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SOME CONTRIBUTIONS TO YANG MILLS THEORY

FORTIFICATION -DISSIPATION MODELS

DR K N PRASANNA KUMAR, 2PROF B S KIRANAGI AND *PROF C S BAGEWADI

ABSTRACT. We provide a series of Models for the problems that arise in Yang Mills Theory. No claim
is made that the problem is solved. We do factorize the Yang Mills Theory and give a Model for the
values of LHS and RHS of the yang Mills theory. We hope these forms the stepping stone for further
factorizations and solutions to the subatomic denominations at Planck’s scale. Work also throws light on
some important factors like mass acquisition by symmetry breaking, relation between strong interaction
and weak interaction, Lagrangian Invariance despite transformations, Gauge field, Noncommutative
symmetry group of Gauge Theory and Yang Mills Theory itself.

Key Words: Acquisition of mass, Symmetry Breaking, Strong interaction ,Unified Electroweak interaction,
Continuous group of local transformations, Lagrangian Variance, Group generator in Gauge Theory, Vector field or
Gauge field, commutative symmetry group in Gauge Theory, Yang Mills Theory

The outlay of the paper is as follows:

. INTRODUCTION

. FORMULATION OF THE PROBLEM

n. STATEMENT OF GOVERNING EQUATIONS

Iv. THE SOLUTION-BODY FABRIC OF THE THESIS
V. ACKNOWLEDGEMENTS

VI. REFRENCES

. INTRODUCTION:

We take in to consideration the following parameters, processes and concepts:

(1) Acquisition of mass

(2) Symmetry Breaking

(3) Strong interaction

(4) Unified Electroweak interaction

(5) Continuous group of local transformations

(6) Lagrangian Variance

(7) Group generator in Gauge Theory

(8) Vector field or Gauge field

(9) Non commutative symmetry group in Gauge Theory

(10) Yang Mills Theory (We repeat the same Bank’s example. Individual
debits and Credits are conservative so also the holistic one. Generalized
theories are applied to various systems which are parameterized. And we live
in ‘measurement world’. Classification is done on the parameters of various
systems to which the Theory is applied. ).

(11) First Term of the Lagrangian of the Yang Mills Theory(LHS)
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Lo = — S Te(F?) = — > prwe o
gf — A I'[: } - _4 fny
(12) RHS of the Yang Mills Theory
L= 1T F) = lF“”“‘P“
gf — — A I'( ) - _4 frz

II. FORMULATION OF THE PROBLEM

SYMMETRY BREAKING AND ACQUISITION OF MASS:

MODULE NUMBERED ONE

NOTATION :

G; : CATEGORY ONE OF SYMMETRY BREAKING
G4 : CATEGORY TWO OF SYMMETRY BREAKING
G5 : CATEGORY THREE OF SYMMETRY BREAKING
T13 : CATEGORY ONE OF ACQUISITION OF MASS
T14 : CATEGORY TWO OF ACQUISITION OF MASS

T15 :CATEGORY THREE OF ACQUISITION OF MASS

UNIFIED ELECTROWEAK INTERACTION AND STRONG INTERACTION:

MODULE NUMBERED TWO:

G : CATEGORY ONE OF UNIFIED ELECTROWEAK INTERACTION

G7; : CATEGORY TWO OFUNIFIED ELECTROWEAK INTERACTION

G.g : CATEGORY THREE OFUNIFIED ELECTROWEAK IONTERACTION
T16 :CATEGORY ONE OF STRONG INTERACTION

T17 : CATEGORY TWO OF STRONG INTERACTION

T15 : CATEGORY THREE OF STRONG INTERACTION

LAGRANGIAN INVARIANCE AND CONTINOUS GROUP OF LOCAL
TRANSFORMATIONS:
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MODULE NUMBERED THREE:

G,y : CATEGORY ONE OF CONTINUOUS GROUP OF LOCAL TRANSFORMATIONS
G,, :CATEGORY TWO OFCONTINUOUS GROUP OF LOCAL TRANSFORMATIONS
G,, : CATEGORY THREE OF CONTINUOUS GROUP OF LOCAL TRANSFORMATION
T, : CATEGORY ONE OF LAGRANGIAN INVARIANCE

T,, :CATEGORY TWO OF LAGRANGIAN INVARIANCE

T,, : CATEGORY THREE OF LAGRANGIAN INVARIANCE

GROUP GENERATOR OF GAUGE THEORY AND VECTOR FIELD(GAUGE FIELD):

: MODULE NUMBERED FOUR:

G,, : CATEGORY ONE OF GROUP GENERATOR OF GAUGE THEORY
G,5 : CATEGORY TWO OF GROUP GENERATOR OF GAUGE THEORY
G,¢ : CATEGORY THREE OF GROUP GENERATOR OF GAUGE THEORY
T,4 :CATEGORY ONE OF VECTOR FIELD NAMELY GAUGE FIELD

T,5 :CATEGORY TWO OF GAUGE FIELD

T,¢ : CATEGORY THREE OFGAUGE FIELD

YANG MILLS THEORYAND NON COMMUTATIVE SYMMETRY GROUP IN GAUGE
THEORY:

MODULE NUMBERED FIVE:

G,3 : CATEGORY ONE OF NON COMMUTATIVE SYMMETRY GROUP OF GAUGE
THEORY

G,9 : CATEGORY TWO OF NON COMMUTATIVE SYMMETRY GROUP OPF GAUGE
THEORY

G3, :CATEGORY THREE OFNON COMMUTATIVE SYMMETRY GROUP OF GAUGE
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T,5 : CATEGORY ONE OFYANG MILLS THEORY (Theory is applied to various subatomic
particle systems and the classification is done based on the parametricization of these systems.
There is not a single system known which is not characterized by some properties)

T,9 :CATEGORY TWO OF YANG MILLS THEORY
T3¢ :CATEGORY THREE OF YANG MILLS THEORY

LHS OF THE YANG MILLS THEORY AND RHS OF THE YANG MILLS THEORY.TAKEN
TO THE OTHER SIDE THE LHS WOULD DISSIPATE THE RHS WITH OR WITHOUT TIME
LAG :

MODULE NUMBERED SIX:

1
2 va
ﬂEf:_ETr(F}:_EFP .I.:#y

G3, : CATEGORY ONE OF LHS OF YANG MILLS THEORY
G33 : CATEGORY TWO OF LHS OF YANG MILLS THEORY
Gz, : CATEGORY THREE OF LHS OF YANG MILLS THEORY
T3, : CATEGORY ONE OF RHS OF YANG MILLS THEORY
T33 : CATEGORY TWO OF RHS OF YANG MILLS THEORY

T3, : CATEGORY THREE OF RHS OF YANG MILLS THEORY (Theory applied to various
characterized systems and the systemic characterizations form the basis for the formulation of the
classification).

