 1, 2, and 3

Where we suppose
A (@)D, @)D, @)D, b)®, BHW®, (b{H® >0,
i,j =13,14,15
(B)  The functions (a;)®, (b{")™™) are positive continuous increasing and bounded.
Definition of (p))V, (1;)®:
(@)D (Tyq, ) < ()@ < (Ay5)P
bV G < )W < BHW < (B3)W
©)  limp,oe(a)® (T, ) = (p)™
limg_ e (b;N® (G, ) = ()™

Definition of (A3 )®, (B3)®:

Where |(A;3)®, (B13)®, (0)®, (1)@ |are positive constants and [i = 13,14,15

They satisfy Lipschitz condition:

(@)D (T £) = (@)D (Togy O] < (Rys )D|Tyy — Tiyle~ M)Vt
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(YD G, 8) — (BHYDG, 0] < (ki3 )D|IG — G'||e~ M)Vt

With the Lipschitz condition, we place a restriction on the behavior of functions
(@D (T}, t) and(a) P (Tya,t) . (T4, t) and (Ty,, t) are points belonging to the interval
[(Ry3)D, (M5 )D] . Itis to be noted that (a}") P (Ty,, t) is uniformly continuous. In the eventuality of the

fact, that if (M, ) = 1 then the function (a;")™(T,4,t) , the first augmentation coefficient WOULD be
absolutely continuous.

Definition of ( M3 )®, (ky3)® :
(D) (My3)®, (k3)D, are positive constants

@® _p®
(My3)D 7 (#43)D

Definition of ( P;3 )™, (043)® :

(E) There exists two constants ( P;5 ) and ( Q;5 )™ which together
with (M;3)D, (ky3)D, (A13)® and (B3 )™ and the constants
(@)™, (@)@, )@, BHD, ()P, ()™, i = 13,1415,

satisfy the inequalities

1 , . . _
o @O+ @D+ (A3)P + (Pis)® (ks )] <1

1 , ~ ~ -
el b)® + BHP + (Bi3)P + (Q13)® (ki3)M] <1
Where we suppose
F (@)@, (@)@, (@)@, (1)@, )P, (bN® >0, i,j=161718
(G) The functions (a/")®, (b/")® are positive continuous increasing and bounded.
Definition of (p;))®, (r;)®:
(@) @ i @
(@)@ (Ty7,0) < (p)@ < (A6 )
(NP (Gro,t) < ()P < (B)P < (By)@
H)  limgyoe(@)® (T, 0) = (p)@
lirnG—wo (bi”)(z) ((619): t) = (ri)(Z)
Definition of ( A;4)®, (B;6)® :
Where |(A;)®, (B16)®, (0)®, (1)@ fare positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

|(a{')(2)(T1'7, t) — (al{’)(z)(Tn' ] < (1216 )(2)|T17 - T1’7|e_(M16)(2)t
" ’ " I 7 —(M (2)
1(5) @ ((G16)',8) = (b P ((G10), )] < (k16 )P 1(G10) — (Gyo)'||e~(F1e) Pt
With the Lipschitz condition, we place a restriction on the behavior of functions (a;)®(Ty,,t)

and(a;)@(Ty7,t) . (T{,t) and (T, t) are points belonging to the interval [( k16 )@, (M6 )@] . Itisto
be noted that (a;")® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® =1
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then the function (a))®(T;,,t) , the SECOND augmentation coefficient would be absolutely continuous.
Definition of (M4 )@, (k1)@ :
(N (M) @, (k1)®, are positive constants

@® @
(M16)® "’ (#16)P

Definition of ( P;3)®, (043)® :

There exists two constants ( P;¢ )@ and ( Q¢ )® which together
with ( M,6)®, (k16)®, (A16)Pand (B¢ )@ and the constants
(@)@, (@)@, (1)@, BHP, ()@, (r)®,i=16,17,18,

satisfy the inequalities

1

@@+ @D+ ()P 4 (Pie)® (hig)®] <1

Goml 0P + GNP + (Bie)® + (1) (kie)®] <1
Where we suppose
() (@)@, (@)®, (@), ()@, BN, (/NP >0, i,j=2021,22
The functions (a;")®, (b/")® are positive continuous increasing and bounded.
Definition of (p,))®, (r)®:
(@) (Ty1,0) < )P < (4;0)®
(NP (G5 ) < ()P < (B)P < (Byo)®
limy, e (ai)® (T, 1) = (p)®
limG—»OO(bi”)(3) (Gy3,t) = (Ti)m
Definition of ( A,y )®, (B, )® :
Where ‘ (A30)®, (Byo)®, )®, (1)® ‘ are positive constants and

They satisfy Lipschitz condition:

(@) (T41,0) = (@)D (Tyy, )] < (Rgo )P|Tyy — Tyyle™ (200t
10 P (Gas', 1) = (b)P (Gas, )] < (fezo )P|Gaz — G ||~ (200t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")®(T;,,t)

and(a;")® (Tyq,t) . (T31,t) And (T,4,t) are points belonging to the interval [( ka0 )®, (My)®] . Itisto
be noted that (a;")® (T,,, t) is uniformly continuous. In the eventuality of the fact, that if ( M,,)® =1
then the function (a/)®(T,,,t) , the THIRD augmentation coefficient, would be absolutely continuous.

Definition of ( M, )®, (ky0 ) :

(K) (M )®, (k0 )®, are positive constants
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@® _mp®
(M20)®) 7 (M20)®

There exists two constants There exists two constants ( P, )® and ( Q,, ) which together with
(My0)®, (ky0)®, (A,0)Pand ( B,y )® and the constants

(@)@, (@)®, 1)@, (BD®, )P, ()P, i =120,21,22,

satisfy the inequalities

1

(#20)® [ (ai)(S) + (al{)(g) + (Ao)® + (Py)® (hpo)P] <1

Wi)w)[ B)® + NP + (B,0)® + (0,0) (ky0)®] < 1

Where we suppose
(@)™, (@)@, (@)™, )™, ()@, (/)™ >0, i,j =24,2526
(M) The functions (a;)™®, (b;")™® are positive continuous increasing and bounded.
Definition of (p))®, (;)®:
(@) (Ty5,8) < @)@ < (Ap0)®

BDP((G) 1) < ()@ < (BN < (Bze)®

(N)  limg, 0 (@])® (Tos, £) = (p)@
limg o ()@ ((Gy7),t) = (1)@

Definition of (A, )®, (Byy )@ :

Where | (A,,)®, (B )P, ()@, ()@ | are positive constants and [i = 24,25,26

They satisfy Lipschitz condition:

(@)D (T4, ©) — (@)D (Tys, 0] < (Kpg )P|Tps — Ty|e™ (M)t

I(BINYD((Gy7)', ) = (B P((G2), £)] < (kza YPNI(Ga7) — (Go7)'||e™(M2a) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;" ) (Tys, t)

www.iiste.org
png

IS’

and(a;") ™ (Tys,t) . (Tys,t) and (Tys, t) are points belonging to the interval [( &y, )@, ( My, )®] . Itis to
be noted that (a;")® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® = 4

then the function (a))® (T,s,t) , the FOURTH augmentation coefficient WOULD be absolutely

continuous.
Definition of ( M,, )™, (kyy )@ :
(Myy )@, (ks )@, are positive constants

@® @
(M24)® 7 ([z4)®
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Definition of ( Py, )@, (0,4 )@ :

(0) There exists two constants ( P,, )® and ( Q,, )™ which together with
(M), (ks )@, (Az)Pand (B, )@ and the constants
(@)@, @)®, )@, D@, ()@, ()@, i = 24,25,26,
satisfy the inequalities

1

(M24)® [ (ai)(4) + (alf)(“) + (Apa)® + (Pp)® (p0)®] <1

_r
(M4 )®

[ 3@+ BN + (B2a)® + (024)® (k2)¥] <1
Where we suppose
(@)®,(@)®, (@"H®, 1), ), (b >0, i,j=282930
Q) The functions (a/")®, (b/")® are positive continuous increasing and bounded.
Definition of (p,))®, (r;)®:
(@) (Tz0,0) < ()P < (Ay5)®

GNP (G, 0) < (DS < BN < (Bzg)®

R limye(@)® (T, t) = )
limge(b{)® (G31,8) = (1)®

Definition of (A,g )™, (B,g )™ :

Where |(A28 )®), (B )®, ()@, (1)® | are positive constants and [i = 28,29,30

They satisfy Lipschitz condition:

(@) (Tgo, ) — (a") ) (Tyo, )] < (Kgg )®|Tpg — Thole™(M2a)t

15 ((G31)",6) — (BN P ((G31), )] < (Feog YO|(Gay) — (Gay)'||e™ (M)t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;)® (T, t)
and(a;")® (Tye,t) . (T30, t) and (Tye, t) are points belonging to the interval [(kag)®, (M) ] . Itisto
be noted that (a;")® (T,, t) is uniformly continuous. In the eventuality of the fact, that if ( M,5 )® =5

then the function (a;")® (T,q,t) , theFIFTH augmentation coefficient attributable would be absolutely
continuous.

Definition of ( Mg )®, (ks )® :
(M5)®, (kp5)®, are positive constants

@® _wp®
(M25)®) 7 (Mag)®

Definition of ( Py )®, (0,5 )™ :

There exists two constants ( P,g )® and ( 0,5 )® which together with
(My5)®), (k5)®, (A,8)Pand ( B,g )™ and the constants
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(@)®, (@)®, (), (bH®, )®, (,)®,i=28,29,30, satisfy the inequalities

1

(W25)(®) [ (ai)(S) + (al{)(s) + (Ag)® + (Pg)® (kg )P] < 1

1

(M28)®) [ (bi)(S) + (bi’)(S) + (Bs)® + (Q28)® (1228 P <1

Where we suppose

(a)®, (@)@, (@)@, B)®@, (6D, (/)@ >0, i,j=3233,34
L L L L ]

(V) The functions (a!")®, (b/")(® are positive continuous increasing and bounded.

Definition of (p,))©, (1)®:
(a{')(6)(T33, t) < (pi)(6) = (Asz )(6)
(biNO((Gs5), ) < (1)@ < (B)® < (Bs,)®
limy, o (@) (T35, 8) = (p)©
limg e (/) ((Gas),8) = (r)®

Definition of ( As, )®, (B;,)© :

Where ‘(432 )®, (B3,)®, (p)®, (1)® ‘ are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:
(@) O (Ta, ) — (') (T3, )] < (Fegp )O Ty — Tgle™(Fs2) e

(bY@ ((G35)', £) — (B]) O ((Gss), )] < (az )O|(Gss) — (Gas)'||e™(M2) @t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (Tss,t)

www.iiste.org
png

IS’

and(a;")(® (T3, t) . (T43,t) and (Ts3, t) are points belonging to the interval [( ks, )©, (M5, )©] . Itisto
be noted that (a;")(® (T;3, t) is uniformly continuous. In the eventuality of the fact, that if ( M5, )® =6
then the function (a;")® (T3, t) , the SIXTH augmentation coefficient would be absolutely continuous.

Definition of ( M5, ), (k35 )® :

(M3,)®, (ks,)®, are positive constants
@® _wp©
(M32)(®) 7 (M3,)()

Definition of ( P, )®, (05, )® :

There exists two constants ( P;, )® and ( 05, )(® which together with
(M3,)®, (k3,)®, (A3,)@and (B;, )©® and the constants

(@)@, (@)@, (6)®@, (6D, @)@, ()@, i =32,3334,

satisfy the inequalities

1

(F12)® [ (a)® + (af)(ﬁ) + (A32) @+ (P3)® (ks )®]<1

(1‘7132)(6) [ (b)@ + (bl{)(ﬁ) + (B3)® + (03,)® (ks )®] <1
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Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying
the conditions

Definition of G;(0),T;(0) :

G(O) < (Pya)PemVe T7G,0) = 67 > 0]

Ty(t) < (Q13)We™a)Pe 1 (0) =19 >0

Definition of G;(0),T;(0)

Gi(t) < (Pis )(z)e(ﬁlﬁ)@t , Gi(0)=G)>0
Ti(t) < (Que)@PeMa)t - T,(0) =T >0
Gi(t) < (Py )(S)Q(MZO)(3)t , G(0)=G)>0
Ty(t) < (Qp )P0t T.(0) =T >0

Definition of G;(0),T;(0) :

Gi(O) < (Py ) Pem®e T7G,0) = 67 > 0]

Ti(0) < (Qoa)We ™™t [1,(0) =T >0

Definition of G;(0),T;(0) :

Gi(O) < (Pye )P0t 7G,0) = 67 > 0]

Ty(t) < (Qg8)®eM2)®t  I1,(0) =T > 0

Definition of G;(0),T;(0):

G.(t) < (ﬁ32 )(6)e(n7132)(6)t ’ | G;(0) = GiO > ()l

T(t) < (Q5,)@e™2)% [1,(0) =T >0

Proof: Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) = Gio , Ti(0) = Tio ’ Gio = (ﬁls )(1) :Tio = (013 )(1):
0= Gi(t) = G < (Prg )W)
0 < Ty(0) = T < (Qu3)DeMa)™

By
G_13(t) = Gfs + fot [(a13)(1)G14(s(13)) - ((a13)(1) + ai’3)(1)(T14(5(13)),5(13))) G13(5(13))] d5(13)

Gia(t) = GOy + fot [(‘114)(1)613(5(13)) - ((ah)(l) + (aﬂ)(l)(TM(S(B))' 5(13))) G14(5(13))] ds(13)
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Gis(t) = Gps + fgt [(a15)(1)G14(5(13)) - ((ais)(l) + (afs)(l)(TM(S(w))‘ 5(13))) G15(5(13))] ds(13)