(a13)(1), (a14)(1), (a15)(1), (b13)(1), (b14)(1), (b15)(1) (a16)(2)' (a17)(2), (a13)(2)
(b16)(2)’ (b17)(2), (b18)(2): (azo)(3); (021)(3); (azz)(3) , (bzo)(s)' (bz1)(3)' (bzz)(s)
(a24)(4), (azs)w, (‘126)(4), (bz4)(4); (bzs)(4); (bze)(4): (bzs)(s); (b29)(5)' (b30)(5),
(azs)(s). (a29)(5). (a30)(5), (a32)(6), (033)(6), (034)(6), (b32)(6); (b33)(6), (b34)(6)

are Accentuation coefficients

(a’13)(1), (0,14)(1), (a’15)(1), (b'13)(1), (b'14)(1), (b’15)(1); (a'm)(z), (a’17)(2), (a’ls)(”,
(blm)(z), (b,17)(2), (b’18)(2) ) (alzo)(s); (a’21)(3), (alzz)(s); (blzo)m, (b'21)(3), (b’zz)m
(a’“)(“), (alzs)m, (a'ze)m, (b'24)(4), (blzs)m, (b'za)m; (blzs)(s), (b'29)(5), (b’30)(5)

(alzs)(s). (a’29)(5). (aéo)(s) ’ (aéz)(m; (‘153)(6); (‘154)(6); (béz)(e')' (b’33)(6); (b’34)(6)
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1. STATEMENT OF GOVERNING EQUATIONS:

SYMMETRY BREAKING AND ACQUISITION OF MASS:

MODULE NUMBERED ONE

The differential system of this model is now (Module Numbered one)

dG ! n

L = (a,3) MGy, — [(013)(1) + (a)3) P (T, t)]G13
dG ’ "

—=(a 14)( )G13 [((114)(1) + (a14)(1) (Ty4, t)]G14-
dGls

= (a 15)( )Gy — [(ais)(l) + (ails)(l)(TM. t)]Gls

TL = (by3) DTy — [(b1)D — BV (G, )] Ty

T3 = (b ) DTy — [(b)® = (b1 D (G, O] Ty

d
28 = (by5) DTy — [(b5) D = b1V (G, 0] s
+(a3) P (T,,,t) = First augmentation factor

—(b5)M(G,t) = First detritions factor

UNIFIED ELECTROWEAK INTERACTION AND STRONG INTERACTION:

MODULE NUMBERED TWO

The differential system of this model is how ( Module numbered two)

dG ! n
16 (als)( )Gy, — [(‘116)(2) + (a16)(2)(T171 t)]616

aG ! "
—=(a 17)( )616 [(‘117)(2) + (a17)(2)(T17, t)]G17

dGls

= (a18)?Gy7 — [(ais)(z) + (afs) P (Ty7, t)]Gm

dT16 (b16)(2)T17 - [(bls)(Z) - (b )(2)((019) t)]T16

dT17 (b17)(2)T16 - [(b17)(2) - (b )(2)((619) t)]T17

d
T18 (b18)(2)Tl7 - [(blg)(Z) - (b )(2)(((;19) t)]Tls
+(ai)®(T,,,t) = First augmentation factor

—(bis)P((Gyo),t) = First detritions factor
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LAGRANGIAN INVARIANCE AND CONTINOUS GROUP OF LOCAL

TRANSFORMATIONS:

MODULE NUMBERED THREE

The differential system of this model is now (Module numbered three)

dGZO = (az20)®Gyy — [(azo)(s) + (a3, )(3)(T21.t)]G20
dGZl = (‘121)( )Gzo [(a’21)(3) + (a’2'1)(3)(T21.t)1021
d622 (azz)( )621 [(alzz)(s) + (alzlz)(B)(sz t)]Gzz
d

TZO = (by) Ty — [(bzo)(3) — (b5) P (G, t)]Tzo
d

2L = (by)) Ty — [(53)® = (b52)® (G2, D] Ty
dez

= (b)) Ty — [(bzz)(3) — (b35)®(G,3, t)]Tzz
+(ayy)®(T,,, t) = First augmentation factor

—(byy)®(G,3,t) = First detritions factor

GROUP GENERATOR OF GAUGE THEORY AND VECTOR FIELD(GAUGE FIELD):

: MODULE NUMBERED FOUR:

www.iiste.org
png

IS’

18

19
20
21
22
23

24

25

26

The differential system of this model is now (Module numbered Four)

daG ’ "
228 = ()W Gy5 — [(a24)(4) + (@)@ (Tys, t)]Gz4

daG r "
—2 =(a 25)( )624 [(azs)(4) + (azs)(4)(T25: t)]st

daG ’ "
26 = (ay6) PG5 — [(a26)(4) + (ae) ™ (Tys, t)]GZG

T2 = (by4) DTys — [(b3)@ — (b32) D ((G27), )] Ta
dTZS (bzs)(4)T24 - [(bzs)(4) - (b )(4)((027)' t)]TZS
dT26

= (b26) VTas = [(036)® = (b56)“((G2), )]s
+(a,)®(T,s,t) = First augmentation factor

—(b3)®((Gy7),t) = First detritions factor
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YANG MILLS THEORYAND NON COMMUTATIVE SYMMETRY GROUP IN GAUGE 35

THEORY:

MODULE NUMBERED FIVE

The differential system of this model is now (Module number five)

1l 1 n

dis = (azg)(s)ng - [(azs)(s) + (azs)(s)(TZ‘B' t)]GZS
dG ! 4

dig = (azg)(s)st - [(a29)(5) + (029)(5) (T2o, t)]GZ"
1 1 n

dio = (aso)(s)ng - [(a30)(5) + (a30)(5)(T29. t)]G30
dT. ! Y
22 = (bys) PTao — [(b26) — (b)) ((G31), )] T2
dT 12 n
= (029) g = [(b39) = (5)((Ga), V)] T
dTzg

= (b3o) Ty — [(béo)(s) - (bélo)(s)((Gm)» t)]T30

at
+(ay)® (T,o, t) = First augmentation factor

—(b55)®((G31),t) = First detritions factor
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39

40

41

42

43

LHS OF THE YANG MILLS THEORY AND RHS OF THE YANG MILLS THEORY.TAKEN 44

TO THE OTHER SIDE THE LHS WOULD DISSIPATE THE RHS WITH OR WITHOUT TIME

LAG :

45

MODULE NUMBERED SIX

The differential system of this model is now (Module numbered Six)

dG r "

d:Z = (asy)®Gs3 — [(a32)(6) + (a45)© (Tss, t)]G32
dG r "

d:S = (as3)©Gsy — [(a33)(6) + (a43)© (Tss, t)]G33
dG 1 n
_d:4 = (a34)(6)G33 - [(a34)(6) + (a34)(6)(T33; t)]G34

52 — (b3,) ©OTs3 — [(b3)© — (b55)© ((G35), )] T2

dt

853 — (by3)©Ty, — [(b53)© — (b55) @ ((G3s), t)]Ts3

dt
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Tt = (b34) ©OTs; — [(15)© — (B3O ((G3), )] Ta 51
+(a4,)© (T35, t) = First augmentation factor 52
—(b3,)©®((G3s),t) = First detritions factor 53
HOLISTIC CONCATENATE SYTEMAL EQUATIONS HENCEFORTH REFERRED TO AS “GLOBAL o4

EQUATIONS”

We take in to consideration the following parameters, processes and concepts:

(1) Acquisition of mass

(2) Symmetry Breaking

(3) Strong interaction

(4) Unified Electroweak interaction

(5) Continuous group of local transformations

(6) Lagrangian Variance

(7) Group generator in Gauge Theory

(8) Vector field or Gauge field

(9) Non commutative symmetry group in Gauge Theory

(10) Yang Mills Theory (We repeat the same Bank’s example. Individual
debits and Credits are conservative so also the holistic one. Generalized
theories are applied to various systems which are parameterized. And we live
in ‘measurement world’. Classification is done on the parameters of various
systems to which the Theory is applied. ).

(11) First Term of the Lagrangian of the Yang Mills Theory(LHS)
Lo = —1 Tr(F?) = L pwa po
af 4 4 i
(12) RHS of the Yang Mills Theory
Lyg=—1 Tr(F?) = L e g
gf 4 4 Jris
i _ o yorg,, | @O T O]+ e O T, O] @)D @ ) | >
& | (a5 @44 (Tys, 6)|| +age) 5555 (T, O] [+(a5) 00 (T3, £)|
wois _ (g, | 0@ O+ @) 20 O]+ @) D T ) | >
“ | [+ (@) @444 (T, )| +(age) 5555 (Tyo, ) || +(a) 00 (T35, 1) |
s _ (g yog,. — | @@V, O]+ @i)E (P17, 0] 4 (a1, ) >
= (a5 14~ 15
“ | [+(ag) 444 (Tys, )| +(a2) 555 (T, 8) || +(a2) 0% (T35, 1) |
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Where | (@l3) D (Tyq t) || () D (Ty,, 1D (T, t)| are first augmentation coefficients for category 1, 2 and 3 58

|+(a§’6)(2'2') (Ty7, t) | are second augmentation coefficient for category 1, 2 and 3
|+(a ) G3(Ty,, t)l |+(a DG3(T,,, t)l |+(a )3 (T, t)| are third augmentation coefficient for category 1, 2 and 3 59
|+(a’z’4)(4""""""') (Tys, t)| , |+(a’2’5)(4'4'4"") (Tys, t)| , |+(a’z’5)<4""“"") (Tys,t) | are fourth augmentation coefficient for category 1, 2 and
3
|+(a” Y555 (T,q, t)l,|+(a” )(B555)(T,,, t)l are fifth augmentation coefficient for category 1, 2 and 3
|+(a’3’2)(6'6'6'6') (Ts3,t) | |+(a§’3)(6'6'6'6')(T33, t)| , |+(a§’4)(6'6'6'6')(T33, t)| are sixth augmentation coefficient for category 1, 2 and 3
60
(bi) [ =(b)D (G, )] [~ (be) 2 (610, )] |- (b0) **) (6o, 1) 61
dT13 (b13)( )T14 " 11 (5,5,5,5,) 11 1(6,6,6,6,) T13
= (bsa (b35) 5355 (Gay, 1) || = (B5) %0 (G35, 1)
! rn n 14 1 62
e _ (507 i) D] =)D (G, O] [~ 05D ®? (Gro, D[ - (05 P (G5, D) .
14 13— 14
| [ (bge) #+44) (G, 1) || = (D) 555 (Gay, £) ||~ (b5) @59 (G35, 1) |
63
L i) V=i D (G, 0] [~ (1) (610, D[ (05 (G25,0)] ] .
15 14— 15
| [ = (b36) #+44) (G, 1) || = (b0) 555 (Gay, £) ||~ (b51) @59 (G35, 1) |
Where | —(b)D(G, t)l |— (b6, 1) | are first detrition coefficients for category 1, 2 and 3 64
|—(b{’6 — (D)@ (G, )], = (i) %2 (G0, t)| are second detritions coefficients for category 1, 2 and 3
|—(b§’0)(3'3')(623, —(BY)B3(Gy3,0) |, | = (B5) B3 (Gya, t) | are third detritions coefficients for category 1, 2 and 3
|—(b§’4 —(by) @A) (Gyy, ) |,| = (b)) @444 (G, t) | are fourth detritions coefficients for category 1, 2 and 3
|—(b” YBSS8) (G, t)| |—(b )ESSS) (G, t)| |—(b ) G555 (Gay 1) | are fifth detritions coefficients for category 1, 2 and 3
|—(b” )(6666) (G, t)| |—(b ) (6666) (G, t)| |—(b 1) (6666) (G t) I are sixth detritions coefficients for category 1, 2 and 3
65
/ / 66
1o = (@1)?6 (@16) @[+ (ale)? (Ty7, )] [+(afs) "1 (Tys, )] [+(a50) 339 (T34, 8)]
Q16 17 —
- | +(a£r4)(4,4,4,4,4) (T25’ t) | +(a£/8)(5,5,5,5,5) (ng' t) | ’ +(al3!2)(6,6,6,6,6) (T33, t) ’
! n n rn 67
6 _ ()06 (@) @[+ @ (117, O)|| +@1) ) (110, O || +(@5) O (T3, 0)|
a7 16 —
| [+ (a5 49 (g, )] [+(a5e) 55559 (o, )| [+(a5) @559 (T3, 0)] |
" 68
i _ ()6 (@1) @]+ (@) @ (T, 0| +(af) 2 (T34, ] [+(ag) (T3, 0
Qg 17 —
- | +(a§/6)(4,4,4,4,4) (TZS' t) | ’ +(aélo)(5,5,5,5,5) (ng' t) | ’ +(al3!4)(6,6,6,6,6) (T33, t) ’
Where | +(al) P (T, 7 t) | are first augmentation coefficients for category 1, 2 and 3 69
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| +(af3) M (T, t) I ) | +(afs

AT, t)l are second augmentation coefficient for category 1, 2 and 3

| +(az0) 3 (T, 1) I ) | +(az) @2 (Tyy,

[+ (a5) 4449 (T, )] | +(ahs) @*++9 (T,
3

t)l are fourth augmentation coefficient for category 1, 2 and

|+(a’2’8)(5'5'5'5'5)(T29. t) I |+(a§’9)(5'5'5'5'5)(T29, t)| , |+(a§’0)(5'5'5'5'5)(T29, t)| are fifth augmentation coefficient for category 1, 2 and
3

70
|+(a’3’2)(6'6'6'6'6) (Ts3,t) I |+(a§’3)(6'6'6'6'6) (Ts3, t)| , |+(a§’4)(6'6'6'6'5)(T33, t)| are sixth augmentation coefficient for category 1, 2 and
3
71
n rn 1 72
me_ o, - | e as) | ECH R E) SO R OS]
16 17— 16
| =g #4449 (G, t)H—(b )<55555>(631 £)||—(b) ©505) (G, t)!
73
T _ (o i) D[ (Bi® (G1, O] [F VG, O][- 15 P G5 0)] ] .
17 16 — 17
| [ = (b5 449 (G, )]~ (b30) <5'5'5'5'5><631, B)||—(b35) @59 (Gas, 1) | |
] 74
T _ 07 (i) @[ =B G100 |-GV G,0||- )G 0)] |
18 17 — 18
| [— (b5 4444 (G, 1) —(bé@)(s's's's'” (631, )] |~ (b5 ©5059) (G5, 1) |
where| (bY@ (Gyg, t)| |— b7) P (Gyo, b’l’g)(z)(Glg,t)| are first detrition coefficients for category 1, 2 and 3 75
| —(bis —(bHEB (G, t)l are second detrition coefficients for category 1,2 and 3
|—(b§’0)(3'3'3'>(623, — (b5 B33 (Gys, )|, | = (b35) B33 (G, t)| are third detrition coefficients for category 1,2 and 3
|—(b§;)(‘*'4"*'4'4)(627, t)|,|—(b§’5 — (b)) @444 (G, t)| are fourth detritions coefficients for category 1,2 and 3
|—(b§g)(5'5'5'5'5)(631, t)l ,I—(bgg)(5'5'5'5'5>(631, t)| , |—(b§’0)(5'5'5'5'5) (G31, 1) | are fifth detritions coefficients for category 1,2 and 3
|—(b§’2)(6'6'6'6'6)((}35, t)H—(bg’ )(66666)(G,, t)| |—(b ) (66666 (G, t)| are sixth detritions coefficients for category 1,2 and 3
4620 _ 76
dt
(@h0)®|+(a50) D (T, D) || +(afe) 222 (Ty, £) || +(afy) 1) (Tyy, )|
3)
e [ Ty )] ) o O] () A0 )]
dGa1 _ 77
dt
(@)@6 (@5) @[ +(@5) P (T3, 0| +(af) @22 (117, )| + (@) (T, 1)
az1 20 —
J +(a12/5)(4,4,4-,4,4,4) (TZSi t) H+(a§’9)(5'5'5'5'5'5) (ng' t) ”+(aél3)(6,6,6,6,6,6) (T33, t)‘
a6z _ 78
dt
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(@52)®|+(@5) P Ty, O || +(afe) 222 (17, ) || +(as) W22 (714, D) |