Ti3(t) =T + fot [(b13)(1)T14(5(13)) - (b13)(1) - (b{%)(l)(G(s(m)),5(13))) T13(5(13))] ds(13)

Tia(t) =Ty + fot [(b14)(1)T13(5(13)) - ((bh)(l) - (bﬂ)(l)(c(s(w))‘ 5(13))) T14(5(13))] ds(13)

= t ' "

Tys() = Tjs + fo [(b15)(1)T14(5(13)) - ((b15)(1) - (b15)(1)(5(5(13)),5(13))) T15(5(13))] ds(13)
Where s(,3) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =GP, Ty(0) =T, G? < (Pyg)®, T < (Q16)?@,
0 < G;(t) — G® < (Pyg ) Pe(M1e)Pt

0<T(t)— Tl-0 < (016 )(Z)e(M16 )@t

By

Gio(t) = Gfs + fot [(a“)(Z)G”(S(“)) - ((aQG)(Z) +a1) P (T17(sae), 5(16))) 616(5(16))] ds(16)
Gi7(£) = Gy + fOt [(a”)(Z)GlB(S(lG)) - ((a17)(2) + (aiy))® (T17(S(16))’S(17))) 617(5(16))] dS(16)
Gg(t) = G + fot [(a18)(2)G17(5(16)) - ((ais)(z) + (ai’s)(z)(TU(s(lé)), 5(16))) 618(5(16))] ds(1e)

Ti(t) = Tis + fot [(b16)(2)T17 (5(16)) - (bia)(z) - (bfa)(z)(G(S(le))'S(le)) T16(S(16))] ds(1e)

( )
Ty, () =TS + fot [(b17)(2)T16(S(16)) - ((b{7)(2) - (b{@)(z)(G(S(m)), S(16))) T17(S(16))] ds(16)
)

= t I "

Tig(t) = Tis + fo [(b1s)(2)T17(5(16)) - ((bm)(z) — (b1s (2)(6(5(16))'5(16)) T18(5(16))] ds(ie)
Where s(46 is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

G;(0) = G?, T;(0) =T2, G? < (Pyp)®, TP < (Q0)?®,
0 < Gi(t) — GP < (Pyy )Pe(M20)Pt
0<T(t)—T? < (Qz YD (F20)Pt

By

G_zo(t) = Ggo + fot [(azo)(3)G21(5(20)) - ((aéo)@ + alzlo)(3)(T21(5(20))' 5(20))) 620(5(20))] ds(zo)
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Go1(t) = G31 + fot [(a21)(3)620(s(20)) - ((%1)(3) + ()P (Ta1(s20y)s 5(20))) 621(5(20))] ds(20)
Gor(t) = G3, + fot [(azz)(3)621(5(20)) - ((alzz)(B) + (alzlz)(B)(Tm(S(zo)): 5(20))) 622(5(20))] ds(20)

Tyo(t) = T3 + fot [(bzo)(3)T21(s(20)) — ((B3)® — (bélo)(”(G(S(zo))‘ 5(20))) Tzo(s(zo))] ds(20)

T (t) =T + fot [(b21)(3)T20(5(20)) - ((bé1)(3) - (bé&)(B)(G(S(zo)),5(20))) T21(5(20))] ds(20)
T2 (t) = T3, + fot [(bzz)(s)Tn(S(zo)) - ((béz)m - (bélz)m(c(s(zo))'5(20))) Tzz(s(zo))] ds(20)
Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator <A™ defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0)=GY, T, (0) =T, GO < (P )P, T2 < (0y4)®,
0<Gi(t)—GY < (Py, )(4)9(M24)<4)t

0 S Ti(t) = TP < (Qpq )Pe(M20)®t

By

HORC AN [(a24)(4)625(5(24)) - ((024)(4) + a'z'4)(4)(Tzs(S(z4)).5(24))) 624(5(24))] ds (24
Gos(t) = GJs + fot [(azs)(4)624(5(24)) - ((aés)u) + (a)s) @ (Tys(520)s 5(24))) 025(5(24))] s
Gao(t) = G35 + [, [(azﬁ)mczs(s(z@) - ((a'zﬁ)u) + (@49) P (Tys(sam), 5(24))) 626(5(24))] dsga

Tpu(t) = Ty, + fot [(b24)(4)T25(5(24)) - (bé4)(4) - (bé'4)(4)(5 (5(24))'5(24))) T24(5(24))] ds(za)

Tps5(t) = Tgs + fot [(bzs)(4)T24(5(24)) - ((bés)m - (bé'as)(4)(5 (5(24))'5(24))) T25(5(24))] dsq)

T t ! n
To6(D) = Tzoe + fo [(bzs)(4)T25(5(24)) - ((bza)(4) - (bza)(4)(6(5(24)):5(24))) T26(5(24))] d5(24)
Where s(,4 is the integrand that is integrated over an interval (0, t)

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =GP, T;,(0) =T, G) < (Pyg)®, TP < (Q25)®,
0<G;i(t) —GY < (P )(5)9(1%8)(5%

0 < Ti(0) = T < (Qpg )Pl M)

By
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Gos(t) = G35 + [ [(azs)(S)Gw(S(ZS)) - ((aés)(s) +a7)® (T (52)), 5(28))) 628(5(28))] ds(zg)
Goo(t) = G35 + [ [(azg)(S)st(s(ZS)) - ((a'zg)(s) +(a59)® (Tas (s2m), 5(28))) 629(5(28))] ds(2s)
Go(t) = G + [(‘130)(5)629(5(28)) - ((aéo)(s) + (als'o)(s)(T29(5(28))’5(28))) 630(5(28))] dS(as)
Toe(t) = Ty + J; [(bzs)(s)Tw(S(m)) - ((bés)(s) - (béls)(s)(a(s(zs))’5(28))) T2s (5(28))] dS(28)

Too(t) =TS + [ [(bzg)(S)Tzs(S(ZS)) - ((bée»)(s) — (b70)®(G(s28))s 5(28))) T29(5(28))] ds(2s)

— t ’ "
T30(t) = Tso + fg [(b3o)(5)T29(5(28)) - ((b30)(5) — (b3 (5)(6(5(28))'5(28))) Tso(s(zs))] ds(ze)
Where s(,g) is the integrand that is integrated over an interval (0, t)

Consider operator A© defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

G/(0) =GP, Ty(0) = T, G? < (P3,)®, TP < (0s,),
0<Gi(t)—G < (Ps, )(6)9(M32)(6)t

0<Ti(t) = T? < (03, )(6)9(1@32)(6%

By

Gn =68+ y [(a32)(6)G33(S(32)) - ((aQZ)(G) +a55) O (Tss(5032)), 5(32))) 632(5(32))] ds(s2)
Gas(t) = G35 + [, [(a33)(6)G32(s(32)) - ((ag3)(6) + (@) (Ts3 (s ), 5(32))) (;33(5(32))] dsgaz)
Gon® = G+ [ (@) @6a3(50) — (@500 + (@O (T (5002, 562)) Gs(5002)] Ao

T5(t) = T3, + fot [(b32)(6)T33(5(32)) — (3@ (bé'z)(6)(G (5(32))» 5(32))) T3, (5(32))] ds(3z)

T33(t) = Tgs + fot [(bss)(G)Tsz(S(sz)) - ((b§3)(6) - (bég)(ﬁ)(G(s(w))'5(32))) T33(5(32))] ds(sz)

= t ’ "
T3, () = T3, + fo [(b34)(6)T33(5(32)) - ((b34)(6) - (b34)(6)(6(5(32)): 5(32))) T34(5(32))] ds(sz)
Where 535,y is the integrand that is integrated over an interval (0, t)

(@) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t ’N 2 )
G13(®) < 65 + [} [(012)® (G244 ( Py ) Ve 12)M509)] ds(yy) =

1 0, (a1 D(P13)H)® [7ReY
(14 (a1)Mt)GP, + W(e( 13)°7t 1)

From which it follows that
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(P13)D+69,

[(( P3)® + 6P, )e( 624 ) + (P, )(l)l

0 \,—(My3) Dt~ (@13)
(G3(t) — GPy)e~ (M)t < 22200, (Fys)®

(G?) is as defined in the statement of theorem 1
Analogous inequalities hold also for Gy, ,Gys, Ty3, T14, Tis

(b) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that
Gi6(t) < Gig + fot [(alﬁ)(Z) (Gf7+( Py )@l Ms )(2)5(16))] dse) =

2 0 (a16)P (P16)?P jraer
(1 + (alﬁ)( )t)Gl7 + W(e( 16) - 1)

From which it follows that

(P16)P+69,

) ~
(616(t) _ Glﬁ)e_(Mlﬁ )(Z)t < d16) (ase) [(( P16 )( ) + Gl )e( 627 ) + (P16 )(2)]

(M1 )(2)

Analogous inequalities hold also for Gy, G5, T16, T17, T1g

(@) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 o )3
Go(t) < G3o + fo [(azo)m (631"‘( Pyo )20 5(20))] ds(zo) =

(@20 (P20)® ( (51,0
(1 + (azo)(S)t)G& + %(e(”’zo) t_ 1)

From which it follows that

(P20)®+69,

3) ~ <— ) ~
(Gao(t) — GZp)e™(Ma0) Dt < (@20 |((p, 3 4 GO Ve Ch +(on)<3>l

(M0 )3

Analogous inequalities hold also for G, , G35, Tog, T21, Tz

(b) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t PN . )4
Goa(t) < 6% + [ [(@2)® (635+( Poy ) Ve 2607500 dsiyy) =

D0 o @DP(P)® (g @)
(1 + (a24)( )t)GZS + W(e( 24) — 1)

From which it follows that

(P24)® 469

- ) @ 5 - 5
(G4(t) — Gp)e (M24)t < {a2e) (( Py )® + G§5)6< EE ) + (Paa )(4)l

(M24)®

(G?) is as defined in the statement of theorem 1

(c) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t PN e )5
Gog(t) < G35 + Jy [(a26)® (G35+( Prg ) ™20)560) )| disp) =
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5 0, @e)®(B)® [ g ®
(1+ (azg)" )t)Gz9 + W(e(”’w) t_ 1)
From which it follows that

_(P2g)5)+69

(( Py )® + Ggg)e( 6o ) + (P )(S)l

(0 p-(Flps )t - (a2e)®
(Gog(t) — Ggle " M2e S(Mzs)(s)

(G?) is as defined in the statement of theorem 1

(d) The operator A(® maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t P - )(6)
Gaa(t) < 695 + Jy [(@32)@ (63 +( Py )@ 520562 oy =

6 0 (as2)®(P32)® Was YOt
(1 + (a32)( )t)G33 + W(Q( 32) — 1)

From which it follows that

(G32(t) — Gp)e”(Ma2) 't < m ((P32)® +Gs)e 633 +(P;;)®

(G?) is as defined in the statement of theorem 6
Analogous inequalities hold also for G5, Gy¢, To4, Tas, Tag

@® @
(M13)D 7 (#M33)D®

It is now sufficient to take < 1 and to choose

(P13)® and ( Q5 )™ large to have

(P13 )(1)+G?
(a.)(l) ~ R B = R
o | (P)® + ((Pa)® + G))e J < (Pi3)®
[ (Q13) D417
(bi)(l) ~ 1 0 _< 0 ) ~ ) ~ (1)
Wya) @D (( Qiz)V+T; )e ] + (Q13)" = (0Q13)

In order that the operator A™ transforms the space of sextuples of functions G; , T; satisfying GLOBAL
EQUATIONS into itself

The operator A™ is a contraction with respect to the metric
d ((G(1>, TW), (6, T(z))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e'(“7’13)(1)t,max |Ti(1)(t) - Ti(z) (t)|e'(ﬁl3)(1)t}
. teRy teR4

Indeed if we denote

Definition of G, T: (G, T) = AY(G,T)
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|G’1(?1’) _ G'L(Z)| < fot(a13)(1) |G]Fi) _ G]FZ) e—(’117113)(1)5(13)8(’117113)(1)S(13) dS(13) +
[ (@) V|6% — 62 e~ (M) Vs~ Vsaa 4
(ails)(l)(Ti(i)' 5(13))|Gl(§) - G1(§)|e_(ﬁ“)(l)s(l”e(ﬁ“)(l)s(“) +
" " (M )D M) D

Gf§)|(a13)(1) (T1(i),5(13)) - (a13)(1) (Tl(f)'5(13))| e~ (M13)77513) o (M12) 5(13)}d5(13)
Where s (43 represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|6 — G(z)|e—(ﬁ13)<ﬂc <

1 , ~ ~ ~
W((am)m + (aiz)® + (A3)® + (Py3) P (ky3)®)d ((G(l); TW; 6@, T(Z)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}5)™ and (b}%)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P;3)®e™1)™t gnd (Qy) e (1Mt
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)V,i = 13,14,15 depend only on T,, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) > Gioe[_ fot{(az{)(l)‘(af')(l)(T14(5(13))'5(13))}‘15(13)] >0

T, (t) = TeC®DY) > 0 fort>0

Definition of ((7‘7113)(1))1' ((ﬁ13)(1))2 and ((7\7113)(1))3 :

Remark 3: if G5 is bounded, the same property have also G,, and G5 . indeed if

Gi3 < (My3)@ it follows % < ((My3)®), = (a14)V Gy, and by integrating

Gra < (M13)®), = 6Py + 2(a1) P ((M13) ™), /(@i )™

In the same way , one can obtain

Gis < ((/M13)(1))3 = Gps + 2(a15) P ((M13) ™),/ (a15)™

If Gy, or G5 is bounded, the same property follows for G,5, G;s and Gy5, G4 respectively.