(azz)(3)621 - 22
‘ +(ay,) @) (T, 1) | +(ally) 55555 (T, t) ‘ ‘ +(ay,)©66666) (T, 1) |
79
|+(a’2’0)(3)(T21, t) L | +(ay)®(Tyy, t) L | +(ay) P (Tyy, t)| are first augmentation coefficients for category 1, 2 and 3
|+(a’1’6)(2'2'2)(T17, t) | +(a,)@2A(T,,, t)l, | +(alx)®*A(T,,, t)| are second augmentation coefficients for category 1, 2 and 3
|+(a’1’3)(1'1'1') (T1ar t) |,|+(a’1’4)(1'1'1') (Tya, )], +(a)s) B2 (T, t)| are third augmentation coefficients for category 1, 2 and 3
|+(a’z’4)(4'4'4'4'4'4) (Tys, t)l , |+(a’2’5)(4'4'4'4'4'4) (Tys, ) |, |+ (ahe) @*444D (Tys, t) | are fourth augmentation coefficients for category 1,
2and3 80
|+(a’z’8)(5'5'5'5'5'5)(Tz.;, t)l,|+(a’z’9)(5'5'5'5'5'5) (Tyo,t) ,|+(a§’0)<5'5'5'5'5'5) (Tyot) | are fifth augmentation coefficients for category 1, 2
and 3
|+(a’3’2)(6'6'6'6'6'6) (Ts3,t) |,|+(a’3’3)(6'6'6'6r6'6) (Ts3,t) ||+ (ay,) ©66666) (T, t)| are sixth augmentation coefficients for category 1, 2
and 3
81
4T20 _ 82
dt
b T (50) V=05V (623, 0]|- 0fe)**2 Goo, O||- G G0] |
20 21 20
_l —(b§;)(4'4'4'4'4'4) () ||_(bé’8)(5'5'5'5'5'5) (G, 0) ||_(b§12)(6,6,6,6,6,6) (Gss, 1) ‘ |
4T21 _ 83
dt
5,7 B3P0 633, 0]|- B G0, 0O ||- GG 0] |
21 20 — 21
| [ (bge) #4449 (G, £) || = (bge) ©55555) (Gay, 1) || = (b53) @505 (G5, 1) |
Tz _ 84
dt
()@ (B3P =03)P (G5, D] |- (i) 2 (G10, || - Bi) (G, 1)
T, —
22 21 22
| = (b3 ) 44449 (Gyy, 1) || = (b3) G55559) (Gay, 1) || = (b3) ©50509 (G, 1) |
|—(b§’0)(3)(023, t)l,l—(bé’l)(”(Gm, 0|, —(bg’z)(3)(623,t)| are first detritions coefficients for category 1, 2 and 3 85
—(byg) =~ 10,0 [, | —(b17) = 10, 8) [, | —(b1g) 19, t)| are second detritions coefficients for category 1, 2 an
(bi6)#*® (G, 1) |, | = (1) ®*? (Gyo, 1) |, | = (b15) **? (Gio, 1) d d Lt fi 1,2and 3
—(bi3) (G, t) |, | = (b1 ) (G, )|, | —(Dys) (G, t) | are third detrition coefficients for category 1,2 an
(b6, 0], [ (6, 0, [ (G, 0)| are third d ficients f 12and 3
— (b ) 27, E) || — (D)™™ 27, E) | —(bge ) 5 ™ 27, t)| are fourth detritions coefficients for category 1,
(brr)(444444)(G ) (b”s)(444444)(6 ) (b// )(444444)((; ) fe h d Yiil fe 1
2and 3
I_(béls)(s,s,s,s,s,s)(631, t) |’I_(bérg)(s,s,s,s,s,s)(cm' ), | = (b)) E55559) (G, t)| are fifth detritions coefficients for category 1, 2
and 3
|—(bé’z)(6'6'6'6'6'6)(G3 s t) I,I —(bYy)(©66666) (G, 1) || —(byy) 666668 (G, t)| are sixth detritions coefficients for category 1, 2
and 3
86
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Qo _ o g, _ | @0 L) s O +5) ) (T D]| (@) T, ) o7
= (az4 25 24
dt | [+(@) 01D (T, )| +(al) @222 (Ty7, 8) || +(a50) ®332) (Ty, £)|
AGss _ o g, _ | @) O T O @) O Ty, O @) O T 1) %
= azs 24 — 25
dt | [+ (@) (1, 0] [+(ay) @22 D (T, O] [+(ag) 332 (T, D)
dGae o | @@+ P (Tos, ][ +(@50) &5 (T, ][+ (a5) @O (T3, 6)| 8
dt = (az6)"" G5 —

26
| [+(@) WD (T, )] +(aty) 222D (T, )] +(a5y) G233 (T, 1)

90

’

Where |(a’2’4)(4)(T25, t) I,l(a’z’s)(4) (Tys, )|, | (@hs) @ (Tys, t)| are first augmentation coef ficients for category 1,2 and 3

91

|+(a’2’8)(5'5') (Tyo,t) ,I +(ays) %) (Tho, t) I |+ (ad) B3 (Th, ) I are second augmentation coef ficient for category 1,2 and 3

|+(a’3’2)(6'6') (T33,t) |,|+(a’3’3)(6'6') (Ts3,t) I |+ (ag) ©0 (T, t) | are third augmentation coef ficient for category 1,2 and 3

[+(@af) M0 (T, O] [+ (i) M0 (T, 0)
3

+(a}s) (T, t)| are fourth augmentation coefficients for category 1, 2,and

b

|+(a’1’6)(2'2'2'2)(T17, t) +(als)®22A(T,,, t)l are fifth augmentation coefficients for category 1, 2,and 3

+(al1l7 (2,2,2,2) (T17, t)

I b

|+(a’2’0)(3'3'3'3)(T21, t) I, I +(ay) B33 (Tyy, £) ], |[+(ay,) G333 (T, ) I are sixth augmentation coefficients for category 1, 2,and 3

I

92
AT _ o, _ | 20O G O] [F 05O G O] 6 G 0] | %
= W24 25 © 24
dt _ |—(b{'3)(1'1'1'1)(6, t)‘ —(b)@22D (G, 1) H_ (b3 B339 (G, t)‘ |
AT _ oy g, _ |05 V@i O G 0] |- 05) G, - 0) O @ 0] | .
= (025 24 — 25
dt _ |_(b&)(1,1,1,1)(G’ t)| |—(b{'7 (2'2'2'2)(619, t) ||_ (b, (3,3,3.3) (Gys, t)| |
T _ g oy, _ | o) Y25 DG, O] [ Zi) O G, D] |- (55) ) (G, ) %
= D26 25 © 26
dt | [—Gi A6, 0] [~ (1) 222D (G190 || - (05 O3 (G, )|
Where I—(b;ﬁl)(‘”(Gn, t)|,|—(b§’5)(4)(627, 0|, —(bg’s)(“)(Gn,t)lare first detrition coef ficients for category 1,2 and 3 96
|—(b§’8)(5'5')(631, 0|, —(b;’.,)(S'S')(Ggl,t)l, —(bé’o)(s's')(Ggl,t)l are second detrition coef ficients for category 1,2 and 3
|—(b§’2)(6'6')(635, O], |=(b55) 68 (Gas, ) |, | = (b5s) 65 (G5, t)|are third detrition coef ficients for category 1,2 and 3

[—@i (6,0} [ D6, 0], [~ 6, )
are fourth detrition coefficients for category 1,2 and 3

(=G ®22P (61, O} [~ 01 222 (G0, O} [~ (b1 ***P (610, D]
are fifth detrition coef ficients for category 1,2 and 3

I

b

|- 0539 (6, O} |- (b33 (G5 D] |- (053339 (G5, )|
are sixth detrition coef ficients for category 1,2 and 3
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98
! n n n 99
dGag (@,0) G (azs)(5)|+(a28)(5)(7129' t)||+(a24 44 (T, t)”"‘(asz (66,6)(Tys, t)|
= \dz2g 29— 28
a“ |+ (afy) WD (T, 0) || +(af) #2222 (T4, 1) || +(ag) 32233 (T, 0|
[ r (5) 11 (5) 11 \(4,4,) 11 1(6,6,6) ] 100
dGyo (@0,0) 06 (a39)™|+(aze)™ (Too, 1) || +(a3s) (Tzs, 1) || +(as3) (Ts3,t) G
= ly9 28 — 29
dt _|+(a1’4)(1'1'1'1'1)(T14, t)||+(a1’7)(2'2'2'2'2)(T17,t)H+(a§’1)(3'3'3'3'3)(T21,t)l_
dGg o (a30) ®+(@50)® (Tyo, ) || +(a5e) ) (Tys, )| | +(a5) ©* (T, )| 101
= (a 5 Gyg — 7 " m G
dt 30) 29 ‘+(a15)(1'1'1'1'1)(T14, t)H"‘(am (2'2'2'2'2)(T17,t)H+(a22)(3'3'3'3'3)(T21,t)| 30

Where |+(a’2’8)(5) (Tyo,t) +(ay)® (Tyo, t) I are first augmentation coef ficients for category 1,2 and : 102

[ H+(a5)® (Tyo,0)

’

+ (aérs)(4'4') (Tys,t)

’ ’

And |+(a§’4)(4'4') (Tys,t) +(ahs) 4 (Tys, t) | are second augmentation coef ficient for category 1,2 a

| +(a3) @59 (T3, 1) |, | +(a4s) ©9) (T35, 1),

+(ay) 659 (Tys, 1) | are third augmentation coef ficient for category 1,2 and :

b

[+(@afy) PO (T, D)) [+ (ag) WD (T, )
and 3

+(as) D (T,,, t)| are fourth augmentation coefficients for category 1,2,

|+(a’1’6)(2'2'2'2'2)(T17, t) |,|+(a’1’7)(2'2'2'2'2)(T17, )} [+(alg) @222 (T, t) I are fifth augmentation coefficients for category 1,2,and

3

b

[+(a5) ®*333 (T, O] [+ (a5 ) B*333(T,,, 1)

+(ay,)B3333)(Ty,, t)l are sixth augmentation coefficients for category 1,2, 3

b

103
[ b Y[ (p® —(pr @) 11 1(66,6) 104
Moo _ o oy, _ | B) =GO Gar O] [0 G, O] i) G D) |,
= (b2g 29 — 28
dt = (i) AD(G, )| | (b)) 222D (619, 1) || - (b50) #2232 (Gya 1) |
[ 1 NG ) —(pr y(44) 11 (6,6,6) ] 105
deg_(b o (b39) ‘ (b3e (G31,t)H (b3s (627,t)H—(b33) (635’13)‘ T
= (D29 28 — 29
dt l_(bﬁl)(l'l'l'l'l)(a' t)| ‘_(big)(z,z,z,z,z) (G0 t) ‘ I_ (b)) 33333 (G, t)l
[ 1 NG (! \(5) _(n'\(4,4) 11 1(6,6,6) 106
LR B D) | ROAGRICHD] REARICHD)
= (b3 29 — 30
dt = (i) H (G, )| [ (b) 222D (619, 1) || - (b5p) P23 (Gya, )|
where l— (bye) P (G3y,t) ,I—(bé’g)(s)(Gﬁ, t)l | =(B5) B (G, t)| are first detrition coef ficients 107

for category 1,2 and 3

’

,I—(bé’s)(""")(Gn, t)| are second detrition coef ficients for category 1,2 and 3

[=(b5)**) (Ga, )], | = (b35) **) (Ga, )

|—(b§’2)(6'6'6)(G35, t)l,|—(b§’3)(6'6'6)(635,t) —(by,)©59) (G5, t)| are third detrition coefficients for category 1,2 and 3

’

|—(b1”3)(1'1'1'1'1)(6, ) |,|—(bﬂ)(1'1'1'1'1)(6, t)

— (b1 (G, t)| are fourth detrition coefficients for category 1,2, and 3

’

|—(b1”6)(2'2'2'2'2)(619, t) I,I — (b)) @222 (G4, ) || = (bi5) #2222 (Gyo, t) | are fifth detrition coefficients for category 1,2, and 3

b
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|— (by)B3333) (G, 1) |, |— (by)B3333) (G, 1) |,|— (by,)B3333) (G, 1) | are sixth detrition coefficients for category 1,2, and 3

108
dGs, 109
dt = (‘132)(6)633
(a52))]+(05) O (T35, 0| +(a) 59 (T, )] [ +(@5) 44 (Tps, 0] |
- 32
I +(al) LD (T, 1) I | +(a))@22222)(T,, t) H +(ay) 33333 (T, t) |
dGss 110
ar (a33)(6)G32
(@55)@|+(a3) O (Ts3, || +(az0) &5 (Tyo, ) || +(ags) *4) (Ty5, 0)|
- 33
[ (@)@ (T, 0 || +(afy) #2222 (T, O] [+(a5) G232 (Ty,, 0)|
dGs, 111
dt = (a34)(6)G33
(@50 (@5 (T3, 0| +@50) 9 (T, )| [ +(@5) 4 (Tos, 0] |
- 3
I +(a1’5)(1‘1‘1‘1‘1‘1) (Tyar t) I | +(airs)(z,z,z,z,z,z)(T”, t) H +(ay) 333333 (T, 1) ‘
|+(a’3’2)(6) (T33, t)\,|+(a§’3)(6) (T3, t)\,|+(a§’4)(6) (T3, t)| are first augmentation coef ficients for category 1,2 and 3 112
|+(a’2’8)(5'5'5)(T29, t) ,I +(ay) 9 (Tyo, t) I |+ (ad) S5 (T, t) | are second augmentation coef ficients for category 1,2 an
|+(a’z’4)(‘*"”"”') (Tys, )|, |+ (as) 44 (Tys, £) |, | +(ahs) 44 (Tys, t)l are third augmentation coef ficients for category 1,2 an
|+(a’1’3)(1'1'1'1'1'1)(T14, t) |,|+(a’1’4 ALLLLD(T ) L +(afs) D (T, t)| - are fourth augmentation coefficients
|+(a’1’6)(2'2'2'2'2'2)(T17,t) |,|+(a’1’7)(2'2'2'2'2'2)(T17, )|+ (ajy) @22222(T,,, t)| - fifth augmentation coefficients
|+(a’2’0)(3'3'3'3'3'3)(T21,t)l,|+(a§’1)(3'3'3'3'3'3)(TZI, 318 +(a§’2)(3'3'3'3'3'3)(T21,t)| sixth augmentation coefficients
113
! " n n 1 114
Ty o o (65) O] b5) O (G, O (5) 29 (G50, 0] |- GG 0] |
= (D33 33 32
dt |- (1) DG, )] |~ (i) #2222 (Gro, £)] - (b30) G222 (Ga 1)
ar (b35) [ (b5)® (G5, O)][- (b5)F (63, O] [- (B3 **9) (G, )] | 1>
33 _ (byy)©T,, — 33 33 35 29 31 25 27> T
= (b33 32 33
dt |- (i) DG, )] | = (b)) B2 (Gro, £)] |- (b)) B23339) (Gya 1)
dr. (5O (B5)© (a5, O] [~ B5) 5 (G2, O] [- (B3 **) (67, 0] ] 116
34 (b )(6),1_, _ 34 34 35 30 31 26 27 T
= (D34 33 34
dt |- (1) DG, )] |~ (i) #2222 (Gro, 8)] |- (b3p) B23239) (Gya 1)
|—(b§’2)(6)(635, t)l,l—(b§’3)(6)(635, t) ,I—(bé"‘)“) (G3s,t)| are first detrition coef ficients for category 1,2 and 3 117

|—(b§’8)(5'5'5) (G31,1) |,|—(b§i3)(5'5'5)(631, t) ,I—(bé’o)(s's's)(631, t)l are second detrition coefficients for category 1,2 and 3