Remark 4: If G5 is bounded, from below, the same property holds for G,, and G5 . The proofis
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T;; is bounded from below and lim,_,., ((b;)® (G(t),t)) = (b;,)® then T,, — o.
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Definition of (m)™ and ¢, :
Indeed let t; be sothatfort > t;
(b)) = (BND(G (D), 1) < &1, Ty (£) > (MWD

Then d:% > (a1) P (m)® — g, T;, which leads to

D) ()@
Ty, = (M) (1 —e &ty + T e 1t If we take t such that e~51¢ = % it results
1
D) ()@ _ . .
Ty = (w) t = logf By taking now &, sufficiently small one sees that T,, is unbounded.
1

The same property holds for Tys if lim,_,. (b}5)® (G(t),t) = (bjs) ™
We now state a more precise theorem about the behaviors at infinity of the solutions

@® @

(M16)® ' (M16)P) <1 and to choose

It is now sufficient to take

(P1s)® and (014 )® large to have

[ <(P16 )(2)+G?>
(a.)(Z) - R |\ R
o |(Pi)® + ((Pe)® +Gf)e \ © < (Pi)®
[ (Q16 )(2)+T?
(b.)(Z) . —( — ) R ~
(,q;)(z) ((016)P +TP)e i +(0,6)?] < (0,6)®

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying

The operator A is a contraction with respect to the metric
d (((6:)®, (T)®), ((610)@, (T16)®)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q16)(2)t,max |Ti(1) ) - Ti(z) (t)|e'("7’16)(2)t}
i teER+ teER+

Indeed if we denote
Definition of Gyo, Tre : ((Gro, T1o ) = AP (Gyo, Tyo)
It results
|51(é) _ G~i(2)| < fot(am)(z) |Gl(§) _ GS)|e'mié)(Z)S(lG)emié)(”s(w) ds(lé) +
[H@)@16L — 62~ M0 Psa0e~(Fre)@sas 4
(@) DTS, 506) |67 = 612 e~ T10) 506 ¢ (i) Pstae) 4

2 1 2 (Tl )@ )@
(;1(6)|(a£’6)(2)(’1"1(7)’5(16)) _ (aile)(z)(T1(7)'5(16))| e~ (M16)75(16) o (M16) 5(16)}(15(16)
Where s (¢ represents integrand that is integrated over the interval [0, ¢]

From the hypotheses it follows
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|60 = (G1) @ e PPt <

1 , - ~ ~
m((am)(z) + (a16)@ + (A16)@ + (P1e) P (K1) @)d (((619)(1), (T10)Y; (G19)®, (T19)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}s)® and (b}%)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P;o)@e(™10®t and (Q,)@eMie®t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 16,17,18 depend only on T,, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G; (t) = G?e[_ fg{(af)(z)-(af')(z)(T17(5(16))'5(16))}5‘5(16)] >0

T, (0) > TPeCDPY > 0 fort > 0

Definition of (('1\7[16)(2))1, ((mlﬁ)(Z))z and ((ﬂle)(z))3 :

Remark 3: if G;¢ is bounded, the same property have also G;; and G;g . indeed if

Gro < (Mye)@ it follows S22 < ((My6)@), — (a1,)@G,, and by integrating

Gy = ((mlﬁ)(Z))z = Gi; + 2(‘117)(2)((ﬂ16)(2))1/(a17)(2)

In the same way , one can obtain

Gig < ((m16)(2))3 = Gig + 2(“18)(2)((m16)(2))2/(a18)(2)

If Gi; or G is bounded, the same property follows for G,4, Gig and Gy, Gy, respectively.

Remark 4: If G, isbounded, from below, the same property holds for G;;and G;5. The proof is
analogous with the preceding one. An analogous property is true if G;, is bounded from below.

Remark 5: If T4 is bounded from below and lim,_,., ((b;")® ((G10) (1), 1)) = (b},)® then T;, — oo.
Definition of (m)® and ¢, :
Indeed let t, besothatfort >t,

(b17)® — (B{")P((G10) (D), 1) < £, Ty (t) > (M@

Then dZ? > (ay;)@(m)@ — g, T,, which leads to
(a179)Pm)®@ —g,t 0 ,—gyt —g,t 1.
Ty, = (57) (1 —e™%2% + T,e %2" If we take t such that e7%2t = S it results
2
(2) (2) . .. .
Ti7 = (M) t= logf By taking now ¢, sufficiently small one sees that T;, is unbounded. The
2

same property holds for Tyg if lim,_e, (b15)® ((G10) (D), t) = (big)?
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We now state a more precise theorem about the behaviors at infinity of the solutions

i o @® _0p®
It is now sufficient to take ) ® (T )®

< 1 and to choose

(Py0)® and (Q,,)® large to have

[ (P20 )(3)+G?
(a)® ~ R | R
(1@210)(3) (PZO)(s) + (( on )(3) + G]-O)e GJ < (PZO )(3)
[ (220)®+17
mp® ~ 3) 0 _< 79 ) ~ 3) N @)
(M30)® (( Q20 )™ + T1 )e / + (Q2) < (0Q2)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A is a contraction with respect to the metric
d (((62)®, (T2)®), ((620)P, (T3)?) ) =

sup{max |¢™V(t) - Gi(z)(t)|e‘(M2°)(3)t,max IT® () - 1,® (t)|e‘("7’20)(3)t}
i teER+ teER4

Indeed if we denote
Definition of Gy3, To3 :( (G33), (Tz3) ) = A®((Gy3), (Tz3))
It results
| G 5i(2)| < fot(azo)(3) | 6L — Gz(f)| o~ (M20®5(20) o (M20)@5(20) dsa0) +
Jy (@30 D165 = 653~ e =0 Vs
(@ (TSP sG55’ = G5 =0 P

G150 P (T3, 520)) = (@)D (TS, 5(20))| €™ MoV V50002035

Where s, represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6W — (@]e~(M20Pt <

G55 (@)@ + (@)@ + (A0 + (Poo)® (ko)) (((623)©, (1) V5 (6:5), (135)P))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)® and (by,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,0)®e ™20t and (D)@ e P20t
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 20,21,22 depend only on T,; and respectively on
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(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.
Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) = Gioe[_ I (@)@ =@y (T21(s20) 520l 20| >0

T, () = TPe(-0DP) > 0 fort>0

Definition of ((M0)®),, ((M20)®), and ((My0)®), :

Remark 3: if G,, is bounded, the same property have also G,; and G, . indeed if

Gyo < (Myo)® it follows % < (My0)®), = (a31)® Gy, and by integrating

Gy < ((7\7[20)(3))2 = G3 + 2(“21)(3)((7\7120)(3))1/(61'21)(3)

In the same way , one can obtain

Gy < ((/1\7120)(3))3 =G, + 2(“22)(3)((7\7120)(3))2/(61'22)(3)

If G5, or G,, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,, and G,, . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T,, is bounded from below and lim,_., (b{")® ((G,3)(£),t)) = (b51)® then T,y — oo.
Definition of (m)® and &, :
Indeed let t; be so that for ¢t > t4

(by1)® — (b{’)(3)((023)(t),t) < &3, Ty (£) > (M)®

Then dzztl > (a,,)®(mM)® — £;T,, which leads to
YN
Ty, > (M) (1 —e™et) + T2 e %3t If we take t such that e~&3t = 2 it results
3
3 ()@ ) . .
T, = (w) t= logsi By taking now &5 sufficiently small one sees that T,, is unbounded.
3

The same property holds for Ty, if lim,_,, (535)® ((Go3)(¢), t) = (b3,)®
We now state a more precise theorem about the behaviors at infinity of the solutions

. . . NE) NC))
It is now sufficient to take % ,(1(;2‘1)(4) < 1 and to choose

(P,,)® and (Q,, )™ large to have

(P24)®+69

(ap)@ ~ ~ _< 0 ) ~
LN (Po)@ + ((Po)® +GP)e g < (Pyy)®

(M)
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( (QZ4)(4)+T?>
()™ - A A
(M3)@® l(( Q20)® + To)e J +(024)™] < (Q24)™

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying IN to itself

The operator A™ is a contraction with respect to the metric
d (G, (7)), (6, (T)®) ) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’24)(4)t,max |Ti(1)(t) - Ti(z) (t)|e‘(ﬁ24)(4)t}
i tER4 tER4

Indeed if we denote

Definition of (G,,), (T57) :  ( (G27), (T27) ) = AD((G27), (T2))

It results
|G(1) G(2)| < f (azs )(4) |G(1) Gz(? e—(1\724)(4)5(24)6(1\724)(4)5(24) ds(a) +
[RC Il 6P e~ (M2 Vsza g~ (Maa)Dscas) 4
@DP(TL, 500) 62 = 62|e= M2 Psene () Psey 4

Gz(i)|(a§’4)(4)(Tz(;)'5(24)) - (a'2'4)(4)(T2(§),s(24))| e_(/M“)ms(“)e(ﬁ24)(4)s(24)}d5(24)
Where s(,, represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|62 = (Go7)® ezt <
@ (@)@ + @)@ + (2@ + (P)@ (he)@)d (62D, (1) D5 (620 @, (1))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)™ and (bs,)™® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,,)®e ™0™t gnd (Q,,)@e (M@t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)¥,i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

GL' (t) 2 Gi()e[—fot{(ag)(‘l‘)_(a{’)@)(Tzs(5(24)),5(24))}615(24)] 2 O
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T, () = T2e(-0DY) > 0 fort>0

Definition of ((M,4)®),, (M24)™®), and (M4)®), :

Remark 3: if G,, is bounded, the same property have also G,s and G,¢ . indeed if
Gpa < (Mypy)™@ it follows dg—:s < (Mp0)®), = (a35)® G, and by integrating
Gys < ((7\7124)(4))2 = G35 + 2(“25)(4)((7‘\424)(4))1/(‘1’25)(4)

In the same way , one can obtain

Gy < ((7\7124)(4))3 = Gge + 2(a26)(4)((7\7[24)(4))2/(0"26)(4)

If G,5 or G, is bounded, the same property follows for G, , G, and G,, , G,5 respectively.

Remark 4: If G,, isbounded, from below, the same property holds for G,5 and G,¢. The proof is
analogous with the preceding one. An analogous property is true if G,z is bounded from below.

Remark 5: If T,, is bounded from below and lim,_,.((b;")® ((G,,)(t),t)) = (bys)™® then T,5 — oo.
Definition of (m)™® and ¢, :

Indeed let t, be so that fort > t,

(b25)™® = (b )P ((G7) (), 1) < £4,Tpa (1) > (M)®

Then “25 > (a,5)® (m)® — &,T,5 which leads to

@ ()@ .
Tys = (M) (1 — e~#st) + T e 5+t If we take t such that e~54t = % it results
4
(a25)® ()™ 2 : - )
T,s = (f) t= logs— By taking now ¢, sufficiently small one sees that T, is unbounded.
4

The same property holds for Tye if lim;_e (b3e)® ((G27)(©), ) = (bye) @

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for G,q, G390, T2s, T29, T30
@® _®

It is now sufficient to take — ,— < 1 and to choose
(M25)5) ’ (M8)®)

(P, )® and (Q,5 )™ large to have

[ ((ﬁzsﬂ”w?)
o | _ - _
(4 (P)® + ((Pg)® + Gjo)e € < (Py)®

(M3g)

[ _( (Q2s )(5)+T?>
(( Q28)® + Tjo)e " + (028)®[ < (026)®

)
(M25)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself
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The operator A is a contraction with respect to the metric
d (((6:0D, (T3)®), ((6:)P, (1:)P)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’28)(5)t,max |Ti(1)(t) - Ti(z) (t)|e‘(ﬁ28)(5)t}
i tER4 tER4

Indeed if we denote
Definition of (G51), (T51) :  ( (G31), (T51) ) = A®((G31), (T31))
It results
1652 = 62| < J (@)@ [G13) = 653 [e™ (M0 sam e (Fon)Psew) dis 5 +
Jy (o) G = G2 e CMer) Vw4
R
Gz(é) | (ags)(s) (Tz(;)' 5(28)) - (alzls)(s) (Tz(g): 5(28))| e_(ﬁzs)(S)s(zs)e(ﬁzs)(S)s(ZS)}ds(zg)
Where s, represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

|(G50)® = (G3)@ et <

1 , —~ ~ ~
G (@) + (@)@ + (Ae)® + (P20)® (Roe) ) (65D, (T3)D; (63, (1)) )
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ayg)™ and (bys)™ depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,g)®e ™2™t qnd () e (M)t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a))® and (b;)®,i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From GLOBAL EQUATIONS it results

G, (0) = GPel~ @D =@ D Taslsem)semltsen)] > o

T, (0) > TP > 0 fort>0

Definition of ((M,6)®),, (M5)®), and ((Mz5)®), :

Remark 3: if G,g is bounded, the same property have also G,4 and G5, . indeed if
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Grg < (M,g)® it follows dg% < (M5)®), = (a39)®) Gy and by integrating

Gyo < ((7\\428)(5))2 = Ggg + Z(azg)(s)((’1\7[23)(5))1/(%9)(5)

In the same way , one can obtain

Gz < (M26)®), = G + 2(a30)®((M35)®), / (a30)®

If G,4 or G5, is bounded, the same property follows for G,g, G3, and G,g, G,o respectively.

Remark 4: If G,g is bounded, from below, the same property holds for G, and G;,. The proof is
analogous with the preceding one. An analogous property is true if G,q is bounded from below.

Remark 5: If T,g is bounded from below and lim,_., ((b;")® ((G31)(t),t)) = (bsg)® then T,y — o.
Definition of (m)® and & :

Indeed let t5 be so that for t >t

(b29)® = (BN P ((G31)(0), 1) < &5, Tp5 (£) > (M)

Then £22 > (a,9)®) () ® — &5T,, which leads to

(az9)®(m)®

€5

Tye = ( )(1 —e~%t) + The et If we take t such that e %5t = § it results

() (1) (®)
Ty = (M) t= logsz—s By taking now &5 sufficiently small one sees that T,q is unbounded.

The same property holds for To if lim_e (b55)® ((G31)(0),t) = (be)®
We now state a more precise theorem about the behaviors at infinity of the solutions
Analogous inequalities hold also for Gss, G4, T32, T33, Tas

@® _®®
(M32)®) 7 (#135)(®

It is now sufficient to take < 1 and to choose

(P;,)® and (Q3, )© large to have

[ <(T’32)(6>+G§?>
@® | - R |\ -
- (Ps)®@ + ((P5)® + Gjo)e € < (P5)®

(M32)(®

[ _( (Q32 )(6)+T?>
((0:)® + Tjo)e g +(032)@] < (Q32)®

ChNS
(M32)(®

In order that the operator A(® transforms the space of sextuples of functions G; , T; into itself

The operator A® is a contraction with respect to the metric

d (((035)(1). (T35)(1))' ((635)(2), (Tss)(z))) =
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sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’32)(6)t,max |Ti(1)(t) - Ti(z) (t)|e‘(ﬁ32)(6)t}
i tER4 tER4

Indeed if we denote
Definition of (Gss), (T5s) : ( (G3s), (T35) ) = CA(G)((Gss); (Tss))
It results
|G’§é) _ G'L(Z)| < fot(a32)(6) |G§;) _ Gfg) e—(’117132)(6)5(32)8(’117132)(6)S(32) dS(gz) +
[y (@) @65} — 63 |e(Ma)sts2 e =(Ma2) Vscs)
(@) (T35, 532|653 — 653 |e™Fs2) Vst (Fa2) V) 4
’ I —(Mar)(6) V) (6)
G§§)|(a§2)(6)(T3(;),5(32)) - (a3’2)(6)(T3(§):5(32))| e~ (M32)75(2) g (Ms2) *62}ds (30
Where 55,y represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

|(G35)™® — (635)(2)|e_(n32)(6)t <
1 , ~ - -
W((%z)@ + (a52) @ + (A32) @ + (P32) @ (k3,)@)d (((635)(1); (T35)®; (G35) @, (T35)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (aj,)® and (b3,)©® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Ps,)®e ™2™t gnd (Qs,)©®e (M2t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a))® and (b;)®,i = 32,33,34 depend only on Ts; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 69 to 32 it results

G, (t) > GiOe[—f(f{(ag)(e)—(agl)(e)(T33(5(32))'5(32))}‘15(32)] >0

T, () > TPeC®DD) > 0 fort>0

Definition of ((M5,)®),, ((M32)'¥), and (M5,)®), :

Remark 3: if G5, is bounded, the same property have also Gs; and G5, . indeed if
G3, < (M3,)® it follows d;’% < ((M3)), — (a33) @G35 and by integrating

G33 < ((/Msz)(@)z =G+ 2(“33)(6)((7\7132)(6))1/(‘1’33)(6)
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In the same way , one can obtain
G3g < ((ﬂsz)(G))3 = G34 + 2(“34)(6)((7\7[32)(6))2/(51'34)(6)
If G35 or G, is bounded, the same property follows for G;,, G3, and G5, , G respectively.

Remark 4: If G;, isbounded, from below, the same property holds for G;; and G;,. The proof is
analogous with the preceding one. An analogous property is true if G;5 is bounded from below.

Remark 5: If T, is bounded from below and lim,_,., ((b;")® ((G35)(t),t)) = (b33)® then Ty; — oo.
Definition of (m)© and & :

Indeed let t4 be so that for t > tg

(b33)® = (b)) ®((G35)(0), t) < &6, T5z (£) > (M)©

Then “2% > (az3)® (m)© — &,Ty; which leads to

(6) (1) (®)
T3 = (M) (1 —e~%6t) + T e 6 If we take t such that e =56t = § it results
6
(6) (1) (®) ) . .
T35 = (M) t= logsi By taking now ¢4 sufficiently small one sees that T;5 is unbounded.
6

The same property holds for T, if lim_ e (b55)® ((G35) (D), t(t), t) = (b3s)®
We now state a more precise theorem about the behaviors at infinity of the solutions

Behavior of the solutions

If we denote and define

Definition of (0,)®, (6,)®, (r)®, (1,)® :

@) 0))®,(0,)P, (t))D, (r,)® four constants satisfying

—(0)® < —(a13)W + (@1)® = (@15) P (T1a, 1) + (@)D (T14, 1) < = (o)™
~(@)® < =0i)® + GiDP - BV G0 ~ BV G, 1) < @)™
Definition of (v;)®, (v,)®, (u)®, (uy)®, v, 4@ :

(b) By (v)® >0, v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots of  the equations
(@) PEO) + @)DV — (01)® = 0and (b)) UD)” + (@) Pu® — (by5)® = 0

Definition of (7,)@,, (#,)®, (11D, (,)@

By (1,)® >0, (7,)™ < 0 and respectively (i;)® > 0, (i1,)® < 0 the roots of the equations
(@) PO + (0) DD — (a3 = 0 and (b)) P (u®)” + (1) Pu® = (b)) =0

Definition of (m,)®, (my)®, (u)®, ()@, (o) @ :-
(c) If we define (my)®, (m)™, (u)®, (u)® by

(mz)(l) = (Vo)(l)'(mﬂ(l) = (Vl)(l)' if (VO)(l) < (V1)(1)
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(my)® = (v)®, ()@ = D, if (WD < ()P < (7)D,

0
and |(vy)® = %

(mp)® = (v)®, (m)® = (ve) @D, if )P < (vo)®
and analogously
(ﬂz)(l) = (uo)(l)’(lh)(l) = (u1)(1)' if (uo)(l) < (u1)(1)

u2)® = WD, (u)® = @)Y, if w)® < we)® < (@)@,

TO
and | (ug)® = o
14

(12)® = )@, @)® = ()W, if @)™ < (ue)™® where (uy)®, (@)™
are defined respectively

Then the solution satisfies the inequalities

Goe(DD-w1M)t < G (1) < GOeGD Ve

where (p,)™ is defined

ﬁ e(5sDP-1)M)t < ¢ () < )(1) GYe (st
( (ml)(l)((51()‘2)53((2163?)3(1)—(Sz)(l)) [e((51)(1)_(p13)(1))t - e_(SZ)(l)t ] + Gfse‘(sz)(l)t < Gs(t) <
(mz)(1)(("(;321?%2,15)(1)) [t _ o=@ ®e] 4 GO e~(ais)Vey

T1039(R1)(1)t STi() < T103€((R1)(1)+(r13)(1))t ‘

G TRe ™ < Tig () < g Th el

(uomEféfiﬁﬁf%,@m) et - e‘(”is)“)t] + T ®iVt < T (1) <
(u2>(1>(<R1§?11>5+)§Zf?1>+(Rz><1>) [e((Rl)(l)Jr(m)(l))t - e_(RZ)(I)t] + T105€_(R2)(1)t

Definition of (5,)®, (5,)®, (R,)®, (R,)®):-
Where (§)® = (a,3)® (m,)® — (a)5)®
()Y = (a1)® — 1)
R)® = (1) ()™ = (bi5)®
(R)® = (bis)® — (ris)®

Behavior of the solutions
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If we denote and define
Definition of (6,)®,(6,)®, (t))®, (1)@ :
d) 6,)@,(0,)?, ()P, (1,)® four constants satisfying
—(02)@ < —(a16)® + (ai)® — (a1) P (Ty7, 1) + (a17) P (Ty7, ) < —(0,)@
—(12)® < =(b16)® + (bi)P = (b15) P ((G1o), t) = (b17) P ((G1o),t) < (1))@
Definition of (v))®, (v2)®, (u)®, (ux)® :
By (v1)® >0, (v,)® < 0 and respectively (u,)® > 0, (u,)® < 0 the roots
(e) of the equations (c117)(2)(v(2))2 + (0)Pv® — (a,6)® =0
and (b)) @ (u®)” + (1) Pu® — (by)® = 0 and
Definition of (v,)@,, ()@, (@,)®, (i1,)@ :
By (V)@ >0, (¥,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the
roots of the equations (a;,)® (1/(2))2 + (6,)Pv® — (g;)P =0
and (by,)@ @)’ + (1,)Pu® — (by)® = 0
Definition of (m,)@®, (m,)@, (1)@, (uy) @ :-
(f) 1f we define (m)®, (m,)@, (W)@, (1)@ by
(mz)(z) = (Vo)(z)' (ml)(Z) = (Vl)(z): if (Vo)(z) < (Vl)(Z)

(m)® = )@, (m)® = TP, if 1P < )P < ()@,

0
and |(v)® = %
17

(mz)(z) = (Vi)(z)’(mﬂ(z) = (Vo)(z): if (171)(2) < (Vo)(z)
and analogously
12)® = @)@, (1)@ = W)®, if (ux)® < (u)®

(12)® = )@, (1)@ = @)?, if (w)® < (we)® < @)@,

0
and | (u)® = %
17

(1)@ = W)@, (1)® = W)@, if @)? < (up)®

Then the solution satisfies the inequalities
eV P=E10®)t < G, (1) < 6D

(p)@ is defined
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@)_ (2) (2)
WGM (G- < G, (1) S @ (2) GPee®V
(a18)® 66 [ (D@ -p1e)P)t —(52)(2)t] 0 o-(5)@t
— < <
((m1)<2>((s(l))(z)—(pm)(z)—(sz)m) ¢ ¢ + Gge < Gip(®) <
(a10) 9GP D@t _ o=@ @t 4 G0 o~(ahe @t
M) @((51) P —(a\y) @) e e 1) + Gigem 100
TS e®0®t < 7, (1) < TC (R0 @410t |
0 (R))@t 0 R)@ @)t
o )(2) Te e(R1) < Tie(t) < (2) e(RDP+(16)?)
(b18) DT @ ! @) on! (@)
TR TN [0 — Gl 4 ThheCin e < Ty () <
(a10) DT (ROP+(r1e)P)e _ —(Rz)(z)t] 0 o~(R)@t
12 PR +(r10) D+ (R @) [ ¢ + Tige

Definition of (5,)®, (S;)®, (R)®, (R)®:-
Where (8;)® = (a;6)?(m)® — (a36)®
()@ = (a18)® — (p1s)®
(R)® = (b16)® ()™ — (b16)®
(R)P = (b1)® — (1)@

Behavior of the solutions

_If we denote and define

Definition of (0,)®, (0,)®, (1)@, (1,)® :

@ )@, (0,)®, (1P, (1,)® four constants satisfying

—(0)® < —=(a50)® + (23)® = (a50) P (T2, 1) + (a5) P (T, 1) < ()@
—(1)® < =(b30)® + (b3)® = (b30)P (G, 1) = (bF)P((G3),t) < = (1)@
Definition of (v;)®, (v,)®, (u)®, (ux)® :

(b) By (v;)® >0,(v,)® < 0and respectively (u,)® > 0, (u,)® < 0 the roots of the equations
(‘121)(3)(1/(3))2 +(0)Pv® — (a0)® = 0

and (b,))®(u®)” + (1)Pu® — (b,)® = 0 and
By (v))® >0, (#,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the
roots of the equations (a,1)® (v®)” + (6,) v — (a;0)® = 0
and (b,)@(u®)” + (1) Pu® — (b,0)® = 0
Definition of (m,)®, (m,)®, (u)®, (u)® :-

(©) 1f we define (my)®, (m)® , (u)®, ()@ by
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(mz)(s) = (Vo)(s)’ (m1)(3) = (V1)(3): if (Vo)(s) < (V1)(3)

(my)® = (1), (m)N® = NP, if V)P < V)P < [T,

0
and |(vy)® = %
21

(m)® = ()®, (m)N® = W@, if TP < (1))@

and analogously

(ﬂz)m = (uo)m’ (.“1)(3) = (u1)(3): if (uo)(3) < (u1)(3)

_ . _ T
1)@ = w)®, ()@ = @)@, if w)® < (w)® < @)®, and|(uy))® = %

(Hz)(s) = (u1)(3)' (.“1)(3) = (uo)(s): if (ﬁ1)(3) < (uo)(3)

Then the solution satisfies the inequalities
GLe(DP =20t < 6, (6) < G8,eD™
(p)® is defined

G9 be ((51)(3) 020)®)t < Gy (b) < (51)(3)1'

)(3) 2 (3) Gzo

(@268, [ (D)@ ~w20@)e —(52)(3)f] 0 o=(s2)Pt

— < <

((ml)(3)((51)(3)-(p20)(3)-(52)(3)) ¢ ¢ + G2z€ <6 s
(a22)¥69 ® —(ah)® AN

(mz)(S)((Z)(S)—2((;;2)(3)) [0 = en@ T 4 G ()

T8 e ®t < T, (£) < T e(RDP+020)e |

(11 )(3) Tzoe @)Vt < T () < (3) Tsoe e (RO +(r20)®)e

(b22) P15, (R1)®t —(b5)®¢ 0 ,—(b)®t
1)@ ((R)B - (b)) et —e vz ] + Tye™ 1022 STye() <