_(béls (4,4,4) (627, t)

|—(b§’4)(4'4"*')(G27, 0|, = () #4) (G, t)| are third detrition coef ficients for category 1,2 and 3

|—(b1”3)(1'1'1'1'1'1) G, t) |,|—(b{ﬁt)(l'l'l'l'l'l)(G, t) H —(by)ALLLLD (G, t)| are fourth detrition coefficients for category 1, 2, and 3
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|_(b1”6)(2,2,2,2,2,2)(619' t)\, |—(b{@)(z'z'z'z'z'z)((;w, t) |,|—(b;g)(z'z'z'z'z'z)(aw, t)| are fifth detrition coefficients for category 1, 2, and
3

|— (b)) 333333 (G, 1) \, I— (by)333333)((G s, t) |,|— (by,)B33333)(G,., t)l are sixth detrition coefficients for category 1, 2, and
3

118
Where we suppose 119
(A) (@)™, (@)@, (@H®, ()™, )W, ()™ > 0, 120
i,j =13,14,15
(B) The functions (a/)®, (b/")™V are positive continuous increasing and bounded.
Definition of (p,))®, (1;)®:
@)D (T, t) < (D™ < (A13)™
n ! D 121
bHD G, O < ()P < (BDW < (Bi3)™W
© limTzﬁOO(az"’)(l) (T14yt) = (pi)(l) 122
limgoo (b )™ (G, 1) = ()™
Definition of (A;3)®, (B3)® :
Where I(A13 YD, (By3)D, ()P, )® | are positive constants and [i = 13,14,15
They satisfy Lipschitz condition: 123
" ’ " n ’ —(Mq2)D
(@O (T4, ©) = (@)D (g, O] < (ki3 )D|Tyy = T{yle= (M)t 124
(YD, 6) = BV, D] < (Raz )VIIG — 6'[[e=(h) e 125
With the Lipschitz condition, we place a restriction on the behavior of functions 126
(@D (T{, t) and(a] )P (Ty, t) . (T{,, t) and (Tyy, t) are points belonging to the interval
[(Ry3)D, (M5 )D] . Itis to be noted that (a]) P (Ty,, t) is uniformly continuous. In the eventuality of
the fact, that if ( M,5 )™ = 1 then the function (a,)™ (Ty4,t) , the first augmentation coefficient
WOULD be absolutely continuous.
Definition of ( M5 )®, (ky3)® : 127
(D) (My3)D, (ky3)D, are positive constants
@™ _wp®
(My3)D 7 (#,3)D
Definition of ( P;3 )™, (Q,3)®: 128
(E) There exists two constants ( P;5 )® and ( 0,5 )™ which together 129
with (M;3)D, (ky3)D, (A13)® and (B3 )™ and the constants 130
(a)®, (@)™, )@, (BN, @)™, ()™, i =13,14,15,
131

satisfy the inequalities
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1 , - o -
(a)® [(@)® +@)® + (A3)D + (Pi3)® (ki3)P] < 1

_r
(My3)D

[ )P+ )P+ (Bi3) P+ (Q1) (ki3)®P] <1

Where we suppose

(F) (@)@, (@)@, (@H)®, )@, ()P, (6P >0, i,j=1617,18

(G) The functions (a;")®, (b")® are positive continuous increasing and bounded.
Definition of (p))®, (r;)®:

” ~ 2)
(ai )(2)(T17' t) < (pi)(z) < (A16 )

(NP (Gro,t) < ()P < ()P < (By)@
(H)  limg,e(a])® (Ty7, 1) = ()@
limge(b{) @ ((Gyo),t) = (1)@
Definition of (A;4)®, (Bs)@ :

Where | (A16)P, (B1s)®, ()P, (1)@ lare positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

(@)D (L7, ) = (@)D Ty, )] < (i )P|Tyy — Tiyle~(M1e) Dt

1B P ((G15), ) = (b)Y P ((G19), £)] < (K16 )P1(Gro) — (Gyo)'|[e™(rs) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T}, t)
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144
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146

and(a;")® (Ty5,t) . (T{;,t) And (Ty,, t) are points belonging to the interval [( k)@, (M) @] . Itis
to be noted that (a;")® (T}, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® =

1 then the function (alf’)(z)(TU, t) , the SECOND augmentation coefficient would be absolutely

continuous.
Definition of (M, )®), (k)@ :
) (M) ®, (ki )P, are positive constants

(@)@ @
(M16)® 7 (M16)?)

Definition of ( P;3)®, (043)® :

There exists two constants ( P4 ) and ( 0,4 )® which together
with (M;6)®, (k1) P, (A15)Pand ( By )@ and the constants
(@)@, (@)@, (1)@, )P, ()@, (r)®,i=16,17,18,

satisfy the inequalities

1 , - - -
)@ [@)P + @)@+ (A6)P + (Ps)@ (k)P < 1

1

W[ (bi)(Z) + (bi’)(Z) + (316 )(2) + (616 )(2) (]216 )(2)] <1
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Where we suppose
() (@)®, (@)®, (@H®, )P, (b, BN >0, i,j=20,21,22
The functions (a/")®, (b/")® are positive continuous increasing and bounded.
Definition of (p))®, (r;)®:
(@) (T, ) < @)® < (Ay0)®
(BN P (G5, < ()P < (BDN® < (Byo)®
limTz—)OO(aI,:,)(3) (To1, 1) = ()@
limg_e (b{)® (Gy3,1) = (1)@
Definition of (A, )®, (Bye )™ :
Where | (A,;0)®,(Byo)®, 0)®, (1)@ | are positive constants and

They satisfy Lipschitz condition:

(@) (T4, 8) = (@) B (Tyy, O] < (go )P|Tyy — Tyyle™ (200t
[0 B (Gas', ) = (b)) (Gas, )] < (Fegg )P|Gaz — Goy'[|le™ (200t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")®(Ty,,t)
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160

and(a;")® (Ty1,t) . (T3, t) And (T,4,t) are points belonging to the interval [( ka0 )®, (M0 )®] . Itis
to be noted that (a}")® (T4, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, ) =

1 then the function (a})®(T,,,t) , the THIRD augmentation coefficient, would be absolutely
continuous.