(a22) D1y [((Rl)(3)+(rzo)(3))t_ —(R2><3)t] GRS
12) D ((R)P+(120) P +(R2) ) € ¢ + e

Definition of (5))®, (5,)®, (R)®, (R,)®:-
Where (51)® = (ay0)®(my)® — (ah)®
(52)® = (a22)® = 022)®
(R)® = (b20)® (2)® = (b30)®
(R)® = (b3)® — (1)@

Behavior of the solutions
1f we denote and define

Definition of (6,)® , (6,)®, ()@, (r,)® :

d) ()@, (0)?, (@), (1)@ four constants satisfying
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—(0)™® < —(ah)™ + (ahs)™® — (@) P (Tys, 0) + (ahs) P (Ty5, 1) < —(0)®
—(1)® < =(bh)® + (bys)® — (bé'zx)(zn(((;n)’ t) — (b3s (4)((627)’ t) < —(r)®
Definition of (v))®, (v,)®, (u))@, (up)®,v®, u® :

(e) By (v)® >0,(v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@)@ D) + @)DV — ()@ = 0
and (bys)®@ (u®)” + (1) @u® — (b,,)® = 0 and

Definition of (7,)®,, (v,)®, (7i,)®, (i,)® :

By (v))® > 0, (#,)® < 0and respectively (&i,)® >0, (i1,)® < 0 the
roots of the equations (a,5)™® (v(4))2 + () PvW — (a,,)® =0
and (bs)@(®)" + (1) Pu® — ()@ = 0
Definition of (m)®, (m)®, (1), ()@, (Vo)™ -
() If we define (m)®@ , (m,)®@, ()@, (u)™® by
(m)™ = ()™, ()@ = ()@, if W)™ < (v)®

(mz)(4) = (Vl)(4)' (ml)(4) = (‘71)(4) Jif (V4)(4) < (Vo)(4) < (‘71)(4)1

0
and [(vy)® = %
25

(m)® = W)@, (m)® = W)@, if @) < (ve)®
and analogously
)™ = ()™, ()™ = W)@, if (up)® < (uy)™®

)™ = W)@, (1)@ = @)™, if (W)@ < (ue)™® < (@)™,
TO
and | (ug)® = o
25

(12)™ = W)™, ()™ = ()™, if (@)™ < (ue)™ where (uy)®, ()™
are defined by 59 and 64 respectively

Then the solution satisfies the inequalities
Gg4e((sl)(4)_(p“)(4))t < Gou(t) < G&e“ﬂu)t

where (p,)™ is defined

1 Gg4€((51)(4)_(”24)(4))t S Gps(t) < ! 6346(51)(4)t

(my)® (m)®
(a26)M 63, (5@ =(p24) Nt —(S) @t 0 ,—(S2) @Dt
((m1)(4)((51)(4)—(p24)(4)—(52)(4)) (0™ P20t — 0 | 4 G0 < Gp(0) <
(a26)6G3) 5@ —@, @ 0 —(ah®
e - e ol

|T204e(R1)(‘”t < Ty, (t) < T, e(BD@+rn®)e ‘
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1 0 (R)@Wt 1 0 SN SN
WTME( DV < T, < mTue(( W +020)™)
(b26) TS,

Rt _ -} )(4)t] 0 ,—(bye) Wt
W@ ((R) P05 ®) [ e el T Toee 2T T S Too(8) <

(a20) D1y (R)W+(r2a) )t _ —(Rz)(4)f] 0 ,—(R)®t
EDP(RDD+(20) P+ ®) 1 ¢ + Tzee

Definition of (5))®, (5,)®, (R))™, (R,)®:-
Where (S)® = (az4) W (mz)® — (a3)®
($)® = (a26)® — (P26)™
(R = (b)) ® (ux)® — (b3)™

(Rz)m = (bée)m - (7’26)(4)

Behavior of the solutions
If we denote and define

Definition of (6,)®, (6,)®, (1))@, (7,)® :

@) (), (0)®, (1)@, (1,)® four constants satisfying

—(0)® < —(a}e)® + (ahe)® — (a5) ) (Tr9, 1) + (a50) P (Tr9, 1) < —(07)®
—()® < =(13)® + (b30)® = (B)P((Ga1), 1) = (B3)P((Ga1), 1) < —(T)®
Definition of (v)®, (v,)®, (u)®, (1), v, u®

(h)y By (v,)® >0, (v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(a29)(5) (V(S))z + (01)(5)‘/(5) - (azs)(s) =0
and (byo)®(u®)” + (1) Ou® — (b,g)® = 0 and

Definition of (7,)®,, (1,)®, (i1))®, (1,)® :

By (#)® > 0, (#,)® < 0and respectively (&;)® >0, (@1,)® < 0 the
roots of the equations (a,q)® (V(S))z + (0,) OV — (a,)® =0
and (bzg)(5)(u(5))2 + (1) PuU® — (b)® =0
Definition of (m,)®, (m2)® , (1), (1)@, (v0)® -

(i) Ifwe define (m)®, (M), (1)®, (u)® by
(m)® = )®, (m)® = W), if W)® < (v

(my)® = (1), (M) = N, if V) < V) < [T)®,

0
and [(vy)® = %
29

(mz)(s) = (V1)(5)' (m1)(5) = (VO)(S)' if (171)(5) < (VO)(S)

and analogously
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U2)® = We)®, (u)® = W)®, if (ue)® < (u)®

1) = W)®, (1) = @), if @)™ < (we)® < @)@,
0
and |(u)® = 2
29

(1) = W)®, ()P = W) ®,if @)® < (ue)® where (uy)®, (@)™
are defined respectively

Then the solution satisfies the inequalities

Ge (V=02 < Go (1) < (et

where (p)® is defined
G,e(D®-w20))t < G (1) <:

GOye Dt

W (s)
(a30)®6 (55 = (pye) )t NGON 0 5Ot
((ml)(s)((51)(5)—(pzs)(s)_(sz)(s)) [e( 1 28)%)t _ e~ (52 ] + GYye~ 02 < Gay(t) <
(a30)®6g (s)®t —(@h)®t 0 —(ahy) e
(mz)(S)((51)(5)_(‘1%0)(5)) [e 1 —e 30 ] + GSOe 30

|T2083(R1)(5)t < Tyg(t) < Tzose((Rl)(5)+(T28)(5))t ‘

(5) (5) (s)
- )(5) Te®®t < T, (1) <—® (5) T, e (R +(r26) V)t

(b30)(5)T208 (R )(S)t —(b% )(S)t 0 ,—(b} )(S)t
O (ROP-@l® & e ]+ T30e™ 7307 7" < Tao(t) <

(a30) 74 (RS +(r2e) )t _ —(Rz)(s)f] 0 o—(R) St
WO (R +(r20) D1 (R)®) L ¢ + Tsoe

Definition of (5,)®, (5,)®, (R1)®, (R,)®:-
Where (5)® = (a,5)® (m,)® — (apg)®
(52)(5) = (aso)(s) - (Pso)(s)
(R)® = (bze)® (12)® — (b35)®
(R)® = (b30)® = (130)®

Behavior of the solutions
_If we denote and define

Definition of (5,)©, (6,)©@, (1)@, (1,)® :

Q) ()@, (0)®, ()@, (1)@ four constants satisfying

—(02)© < —(a3,)® + (a33)® = (a2)© (T35, ) + (a53) @ (T3, ) < —(0)©
—(12)® < =(b3) @ + (b33)® — (b32) @ ((G35), ) — (b5) @ ((G35),t) < — ()@
Definition of (V1)(6): (Vz)(6), (u1)(6), (uz)(G),v(G),u(G) :

(k) By (v1)® >0,(v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
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(a5) @ (@) + @)V — (a5)@ = 0
and (by3) @ (w®)” + (1) ®u® — (b;,)© = 0 and

Definition of (7,)(®,, (1,)®, (i1)®, (1)@ :

By (v))® > 0, (#,)® < 0 and respectively (7i;)® >0, (i1,)© < 0 the
roots of the equations (az3)® (1/(6))2 + (0,)Ov® — (a3,)©® =0
and (bss)(ﬁ)(u(ﬁ))z + (1) ©u® — (b3,)® =0
Definition of (m,)©, (m;)®, (1)@, (u2)®@, (vp)® :-
() If we define (m)®, (m,)®@, ()@, ()@ by
(m)© = )@, ()@ = W), if W) < (v)©

(mz)(e) = (Vl)(e)' (ml)(ﬁ) = (‘76)(6) Jif (V1)(6) < (Vo)(G) < (‘71)(6)1

0
and |(vo)® = %
33

(m)® = ()@, (M) = W)@, if 7))@ < (v)®
and analogously
1)@ = )@, (u)® = W)@, if (up)® < (uy)®

(llz)(G) = (ul)(G)' (ﬂi)(ﬁ) = (ﬁ1)(6) Jif (u1)(6) < (uo)(G) < (771)(6):

0
and | (ug)® = %
33

(1)@ = )@, (1)@ = ()@, if (@) < (up)® where (uy)®, (@)

are defined respectively
Then the solution satisfies the inequalities
62,e(0 =02t < G, (1) < (el

where (p;)© is defined

6)_ © 1 ()
e((50®-s2) )t3033(t)§(m2)(6)6§2e(sﬂ ‘

1 0
(m1)® Gs2

( SR 6@ =@t — = | 4 G~ < Gy () <

(MmO ((5)O—(p32)O)—(5,)®)

(a34-)(6)GO s8¢ —(a )¢ 0 —(al)®¢
O (0~ ) [ — e ]+ Ggyemew

|T302e(R1)(6)t < Tsp(t) < Tgoze((Rl)(ﬁ)"'(ﬁz)(@)t |

~5 © 1 O] 6]
)® Te P78 < Top(6) < WTg’Ze((Rl) +(r32) @)t

(b34)(6)T392
() O ((R)O-(1],)®)

[e(R1)(6)f — e‘(b§4)(6)t] + T304€_(bé4)(6)t S T(t) <

(a3) 0TS, [ (RD)®+(r3) ) _ —(Rz)(ﬁ)t] 0 ,—(R)®t
EO(FDO+rs) @+ @) ®) L ¢ *Tase
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Definition of (5,)®, (5,)®, (R))©®, (R,)©:-
Where (5)© = (a32)© (m;)® — (a3,)®
(52)(6) = (a34)(6) - (P34)(6)
(R)® = (b32) @ (u2)® — (b3,)©®

(Rz)(6) = (b§4)(6) - (7’34)(6)
Proof : From GLOBAL EQUATIONS we obtain

av® , , . .
= (@)@ — (@) = @)D + (@)D (T4 ) = (1) DTy, VD = (21) Dy
Definition of vV :- y@ = 613
G1a
It follows

2 av@® 2
~ (@) P D) + (@)D = (@) < Zm < — (@) VD) + (@) Vv - (a) @)

From which one obtains

Definition of (7))@, (vo)® :-

G _
(@) For0 <|(v))® = G—E < ()W < ()W

YD4(0) D vy Wl @D (DD -0 V)]
14(0) el @D (DW= @) ] ’

)™

1) (v1
Vi = W) D—(v)D

©W =

it follows (vo) @ < v (1) < (v) P

In the same manner , we get

YD1 D @y Wel @D (EDD- )

_ oW-®
140 Wel~@0D(EDD- W) ]

[€)) (V1
vi(t) < T )W -wp)®

, (5)(1)

From which we deduce (vo)® < v®(t) < (7)™

0
(b) If 0< ()P < (V)P = % < (1)@ we find like in the previous case,
14

W) D40 D vy el @0 D (@D -2 D) 1]

€Y}
v <
)™ < 1+(C)(1)e[—(a14)(1)((1/1)(1)—(1/2)(1)) t]

< v <

@)D+ OD @y el @D (@D -2 M) ]

< (v,)D
1+(OWel~ @D (EW-EW)e = ()

0
(© If 0< @)D < @)D <|(v)® =22 , we obtain
14
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@D+ D@Dl @D (@D -2 D) ]
1+ (@) Wel" @D (@D -2 W) (]

(v)® < v < < ()™

And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

(mz)(l) < ‘V(l)(t) < (ml)(l): V(l)(t) _ G130
G14(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

1) < @ < )P, | u®@) =225
T14(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ai5)® = (ai)®, then (a1)® = (a,)™ and in this case (v;)® = (7,)P if in addition (vy)® =
(v))® then v (1) = (vo)™® and as a consequence G,5(t) = (vo) PGy, (t) this also defines (vo)™ for the
special case

Analogously if (bj5)® = (b1,)D, then (t,)® = (7,)® and then

(u)® = (@) Pif in addition (ug)® = (u;)® then Ty5(t) = (ug) P Ty, (t) This is an important
consequence of the relation between (v;)™® and (v,)®, and definition of (uy)™®.

we obtain
dv(@ , , . .
T (a16)@ — ((am)(z) — (a1)@ + (aie) @ (Ty7, t)) — (@) (Ty7, Ov@ — (a;,) Pv @
Definition of v® :- y@ = G1e
G17
It follows

2 dv@® 2
~(@NP(EP) + (6@ = (a,)@) < = < = ((@NP (V)" + (@) V@ = (a,0)@)

From which one obtains

Definition of (7,)®, (vo)® :-

0
(d) For0 < (vp)® =it < (1)@ < (7))@
17

1)@ +(0) @ vy @Dl @N P (D@0 @)
140 @ el @@ (0DP-00) @) ]