Definition of ( M, )®), (kye )@ :
(K) (M )®, (ky)®, are positive constants

@® _@p®
(M20)® 7 (M30)®

There exists two constants There exists two constants ( P, )® and ( 0,, ) which together with
(My0)®, (k0)®, (A,0)Pand (B, )@ and the constants

(@)@, (@)@, B)®, (b)®, @)®, )P, i =20,21,22,

satisfy the inequalities

1

T [ @ + @)@+ (Az0)® + (P)® (ko) PI < 1

1

W[ (bi)(S) + (bl")(S) + (EZO )(3) + (Ozo )(3) (’220 )(3)] <1

Where we suppose
(ai)(4)' (al{)(‘}), (agl)(4)' (bi)(4)l (bl’)(4)’ (bL”)(4) > 0: l:] = 24125)26

(M) The functions (a/ )™, (b/")® are positive continuous increasing and bounded.
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Definition of (p;)®, (,)®:

(al{’)@)(’rzs' t) < (Pi)(4) < (A24 )(4)

BNP((G), 1) < ()W < (D@ < (By0)@

170

() limg, e (a])® (Tys, ) = ()@
limG—>oo(bi”)(4) ((627), t) = (ri)(4)

Definition of (A,, )®, (B,, )® :

Where l (A,)®, (B )P, )@, ()@ l are positive constants and [i = 24,25,26

They satisfy Lipschitz condition: 171

" I " 7 I —(M @)
(@] )® (T35, ) — (@] )P (Tys, O] < (kag )P|Tys — Tyl (M)

1z i " = ' —(M (4)
|5 P ((G27)', ) = (BN P (G2, )] < (Rza YPNI(G7) — (Go7)'||e™F2e)e

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (Tys, t) 172
and(a])® (Tys,t) . (Tys,t) And (T, t) are points belonging to the interval [(ky4 )@, (M, )®] . 1t

is to be noted that (a{’)(‘*) (Ts, t) is uniformly continuous. In the eventuality of the fact, that if

(M, )™ = 4 then the function (a;)*(T,s,t) , the FOURTH augmentation coefficient WOULD be

absolutely continuous.
173

Defil74nition of ( M,, )@, (k,, )@ : 174
(M, )17675™), (k,, )@, are positive constants

@® @
(Maa)®) * (Mp4)®

Definition of ( P,, )™, (0,4 )™ : 175

i b % 0., )4 whi i
2
Q) There exists two constants ( P,, )'*) and ( Q,4 )'* which together with
(Myy )®, (ks )P, (A,)Pand ( B,y )™ and the constants
(ai)(4)' (al{)(4)' (bi)(4)l (b{)(4)' (pi)(4)' (Ti)(4), [= 24125'26'
satisfy the inequalities

1

@ @@+ @@+ (A + (P)@ (k) P] < 1

1
(Mzq)®

[ )@+ BD® + (Bra)® + (Q20)® (kpy)P] <1

Where we suppose 176
(ai)(S)' (ag)(S)l (agl)(S)' (bi)(S)l (bl’)(S), (bL”)(S) > 0! lr] = 28)29)30 177

(S) The functions (a/")®, (b/")® are positive continuous increasing and bounded.

Definition of (p;)®, (1;)®:
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(@) (Tyo,8) < () < (Azg)®

(BNP((Gs), ) < ()P < 1) < (Bys)®

(T) limTz—»oo(aL",)(S) (T29' t) = (pi)(S)
liquw(b{')(s) (G31, t) = (ri)(S)

Definition of ( A,5)®, ( B, )™ :

Where l (A,6)®, (Bys)®, 0)®, (1)® l are positive constants and [i = 28,29,30

They satisfy Lipschitz condition:

(@) O (Tso,£) = (") (Ta9, )] < (g )P Tpo — Tyole™(M2a)t

16 ((G31)",6) = (B])P((G31), )] < (Feog YO1(Gay) — (Gay)'||e™M2e)®t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (Tyq, t)

www.iiste.org
png
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178

179

180

and(a])® (T, t) . (T3, t) and (T,e, t) are points belonging to the interval [(k,g)®, (M,5)®] . Itis

to be noted that (a{')(s)(ng, t) is uniformly continuous. In the eventuality of the fact, that if
( M,5)® = 5 then the function (a}")® (T,,t) , theFIFTH augmentation coefficient attributable
would be absolutely continuous.

Definition of ( M,5 ), (k,5)® :
(M)®, (k5)®, are positive constants

@® _mp®
(M28)®) 7 (112)® <1

Definition of ( P,5 )™, (0,5)® :

There exists two constants ( P,g ) and ( 0,5 ) which together with
(Mog)®, (k5 )P, (A,9)Pand ( B,g )™ and the constants
(@)®, (@), 1), (B, @)®, ()®,i=28,29,30, satisfy the inequalities

1

@@+ @)+ (Az)® + (Pre)® (kpp) P < 1

(Mz:)(s) [ ) + BD® + (Byg)® + (025)® (k)P <1

Where we suppose
(ai)(ﬁ)' (al{)(ﬁ), (agl)(ﬁ)' (bi)(G)l (bl’)(ﬁ)’ (bL”)(G) > 0: ll] = 32I33)34
(W) The functions (a/")®, (b/")(® are positive continuous increasing and bounded.
Definition of (p;)®, (1;)©:
(al{’)(ﬁ)(T33' t) < (pi)(ﬁ) =< (A32 )(6)

(BN®((G35),1) < (1)@ < (b)N® < (B32)®
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(X) limp, (@) (Ts3, ) = ()
limG—>oo(bi”)(6) ((635)1 t) = (ri)(G)

Definition of ( A3, )©®, (B3, )©® :

Where ‘(432 )®, (B3,) @, (p)®, (1)® ‘ are positive constants and |i = 32,33,34

They satisfy Lipschitz condition: 186

(@) (© (T4s, £) — (a]")© (T3, 0)| < (gp )O|Tg3 — Tigle™ (M)t

I(bY O ((G35)', £) — (B]) O ((Gss), )] < (ka2 )O|(Gss) — (Gas)'||e~ (M)t

With the Lipschitz condition, we place a restriction on the behavior of functions (a!")® (T4, t) 187
and(a;)(® (Ts3,t) . (T4s,t) and (T35, t) are points belonging to the interval [( ks, )©, (M3, )] . Itis

to be noted that (a{’)(G)(T33, t) is uniformly continuous. In the eventuality of the fact, that if

( M3, )® = 6 then the function (a;")® (Ts3,t) , the SIXTH augmentation coefficient would be

absolutely continuous.

Definition of ( M, )©, (k3,)© : 188
(M3,)®, (k3,)®, are positive constants

@® _®)©
(M32)(6) 7 (M3;)()

Definition of ( P, )®, (05, )©® : 189

There exists two constants ( P;, )® and ( 03, )® which together with
(M3,)®, (k3,)®, (A3,)@and (B, )©® and the constants

(@)@, (@)@, B)®@, ()@, )@, ()@, i =323334,

satisfy the inequalities

1 , R - A
(M32)(© [ (ai)(ﬁ) + (ai)(é) + (A3) @+ (P32)® (k32)®] <1

Sl @)@+ B+ (B3) @+ (032)@ (k) @] < 1

(f152)(©)
190
Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution 191
satisfying the conditions
Definition of G;(0),T;(0) :
Gi(0) < (Pr3) VeVt [76,0) = 60 > 0]
Ti(6) < (Quz) WMV
192
193
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Definition of G;(0),T;(0)

Gi(t) < (Pre)@eM)®t G,(0) =6 >0

A TIING
Ti(t) < (Q16)PeMe)™t T,(0) =T >0

Gi(t) < (Py)Pe™0)®t G, (0) =60 >0
Ti(t) < (Qz0)PeM0)Pt  T,(0) =T? >0

Definition of G;(0),T;(0):

Gi(O) < (Py) et [7G,(0) = 60 > 0]

Ti(t) < (Qp0)®e™0)Vt  [T,(0) =T > 0

Definition of G;(0),T;(0) :

Gi(O) < (Pye )P0t [7G,(0) = 60 > 0]

Ty(t) < (Qg6)®eM)®t  [1.(0) =T >0

Definition of G;(0),T;(0) :

Gi(©) < ()PPt [7G,0) = 6! > 0]

Ty(t) < (Q3,) @)t [10)=T2 >0

Proof: Consider operator A™ defined on the space of sextuples of continuous functions
G;, T;: R, - R, which satisfy