_ w)@-)®@
) @-()®@

v@(t) > @

it follows (vo)® < v@(t) < (v))®

In the same manner , we get
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@1)(2)+@(z)(vz)(z)e[—(am(”((vl)m—(vz>(2>) t]
1+(©) @@ (ED@ - @) ]

_ )P -(®@
) @-)@

v@ (t) < , ((—:)(2)

From which we deduce (vy)® <v@(t) < (7,)®

0
) If 0< ()P < (v))?® = g—éj < (7,)® we find like in the previous case,

)P +(0) @ (vy) @l @D (DD -2)?) o]
140 @l @B (DD -0)@) ]

(v)® < < v <
TP+ @)@l @ P(EDP-2)?) ]

< (v.)@
Ay Eo ol ORI R

0
(M 1f 0< @)® < @)P < (v)@ =2, we obtain
17

@)D+ D@y @l @D (P~ @) ]

2 <« @ <
(V) = viIE(E) < 1+ @ el @D (D@ -2 @) {]

< (Vo)(z)

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢) :-

(mz)(z) < V(Z)(t) < (ml)(z), V(Z)(t) _ G16®
Gy7(t)

In a completely analogous way, we obtain

Definition of u®(¢) :-

(#2)(2) < u(Z)(t) < (Ml)(z)' u(z)(t) — T16(t)
T17(t)

Particular case :

If (a})® = (a},)@, then (6,)® = (6,)® and in this case (v;)® = (¥;)® if in addition (vy)® =
(v))® then v@ (t) = (v,)® and as a consequence G;4(t) = (Vo) PGy, (t)

Analogously if (bj5)® = (b}5)@, then (1;)® = (1,)® and then

(u)® = () @if in addition (ug)® = (u;)® then Ty4(t) = (ug) @ Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

From GLOBAL EQUATIONS we obtain

d (3) ! ! n rn
= = (a20)® — ((@20)® = (@)@ + (€5)P (T30, 1)) = (@) (Ty1, VD = (a51)Ov®

Definition of v® :- y® = 20
G21
It follows
2 dv® 2
~ (@)@ (VD) + (@) = (4;0)®) < 2= < = (@)D D) + @)V = (a,0)@)
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From which one obtains

G _
(@) For0 < (v))® = Gig(l) <)@ < @)®

- 3) ®3)_ 3)
V(g)(t) > (vl)(3)+(6)(3)(1/2)(3)e[ (az1) ((v1) o) )t] (C)(3) _ w)®—we®
- 140 @el @@ (D=0 @) ] ' v0)P-)®
it follows (v9)® <v®(t) < (v))®
In the same manner , we get
, ) (@1) =) (3
v () < FD@+(O@ @@ el-@2D (TP -m2D) O = RO E)
- 140Dl @D@(EDP-2@)) ’ )P -@)®

Definition of (¥,)® :-

From which we deduce (v,)® <v®(t) < (#,)®

0
() If 0< ()® < (v)® = % < (1,)® we find like in the previous case,
21

W) D+ vy Pl @2 (D=2 D)

< vO®() <
1+(0)@el @D (DP-02)D) ] svim =

(Vl)(3) <

) D+ OO 7y Pl @0 S (DO )
)@l (@@ - @) ]

- < (@)@
1+(C

0
(© 1f 0< (W)@ < (@)D < (v)® =22, we obtain
2

1
TP+ @)Dl @@ (EDP-02) ]
1@ @l @@ (EDE -T2 @) ]

v)® < v®(p) < < (vp)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

(mz)(3) < V(?’)(t‘) < (ml)(3), v(s)(t) — Goo(t)
G21(t)

In a completely analogous way, we obtain

Definition of u®(¢) :-

(#2)(3) < u(3)(t) < (ﬂl)(3)v u(3)(t) — Too(t)
T21(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a5y)® = (ay)®, then (0,)® = (0,)® and in this case (v;)® = (¥;,)® if in addition (v,)® =
(v))® then v®(t) = (v,)® and as a consequence G,,(t) = (Vo) G, (1)
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Analogously if (by)® = (by))®, then (1,)® = (1,)® and then

(uy)® = ()@ if in addition (ug)® = (u;)® then Ty, (t) = (uy)® Ty, (t) This is an important
consequence of the relation between (v,)® and (v,)®

From GLOBAL EQUATIONS we obtain

av® ’ 1 " "
= (@)@ = (@) ® — (@)@ + (@5 P (T3, ) = (a55) P (Tps, VP = (a5) v ®

Definition of v® :- @ — Gz
G2s

It follows

2 dv@® 2
~ (@)@ (v®)" + (@) ®v® — (4;)®) < E= < = (@) P (V®)” + (@) V@ — (a;0)®)
From which one obtains

Definition of (7,)®, (vo)® :-

G _
(d) For0 <|(o)® =73t < (v)® < ()@

(@)@ )@
v@(0) >(v1)(4)+(c)(4)(m(4)e[ (@29 ®(0n®-00)®) ] €)@ _ 0@-®
= 4,+(C)(4)€[_(aZS)(4)((Vl)(4)_(vo)(4)) t] ’ (vo)(4)_(v2)(4)
it follows (vo)® < v®(t) < (v))®
In the same manner , we get
_ (@)D ((F® =@
v(4)(t) < (vl)(4)+(C)(4)(72)(4)e[ (azs) ((v1) ¥2) )t] | (6)(4) _ @)@ ()@
= 4+(®(4)e[—(azs)(4)((171)(4)_(VZ)(4)) t] (Vo) @ =Ty ®

From which we deduce (vo)® <v®(t) < (v,)@

0
() If 0< (v)® < (vy)W = % < (7,)™® we find like in the previous case,
25

wD)W+OW ) We [—(azs)(4) ((Vl)(4) _(VZ)(4)) t]
1+ (0@ el @B (0D® -0 @) ]

()@ < < v@W() <

@)D+ @) @e [~(a25)P (DB - ¢]

< (v;)@W
1+(é)(4)e[—(azs)(4)((f1)(4)_(gz)(4)) q < ()

0
(M 1 0< @)@ < @)@ <|(v)® =2 , we obtain
25

(71)(4) +(OW (72)(4)6 [—(azs)(4) ((V1)(4) —(Vz)(4)) f]

@ < @ () <
SORENE 1+(OWel~ @2 (FDW-T®) ]

< (Vo)(4)

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢t) :-

(mz)(‘l') < v@® ) < (ml)(‘*), @ ®) = G24(1)
Gzs5(t)

In a completely analogous way, we obtain
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Definition of u®(t) :-

1)@ < u®®) < @)@, |u®(0) = 240
Tp5(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ay,)® = (ays)@, then (6,)® = (0,)® and in this case (v;)® = (#,)@ if in addition (vy)® =
(v)® then v (1) = (vy)™® and as a consequence G,,(t) = (vo)® G,s(t) this also defines (vy)® for
the special case .

Analogously if (by,)® = (by5)@, then (1,)® = (1,)™® and then
(u)® = (@,) @if in addition (ug)® = (u)® then T,,(t) = (uy) @ T,s5(t) This is an important
consequence of the relation between (v;)™® and (v,)®, and definition of (u,)®.

From GLOBAL EQUATIONS we obtain

av(®) , , ., .
- (az9)® — ((azs)(s) — (a39)® + (a5)® (Ts, t)) — (a59) O (To9, )V — (aze) v®
Definition of v® :- y() = fz8
G29
It follows

2 av(® 2
~ (@) (VD) + (@) VO = (29)®) < Z= < = ((@20) O (V)" + (0)OVE = (229)®)

From which one obtains

Definition of (7,)®, (vo)® :-

G _
(@) For0<|(v)® = ﬁ < ()® < @)®

v () > )OOy el @2 P (D00 ) ] ©)® = v)®-e)®
h 5+(C)(5)e[_(azg)(s)((Vl)(s)_("O)(s)) t] ' () B - (v2)®
it follows (vo)® < v®(t) < (v))®
In the same manner , we get
V(1) < T+ @) el @29 (0 - P) ©)© = WI-00®
T 54(0®@el @O (0P-02))) ] ’ v O-T)®

From which we deduce (vy)® < v®(t) < (75)®
0
() If 0<()® < (v)® = % < (1,)® we find like in the previous case,
29

WO+ ()Pl @D -02)®) ]

<O <
1+(0) e~ @O (D -w2) ) ] sviO <

(v)® <
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T+ @) Pel"@2 O (DO-02))
14O ®el"@2O(ED®-2®) 1]

< ([@)®

0
() 1f 0<@)® < @) <|(v)® =22 , we obtain
29

@O+ @)Dl @2 (@D -32)
1+(O)B) el @2 (EDE-)®) ]

1)® < v& () < < (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v®(t) :-

(mz)(S) < ‘V(S)(t) < (ml)(s), V(S)(t) _ G28(®)
Gao(t)

In a completely analogous way, we obtain
Definition of u®(¢) :-

(HZ)(S) < u(S)(t) < (#1)(5)’ u(s)(t) _ Tas(®)
T29(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ays)® = (ay)®, then (a,)® = (0,)® and in this case (v;)® = (7,)® if in addition (v,)® =
(vs)® then v (1) = (v,)® and as a consequence G,g(t) = (Vo) G,o(t) this also defines (v,)® for
the special case .

Analogously if (by5)® = (bys)®, then (1,)® = (1,)® and then
(uy)® = () ®if in addition (ug)® = (uy)® then T,g(t) = (uy)® Ty (t) This is an important
consequence of the relation between (v;)® and (#,)®, and definition of (u,)®.

we obtain
av(®) , ,
o (az)® — ((aéz)(s) — (a53)® + (a5)© (Ts, t)) — (a%3)® (T35, )v(® — (az3) ©v®
Definition of v(® :- y(©® = Gz
G33

It follows
2 av(® 2
~ (@)@ (V@) + (0)Ov©® = (43)@) < = < = (@) O (V@) + (@) OV © = (a;,)®)

From which one obtains

Definition of (#,)(®, (v,)® :-

. GY _
() For0 <|(v)® = G_z’z < ()® < @)@

W) O +(0) O (1) © el @33 (@D -0 ¥) ]
)(e)e[—(a33)(6)((V1)(6)—(Vo)(6)) f]

v)©-v)®
v0)©-(2)(©

vO(t) = , lo)® =

1+(C
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it follows (v)©® < v®(t) < (v)©®

In the same manner , we get

Y©)4(6)® 7,y ©[~@3 (@@= @) ]

_ @)©®-()©®
146 @l (@O -7 @) ]

(6 (1 ~(6)
vi(t) < (O T ) ©®-(7,)®

From which we deduce (v,)©® <v©(t) < (7,)©®

0
(K) 1f 0< (W)@ < (v)© = T2 < (7,)© we find like in the previous case,
33

) O +(0) O () @ ~@33 O (DO -2)(@) ]

6 <
(VI) - 1+(C)(6)e[—(17-33)(6)((V1)(6)—(V2)(6)) f]

< v®() <

@O+ @)@ ~@3 @ (@ -32)) ]

< (7,)®
1+(0)®l~@O(EDO-2 @) T )

0
() 1f 0< )@ < @)@ <|(v)® = 22| , we obtain
33

@) O +(0) O (1)@l (@3 O (@O -2 ) 1]

(6) <« ,,(6) <
(VI) sV (t) = 1+(C)(s)e[_(a33)(6)((31)(6)_(1—,2)(6)) t]

< (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-

(m)©® < vO () < m)®, |vO(t) = 220
Gs3(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

(#2)(6) < u(G)(t) < (’ul)(s)’ u(6)(t) — T32(t)
T33(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a4,)©® = (afs)®, then (6,)© = (0,)® and in this case (v;)© = (,)© if in addition (v,)©® =
(v)© then v® (1) = (v,)©® and as a consequence Gs,(t) = (vo)© G15(t) this also defines (v,)® for
the special case .

Analogously if (b55)® = (b55)®, then (7,)® = (1,)© and then

(u)® = (&1,)@if in addition (14)©® = (u;)® then Ts,(t) = (uy)®@Ts3(t) This is an important
consequence of the relation between (v,)® and (v,)®, and definition of (u,)®.

We can prove the following

Theorem 3: If (a]")Pand (b;")V are independent on ¢ , and the conditions
(a12)P(a1)™® — (a3) M (a;)™ < 0
(@13)P(a1)® = (a1) P (1) P + (a1) P P13)® + (1) P P1) P + P13) P (P1)™ >0

(b13) M (b1)® = (b13) P (b)) >0,
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(bis)(l)(bh)(l) - (b13)(1)(b14)(1) - (b{3)(1) (7’14)(1) - (b{4)(1)(7’14)(1) + (T13)(1) (T14)(1) <0
with (py3)®, (11,) @ as defined, then the system

If (a])Pand (b}")® are independent on t, and the conditions

(a16) @ (1)@ = (a16)P(a;,)® <0

(@16)@(a1)P = (a16)P(a17)® + (a16) P (P16)® + (@17) P 0:17)P + 016) P (017)? > 0
(i) P (bi7)® = (b16)® (;7)® > 0,

(1) P (b1)® = (b16) P (b17)® — (b1e) P (r1)® = (b1 )P (117)@ + (1e) P ()@ < 0
with (p16)@, (13,) @ as defined are satisfied , then the system

If (a;Y®and (b}")® are independent on t , and the conditions

(a50)P(@3)® = (a20)®(a,1)® < 0

(alzo)(s)(a’n)(s) - (azo)(3)(a21)(3) + (azo)(g)(on)(g) + (a'21)(3)(p21)(3) + (on)(S)(Pm)(S) >0
(b30)® (b5)® = (b20) P (b,)® >0,

(béo)“)(bél)“) - (bzo)(3)(b21)(3) - (béo)(3)(7’21)(3) - (b£1)(3)(7’21)(3) + (7”20)(3)(7”21)(3) <0
with (p,0)®, (1,1)® as defined are satisfied , then the system

If (a/)®and (b]")® are independent on ¢ , and the conditions

(a34) ™ (as5)™® — (az4)® (az5)™® < 0

(a’24)(4)(a’25)(4) - (a24)(4) (azs)(4) + (a24)(4) (P24)(4) + (alzs)m (st)m + (P24)(4) (st)(4) >0
(b3)® (b35)® = (b2) @ (b,5)™ >0,

(b3)® (b35)® = (b23) ™ (b25)® — (b34) P (125)® = (b35)® (r25)® + (124) P (125)® < 0
with (pps)®, (1,5)™@ as defined are satisfied , then the system

If (a/)®and (b]")® are independent on ¢ , and the conditions

(arzs)(s)(ab)(s) - (azs)(s)(aw)(s) <0

(a5)®(a%9)® = (a28) P (@20)® + (a26) P (P26)® + (a0)® P20)® + (2)® (129)® > 0
(b3g)® (b39)® — (b25)® (b29)™ >0,

(b38)® (030)® = (b28)®) (b29)® = (b36)® (129) P — (b9) P (139)® + (16) P (129) < 0
with (py)®, (159)® as defined satisfied , then the system

If (a/")®and (b]")® are independent on ¢ , and the conditions

(a52)®(a53)® — (asz;)®(asz3)® <0
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(a52)@ (a53)© = (a32) @ (a33)©@ + (a32) @ (32)@ + (a53) @ 33)© + (032)© (33)© >0
(b52)® (b33)® = (b3) @ (b33)@ > 0,

(b52) @ (033)(© = (b32) @ (b33)® — (b3,) @ (133)@ — (b33) @ (r33) @ + (r32) @ (133) < 0
with (p35)®, (133)® as defined are satisfied , then the system

0

(a33)MGyy — [(a13)(1) + (a1’3)(1)(T14)]Gl3

(a1)MGy5 — [(ah)(l) + (aﬂ)(l)(TM)]GM =0

(15) MGy = [(a1s)™ + (af5) P (T10)]G1s = 0
(b13) Ty = [(b13)® = (b15)P(6) ]Tys = 0
(b1)PTi3 — [(b1) W = (b1) P (6) 1Ty = 0
(b15) Py = [(b15)W = (b15)V(G) |Tys = 0

has a unique positive solution , which is an equilibrium solution for the system
(a16)@G17 = [(@16)@ + (af's) @ (T17)]G16 = 0
(@179) P66 — [(@)P + (@) P(T17)]Gr7 = 0
(a18) @G5 = [(a19)® + (afe) @ (T17)]|Grg = O

(b16)(2)T17 - [(bis)(z) - (bfe)(z)(cw) ITi6= 0

|
o

(b17)(2)T16 - [(b{7)(2) - (b{’7)(2)(619) 1Ty, =
(b18)(2)T17 - [(bis)(z) - (b{'s)(z)(Gw) ITig= 0
has a unique positive solution , which is an equilibrium solution for

(azo)(s)Gm - [(arzo)(S) + (ago)(3)(T21)]Gzo =0

(a21) @Gy — [(a’21)(3) + (a§'1)(3)(T21)]Gz1 =0
(azz)(s)Gm - [(arzz)(S) + (agz)(3)(T21)]Gzz =0
(b30) P Tyy — [(b50)® — (b30) P (G23) IToo = 0

(b21)®Tz0 = [(b31)® = (b31)P (G3) Ty = 0
(b22)®Tyy = [(552)® = (b52) P (623) 1To2 = 0
has a unique positive solution , which is an equilibrium solution
(a20)®Gos — [(a2)® + (a5) @ (T25)] G20 = 0

(az5) PGy — [(alzs)(d') + (ags)(‘L)(Tzs)]st =0

(azs)(4)625 - [(alzs)@) + (aéle)(4)(Tzs)]G26 =0
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(b24)(4)T25 - [(b£4)(4) - (bé’zt)(4)((627)) ]T24 =0
(bzs)(4)T24 - [(bés)m - (béls)m((cn)) IT;5 =0
(bzs)(4)T25 - [(b£6)(4) - (béle)(4)((627)) ]T26 =0

has a unique positive solution , which is an equilibrium solution for the system
(a28)®Gr9 — [(a2e)™ + (a2g) ™ (T29)] G = 0

(‘129)(5)628 - [(a’29)(5) + (a’2’9)(5) (T29)]Gz9 =0
(‘130)(5)629 - [(also)(s) + (alslo)(s)(ng)]Gm =0

(bzs)(S)TZt; - [(bés)(s) - (bé’s)(s)(cn) 1Ts =0
(bzg)(s)Tzs - [(bé9)(5) - (béia)(s)(Gn) IT0= 0
(b30)(5)T29 - [(béo)(s) - (bélo)(s)(Gn) ]T30 =0

has a unique positive solution , which is an equilibrium solution for the system

(a32)(6)633 - [(alsz)(s) + (aélz)(G)(T33)]Gsz =0
(as3)®Gs; — [(alss)(@ + (a§’3)(6)(T33)]G33 =0
(a34) G35 — [(a§4)(6) + (a§'4)(6)(T33)]G34 =0
(b32)(6)T33 - [(béz)(6) - (bélz)(ﬁ)(@s) T3, =0

(b33)(6)T32 - [(bés)(6) - (béls)(ﬁ)(@s) 1T33=0
(b34)©@Ts3 — [(b35)©@ — (b52)© (G35) ] T34 = 0

has a unique positive solution , which is an equilibrium solution for the system

(a) Indeed the first two equations have a nontrivial solution G, G, if

F(T) = (a13)(1) (a£4)(1) - (a13)(1) (a14)(1) + (a13)(1) (aﬂ)(l) (T1) + (a14)(1) (a1'3)(1) (Tya) +
(a1'3)(1) (T14)(a1’4)(1) (Tiy) =0

(a) Indeed the first two equations have a nontrivial solution Gy¢, G;; if

F(T,9) = (ais)(z) (a£7)(2) - (‘116)(2) (a17)(2) + (aie)(z) (ai’7)(2)(T17) + (a£7)(2)(a£’6)(2) (Ty7) +
(ails)(z) (T17)(a1'7)(2)(T17) =0
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(a) Indeed the first two equations have a nontrivial solution G,,, G5, if

F(Ty3) = (aéo)(g)(aél)(g) - (azo)(g)(azl)(g) + (alzo)(B)(agl)(S)(Tzl) + (aél)(3)(a§'0)(3)(T21) +
(alzlo)(s)(T21)(a§'1)(3)(T21) =0

(@) Indeed the first two equations have a nontrivial solution G,,, G,5 if

F(Ty7) = (a5)® (a55)® — (a24)®(az5)™® + (a%4)® (ah5) ™ (Tos) + (a3s)® (@)™ (Tzs) +
(a’2'4)(4) (Tzs)(aéls)(4)(T25) =0

(a) Indeed the first two equations have a nontrivial solution G,g, G,q if

F(Ts1) = (a38)®(a0)® — (a26)®(a20)® + (@h5)® (a59) ™ (To) + (a20) ™ (ase) ™ (Too) +
(alzls)(s)(T29)(a§'9)(5)(T29) =0

(a) Indeed the first two equations have a nontrivial solution G;,, G35 if

F(Ts5) = (a%,) @ (ak3)® — (a3)® (a33)® + (a32)® (a%3)© (Ts3) + (ak3)© (a4y)® (Ts3) +
(as; © (T33)(a§’3)(6)(T33) =0

Definition _and uniqueness of Ty, :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a;")"(T,,) being increasing, it follows that there
exists a unique Ty, for which f(Ty,) = 0. With this value , we obtain from the three first equations

_ (a15)P6y4
[(@15)D+(ais)D(17,)]

(a13) V614

G = 1
137 J(aly) D+(alp®(11,)]

Gis

Definition _and unigueness of Ty, :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a;")®(T,,) being increasing, it follows that there
exists a unique Ty, for which f(Ty,;) = 0. With this value , we obtain from the three first equations

(a18)?Gy7

(a16)?Gy7 —
[(a1e)P+(ai)@(T17)]

G = 1
16 = [l 5@ +@y (1]

Gig

Definition _and uniqueness of T;; :-

After hypothesis £(0) < 0, f(o0) > 0 and the functions (a;")"(T,,) being increasing, it follows that there
exists a unique Ty; for which f(T;;) = 0. With this value , we obtain from the three first equations

_ (a22)® 64
[(az2)®+(az) 3 (151)]

_ (a20)®6;1
[(@})®+(ab) P (13,)] '

GZO GZZ

Definition _and unigueness of T;¢ :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a{’)(“)(Tzs) being increasing, it follows that there
exists a unique Ty for which f(T;5) = 0. With this value , we obtain from the three first equations

_ (a26) PG5
[(ae)®+(ahe)®(T55)]

_ (a24) W65
[(@)W+ahp®(155)]

G24 626

Definition and uniqueness of Ty, :-

After hypothesis £(0) < 0, f(o0) > 0 and the functions (a;")®(T,,) being increasing, it follows that there
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exists a unique T, for which f(T59) = 0. With this value , we obtain from the three first equations

— (azs)(s)czg Gan = (0-30)(5)529
[(a2)P+@ip)®(135)] " 30T [(@h)®+(ado) ) (T5)]

GZS

Definition_and uniqueness of T35 :-

After hypothesis £(0) < 0, f(o0) > 0 and the functions (a;")‘®(T;3) being increasing, it follows that there
exists aunique T35 for which f(T35) = 0. With this value , we obtain from the three first equations

— (a32)(6)533 Gay = (0-34)(6)533
[(@3)©@+@©(133)] ' 3* T (@b ©+(adp©(135)]

GSZ

(e) By the same argument, the equations 92,93 admit solutions G5, G,, if

9(6) = (b13) P (b1) W — (b13) P (b)) ™ ~

[(b1) P (i) (G) + (b1) P (b13) P (@)]+(b13) V(G (1) P (6) = 0

Where in G(G,3, G4, G1s), G135, Gis must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,, taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that there
exists a unique Gy, such that ¢(G*) = 0

(f) By the same argument, the equations 92,93 admit solutions Gy, G, if

@(Gr9) = (b16)P (b17)® — (b16) P (by7)® —~

[(b16)® (b17) P (G1o) + (bi7) P (b16) P (G19)]+(bie) P (G19) (b17) P (G1o) = 0

Where in (G14)(G1g, G17, G15), G146, G1g Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G, taking into account the hypothesis @(0) > 0, ¢ () < 0 it follows that there
exists a unique Gj, such that ((G,4)*) =0

(g) By the same argument, the concatenated equations admit solutions G, G, if
@(Gy3) = (béo)(S)(bél)(S) - (bzo)(3)(b21)(3) -
[(béo)(3)(bé'1)(3)(G23) + (bé1)(3)(bé’o)(3)(023)]+(bé’o)(3)(Gz3)(b2”1)(3)(623) =0

Where in G,3(Go, G21, G22), G0, G2, Must be replaced by their values from 96. It is easy to see that ¢ isa
decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢ (o) < 0 it follows that there
exists a unique G, such that ¢ ((G,3)*) =0

(h) By the same argument, the equations of modules admit solutions G,,, G,5 if
9(Ga7) = (03) @ (b35)™ — (bpa) @ (b25)™ —
[(B3)® (b35)® (G27) + (b35) ™ (b52) P (G2 |+ (5) P (G27) (b35) P (G27) = 0

Where in (G,7) (G4, Gos, Go6), G24, G2 Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G5 taking into account the hypothesis ¢ (0) > 0, () < 0 it follows that there
exists a unique G, such that ¢ ((G,;)*) =0

(i) By the same argument, the equations (modules) admit solutions G,g, G, if
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p(G3q) = (bés)(s)(bé9)(5) - (bzs)(s)(bzg)(s) -
[(bés)(s) (b35) ) (G31) + (o) (b3s)® (G31)]+(bé’8)(5) (G31)(b39)(G31) = 0

Where in (G31)(Gyg, G129, G3), G235, G3o Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,4 taking into account the hypothesis ¢(0) > 0, ¢(c) < 0 it follows that there
exists a unique Gq such that ¢((G31)*) =0

(j) By the same argument, the equations (modules) admit solutions Gs,, G35 if

@(Gss) = (béz)(6)(b§3)(6) - (bsz)(6)(b33)(6) -
[(D32)© (b35)® (G35) + (b33)© (b3)© (G35)|+(b55)© (G35) (b53) @ (G35) = 0

Where in (G35)(Gsz, G33, Ga), Gso, G34 Must be replaced by their values It is easy to see that @ is a
decreasing function in G55 taking into account the hypothesis ¢(0) > 0, () < 0 it follows that there
exists a unique G35 such that ¢ (G*) =0

Finally we obtain the unique solution of 89 to 94

G1, given by ¢(G*) = 0, Ty, given by f(T;,) = 0 and

G = (a13)M6i, Gr = (a15) V67,
BT (@l ®+@n®(1)] 1 T T (@) W+alnD(11,)]
T* — (b13) P15, T — (b15) VTS,
BT bl®O-01®60] 7 T T (1) D-015) D (6]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

G;, given by ©((G5)*) = 0, T given by f(T;,;) = 0 and

G = (a16)PG1, G = (a18)PG1,
16 [(3,16)(2)"'(3,1’6)(2)(T;7)] ' 18 [(3118)(2)+(a’1’8)(2)(T;7)]
« b16) DTS . by )@
Ty, = (b16)'*’T15 L T = (b1g)**’ T3

[(b16) P~ (b1 P ((619)7)] T [P -0l @ ((610)9)]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G3, given by ¢((G,3)") = 0, T3, given by f(T3;) = 0 and

Gr = (a20)®63, Gr = (a22)®63,
207 [(@ah)®+@s@(13,)] T T [(@h)@+@s) 3 (T5)]
* (bzo)(3)7'2*1 T = (bzz)(3)Tz*1
20 T [0h) -3 @ (G25N] T T E T (b5 ®-03) P (623"

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution
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G55 given by ¢(G,,) = 0, Ty given by f(T,5) = 0 and

G*, = (a24)(4)555 G:. = (0-26)(4)555
2T @) ®+@hp®(1355)] 1 28 T [(ahe) @ +(ale)®(155)]
T2*4 _ (b24)(4)T2*5 ' T2*6 _ (bze)“)Tz*s

[CARECARI(ZHY] (B2 =b36) P ((627)7)]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G3o given by ((G31)") = 0, T3, given by f(T3) = 0 and

Gr. = (a28)(5)G;9 Gr = (0-30)(5)559
287 [(az)®+@i)O(155)] 1 T30 T [(ak)®+(af)O(155)]
* _ (b28) BT . _ (030) T3,
T28 ' T30 -

05~ P (63))] [(630)P~(056)) ((G31)")]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G33 given by ¢((G35)") = 0, T53 given by f(T53) = 0 and

Gr = (a32)'®635 G:, = (a34)©634
327 (@i @+@iy)©(r55)] T T3 [(ak)©+(af)©(155)]
T;z _ (b32) T, 7 T;4 — (03) T3,

T @) ©- b1 © (635)9)] [(p3)® -5 ((G35)")]

Obviously, these values represent an equilibrium solution
ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions (a/")* and (b;")®"
Belong to C™W( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote

Definition of G;, T; :-

GL=G1*+(G!L 7Ti=Ti*+Ti
3@ ey _ o awH®
ﬁ(TM) = (CI14)( ), al—c;j(G ) = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

% = —((a13)(1) + (p13)(1))(513 + (a13)(1)G14 - (Q13)(1)GT3T14
% = _((ah)(l) + (p14)(1))(514 + (a14)(1)G13 - (Q14)(1)GT4T14
% = —((a1s)® + P15) V) Gys + (a15) PGy — (q15) P G15Tyy
8 = —((b1)P = () D) Tz + (b)) VT + T2 (503 113Gy
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d—;‘} = _((b14)(1) - (r14)(1))T14 + (b14)(1)T13 + 211'513(5(14)(j)T14Gj)

dT15

= ((b15)(1) - (T15)(1))T15 + (bys) DTy, + Z, 13(5(15)(1)7115(GI )

If the conditions of the previous theorem are satisfied and if the functions (a;)® and (b/)® Belong to
C@(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GlzG:+Gl ,TizTi*'i‘Ti

a(b )

3(‘117) ( 17) = (%7)(2) ) ((619) ) = Sij

taking into account equations (global)and neglecting the terms of power 2, we obtain

dGi¢

pra —((@16)® + (016)®)G16 + (a16) P G17 — (916) G161y

dG ! 1
df = _((a17)(2) + (P17)(2))G17 + (a17)(2)G16 - (Q17)(2)G17T17

dGqg

a _((ais)(z) + (Pis)(z))Gw + (als)(z)Gn - (Q18)(2)G18T17

dT , X
Tw = _((blﬁ)(Z) - (716)(2))T16 + (b16)(2)T17 + 211'316(5(16)(j)T16(Gj)

dT , *
d? = _((b17)(2) - (717)(2))T17 + (b17)(2)T16 + 211'216(5(17)(j)T17Gj)

dar , .
?18 = —((big)® — (115) P )Ty + (b1g) PTy; + 211'316(5(18)(j)T18(Gj)

If the conditions of the previous theorem are satisfied and if the functions (a;)® and (b;)® Belong to
C®(R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T; :-
GL=G1*+(G!l 7Ti=Ti*+Ti

a(b )( )

P 171 1(3) .
%(Tu) = (CI21)(3) ) ((G23)") = s34

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG ' *
720 - _((‘120)(3) + (on)(3))G20 + (azo)(s)Gm - (qZO)(3)620T21
dG ' *
721 = —((a21)(3) + (p21)(3))G21 + (a21)(3)G20 - (CI21)(3)621T21
dG ' *
—d:Z = —((@2)® + (022)®) G2z + (a2) PGy — (422) P65, T2y
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dTyg

& _((béo)m - (Tzo)(S))Tzo + (by)® Ty + Z?izo(s(zo)(j)TfoGj)

daT , .
‘;1 = _((b21)(3) - (Tz1)(3))T21 + (b)) Ty + Z?£20(5(21)(1’)T21Gj)

dT,,
dt

_((béz)(s) - (rzz)(s))Tzz + (bzz)(s)Tn + Z?izo(s(zz)(j)szGj)

If the conditions of the previous theorem are satisfied and if the functions (a;)® and (b/)® Belong to
C™(R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T; :-
GLZG:+GL ,TizTi*+Ti

F 4) a(b} )
(“25) (T3s) = (@)@, C—

((027) ) = s

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG , *
724 = —((a3)® + (P24) @) Grg + (a24) P Gy5 — (424) VG5, Tos

aG , .
725 = _((azs)(4) + (st)(4))G25 + (A25) P Gay — (q25)PG35Tys

dG , .
726 = _((aze)(4) + (pze)m)(@zs + (A26) M G5 — (26) P G36Tys

dT , X
724 = _((bz4)(4) - (r24)(4))']I‘24 + (b24)(4)T25 + Z?224(5(24)(j)T24Gj)

aT ’ *
=2 = —((b35)® = (ra5) @) Tos + (bos) VT + X324 (525)(n T55G))

ar , .
726 = —((b3e)® — (r26)®) T + (b)) P To5 + ¥7,4(526)() T26G))

If the conditions of the previous theorem are satisfied and if the functions (a/")® and (b;")® Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
G1=G:+Gl 1Ti=Ti*+Ti

a(b )( )

a(6129) ( T;y) = (ng)(s) ((G3)") = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dng

pFra _((aés)(s) + (Pza)(s))st + (a28) P G9 — (426) G35 T30

aG ’ *
—d:9 = —((azg)(s) + (ng)(s))(ng + (azg)(s)st - (CI29)(5)GZ9T29
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% = _((aéo)(s) + (Pso)(s))Ggo + (A30)®Gpg — (g30) PG Tao

T2 = —((b5e)® — (r2e)®) T2 + (b26) T + X365 2001y T3 Gy )

% - _((bé")(S) - (r29)(5))T29 + (bye) P Ty + 2?228(5(29)(]')7'2*9@]')

d% - _((béﬂ)(S) - (r30)(5))']1‘30 + (b30)(5)’]I‘29 + 213'228(5(30)(j)T§OGj)

If the conditions of the previous theorem are satisfied and if the functions (a;")® and (b;")® Belong to
C©®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
Gl=G:+Gl 1Ti=Ti*+Ti

a(b))

(a3 ® ..
%(7}3) = (Q33)(6) ((G35)") = Sij

Then taking into account equations(global) and neglecting the terms of power 2, we obtain

dS% = _((aéz)(G) + (Psz)(ﬁ))Gsz + (a35)©Ga3 — (q32) G35, T3
% = —((@53)® + (p33)®@)G33 + (a33) @ G3; — (933) @ G35 Ts3
% = —((50)® + (032)®)G3y + (a34) @ G335 — (q34) 63, T35
U2 = (53 = (152) )T + (b5) T3 + T3 (56300) TG
U9 (b3)© — (55) @) T + (b53) OTs, + T (5635,y T55G)
Tt = —((b3)© = (3) )T + (b30) O T + X325 (5G0() T54G7)

The characteristic equation of this system is

(DO® + (bi)® = (1) (DD + (ai)® + (1))
(WD + @)D + 1)) @) D61y + (@) V(@)D )|
(DD + Bi® = (10D )s0a,a0Tis +b1a) Vs anTi)

+ (DD + @)@ + PV (@13) V655 + (01)D (01 D61y
(((/1)(1) + (b13)® = (13) V) s, T + (1) Vs ), (13)T13>
(WD) + (@)@ + @)D + @)@ + () @) WD)

(DD +(BiDD + BiDD = ()P + (1) D) DD)
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+ (((/1)(1))2 + ( (@)@ + (al)® + ()P + (p14)(1)) (/1)(1)) (q15) VG5
+((/1)(1) + (a13)(1) + (p13)(1)) ((a15)(1)(Q14)(1)G1*4 + (a14)(1) (als)(l)(q13)(1)6f3)

(((A)(l) + (b)) — (T13)(1))5(14),(15)Tf4 +(b14)(1)5(13),(15)Tf3)} =0

.
(D@ + (Bi)? = (1)) (WP + (@)@ + (p1)®)
(WD + @)@ + 1) P) @)D, + (@) P (06066 |
(DD + B1)P = (16)®)sananTis +bi7) Psue,anTiy )
+((DP + @)@ + 017)P) (@16) PG + (016) P (017) PG5 )
(WP + B10@ = (10P)sanaeTir + Bi)Psas,a0Tis)
(W) + (@)D + (@)@ + P10 + P:)P) WP)
(D) + (Bi)@ + BiNP = ()P + (1)P) HP)
+ (D) + (@)@ + (@DP + P1)P + P1)P) DP) (415)PGyg
+(DP + (@) + P1?) (@) P (417) PG5 + (@17)P (16)® (416) PG

(((/1)(2) + (bie)(z) - (T16)(2))5(17),(18)Tf7 +(b17)(2)5(16),(18)Tf6)} =0
+

(WP + B5)® = DN (DD + (@3)P + (22))

(DD + (@) + P20)®) (@20) D631 + ()P (200D 630 )]

(DD + B30 = (20)D)s 1,20 51 +b21) P50y T51 )

+ (DD + (@)D + @202 (020) D630 + (a20)® (1) V631 )

(DD + B30 = 20)D)s 1,20 Ts1 + B21) D50y @20 Ti0)

(W) + (@)@ + @) + 200 + 020)P) DD)

(WD) + (B30)® + B3P = (0@ + (120)P) WD)

+ (WD) + (@) + (@)D + 200 + ©2)P) DD) (422) D6

+((/1)(3) + (aéo)(s) + (on)(S)) ((azz)(3)(QZ1)(3)G;1 + (a21)(3)(a22)(3)(q20)(3)650)
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(DS + (b30)® = (120)D)s 2@ Ts1 +(b2) P50y 2y T0 )} = O
.
(DD + B3 = ()P (D@ + (@30)® + (p26)®)
(DD + (@50@ + 2)®) (425) P G35 + (225)® (024) 63|
(DD + B3P = (20D )s(25),09) T35 +(b25) D520, T55)
+((D® + @)@ + (25)®) (@20 P 634 + (220 (425) 635 )
(DD + B3P = (20D )s25)20T5s + B25) P52, )
(WD) + (@)™ + @)@ + @20P + (025)P) DP)
(D) + (5@ + ()@ = (1)@ + (r25)®) (W)
+ (WD) + (@)@ + (@)D + P2)® + B25)P) WD) (426) ¥ Gz
+H(DD + (@)@ + ©20)®) ((a26) P (@25)P G35 + (025)® (26)® (424)D6G34)

(O + B3P = (105025, T35 +(b25) V5,26 T34 )} = 0
.
(DS + (B3)® = )OS + (@) + (:0)®)
(DS + (@) + 126)) (426) G35 + (a26)(420) G35 )|
(DS + (b)® = (126) )5 29,2 T +(b29) 52,20 T3 )
+ (DS + (@) + (26) ) (A20) P35 + (226 (426) G35 )
(D + )@ = 20)D)s(20) 209 T55 + (29) 528,25
(W) + (@) + (@) + (20) + (020)P) (DD)
(D) + (5) + (b3)® = (1) + (129)®) (D)
+ (D) + (@) + (@59 + B20) + 020)P) DD (30) PG50
HD® + (a30) + P26)®) ((@30)P(420)P G35 + (a20) P (@30) (G26) P G35)

(((/1)(5) + (bés)(s) - (rza)(s))5(29),(30)T59 +(b29)(5)5(28),(30)T58>} =0
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(D@ + B5)@ = )N + (@5)@ + (p20)®)
(D@ + (@)@ + 132)©) (433) 635 + (252)@ (452)©63, )]
(D + B5)@ = (52 @)s(35),69T53 +b53) 532,59 T5s)
+ (D + (@5)@ + (33)©) (@32) @63 + (a52)© (452) 635
(D@ + ©5)@ = (525560755 + b3) V62,6 T2

(W©) + (@)@ + (@5)@ + P:)© + (P3)@) D)

(WO) +(B3)® + (b3)® = (3@ + (:)@) W®)
+ (DO + (@@ + (@5)@ + P32)@ + 133)@) D®) (434) G4
H(D© + (@) + 13)) (@) (933) V635 + (232) (a34) @ (0:2)©G3,)

(((/1)(6) + (béz)(ﬁ) - (r32)(6))s(33)_(34)T§3 +(b33)(6)5(32),(34)T§2)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and this
proves the theorem.
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