Gi(0) = Gio , Ti(0) = Tio ’ Gio = (ﬁ13 )(1) :Tio = (013 )(1):
0= Gi(t) = G < (Prg )W)

0 < Ty(0) ~ T < (Qu3)DeMa)™

By

G_13(t) = Gfs + fot [(a13)(1)G14(s(13)) - ((a13)(1) + ai’3)(1)(T14(5(13)),5(13))) G13(5(13))] d5(13)

Gia(t) = Gy + fgt [(a14)(1)613 (5(13)) - ((ah)(l) + (aﬁ)(l)(TM(s(B)), 5(13))) G14(5(13))] ds(13)
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Gis(t) = Gps + fgt [(a15)(1)G14(5(13)) - ((ais)(l) + (afs)(l)(TM(S(w))‘ 5(13))) G15(5(13))] ds(13) 206

Tis() =Tfs + fot [(b13)(1)T14(5(13)) — ((bin® - (b{%)(l)(G(s(m)),5(13))) T13(5(13))] ds(13) 207

Tia(t) =Ty + fot [(b14)(1)T13(5(13)) - ((bh)(l) - (bﬂ)(l)(c(s(w))‘ 5(13))) T14(5(13))] ds(13) 208

Tys(t) = Tps + fot [(b15)(1)T14(5(13)) - ((bis)(l) - (b{'s)(l)(G(Sus)),5(13))) T15(5(13))] ds(13) 209

Where s(;3) is the integrand that is integrated over an interval (0, t)

210
Proof: "
Consider operator A@® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy
G0 = Gio T = Tio ’ Gio S (1316 )(2) .Tio < (Olﬁ )(2): 212
0 < Gi(t) — GO < (P )Pe(Mis)Pt -
0<Ti(t) = TP < (06 )Pe (16t N
5 215

Gi6(t) = Gis + fot [(aie)(z)Gn(S(m)) - ((a16)(2) + ai’s)(z)(Tn(S(w))x5(16)) 616(5(16))] ds(1e)

6717(t) = Gf7 + fot [(a17)(2)616(s(16)) - ((ab)(z) + (a1'7)(2)(T17(5(16))» 5(17))) 017(5(16))] ds(e) 216

Gra(t) = G + [ [(a18)(2)617(5(16)) - ((ais)(z) + (@is) @ (T17(sae): Sae)) 618(5(16))] dS(16) 2l
Tie(t) = Ty + fot [(b16)(2)T17 (sae) — ((bie)(z) — (b1 P (6(sae), 5(16))) T16(S(16))] dS(16) 218
T (®) =T + J, [(b17)(2)T16(S(16)) - ((b{7)(2) - (b{'7)(2)(6(5(16))'5(16))) T17(5(16))] ds(16) 219
Tie(®) =T + J; [(bls)(z)Tu(S(la)) - ((bis)(z) — (b P (6(sae), 5(16))) Tls(s(ls))] dS(16) 220

Where 544 is the integrand that is integrated over an interval (0, t)

Proof: 221

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

Gi(0) = G, Ti(0) =T, G < (Ppo)®, TP < (020)®, 222
0 < Gi(t) — G° < (Pry )Pe(M20)t .
0 < Ti(t) =T < (Qpo )Pe 200Dt .
K 225
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Goo(t) = G3p + fot [(azo)(3)621(s(20)) - ((aéo)(” + a’z’o)(s)(Tu(S(zo))’5(20))) Gzo(s(zo))] ds (o)

Go1(t) = G3, + fot [(a21)(3)620(5(20)) - ((aél)(g) + (a’2'1)(3)(T21(5(20)),5(20))) 621(5(20))] ds(z0) 226

Goz(t) = G35 + ft [(azz)(3)621(s(20)) - ((alzz)(s) + (alz'z)(s)(Tu(S(zo))'5(20))) Gzz(s(zo))] ds (o) 221
0

Tyo(t) = Tso + fot [(bzo)(g)Tm(S(zo)) — ((30)® - (bé'o)(B)(G (5(20)),5(20))) Tzo(s(zo))] dsz0) 228

T (6) =T7 + fot [(b21)(3)T20(5(20)) - ((bh)(s) - (b£'1)(3)(6(5(20))‘ 5(20))) T21(5(20))] ds(20) 229

= t ’ "
T, () =T, + fo [(bzz)(s)Tn(s(zo)) - ((bzz)(g) - (bzz)(g)(G(S(zo)): 5(20))) T22(5(20))] ds(a0) 230
Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — 231
R, which satisfy

G(0) =GP, Ty(0) =T, G < (Pps )@, TP < (Q24), 232
0 < Gi(t) — G < ( By, )We (M)t 233
0<Ti(t) = TO < (Qpq )P (M)t ~
" 235

6724(t) = 034 + fot [(a24)(4)625(s(24)) - ((024)(4) + a’z’4)(4)(T25(5(24))'5(24))) 624(5(24))] dsa

6725(’5) = Ggs + fot [(azs)(4)624(5(24)) - ((a;s)(‘*) + (alzls)@)(Tzs(S(u))» 5(24))) 625(5(24))] d5(24) 236
G =GO ¢ OF _ R0 "A@D(T G d 237
26(t) 26 T fo (aze) 25(5(24)) (aze)™ + (aze) ( 25(5(24)), 5(24)) 26(5(24)) S(24)

Tpu(t) = Ty, + fot [(b24)(4)T25(5(24)) - (bé4)(4) - (bé'4)(4)(5 (5(24))'5(24))) T24(5(24))] ds(za) 238

Tps5(t) = Tgs + fot [(bzs)(4)T24(5(24)) - ((bés)m - (bé'as)(4)(5 (5(24))'5(24))) T25(5(24))] dsaq) 239

= t 1 "
Tos(®) = T + Jy [(b26) PTos(5c20)) — (050)® = (B3 P(6 (56, S2a)) ) Tas(S2) | A5z 240
Where s(,4) is the integrand that is integrated over an interval (0,¢)

Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, — R, 241
which satisfy

242
Gi(0) =G?, Ti(0) =T, G2 < (Pyg)®, T2 < (Q26)®, 243
0 < G;(t) — GO < (Byg )®e (M)t 244
0<Ti(t) = T < (0 )P (M)t 245
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Gos(t) = G3g + fot [(azs)(s)Gw(S(zs)) - ((aés)(s) + a3g) ) (T29(528)), 5(28))) 628(5(28))] ds(zs)

Gao(t) = G2y + fot [(a29)(5)628(s(28)) - ((alzg)(s) + (ays)® (T29(5(28))‘ 5(28))) 629(5(28))] ds(zs) 247

G3o(t) = G3p + fot [(a30)(5)629(s(28)) ((a’30)(5) + (alslo)(s)(Tw(S(zs))‘ 5(28))) 630(5(28))] ds(zs) 248

Tyg(t) = Ty + fot [(bzs)(s)TZf)(s(zs)) - ((bés)(s) - (bé's)(s)((;(s(zs)),5(28))) T2 (5(28))] ds(zg) 249
Tyo(t) = Tgo + fot [(b29)(5)T28(5(28)) - ((béta)(s) - (bélta)(s)(G (5(28))’5(28))) T29(5(28))] ds(z) 250
T3o(D) = T3 + fot [(bso)(S)Tm(s(zs)) - ((béo)(s) - (bé'o)(s)(c(s(zs))'5(28))) T30(S(28))] ds (29 251

Where s(,g) is the integrand that is integrated over an interval (0, t)

252
Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, = R,
which satisfy
Gi(0) =GP, T;(0) =T, G) < (P3,)®, TP < (Q32)®, 253
0<G(t) -G < (P, )(6)3(1‘732)(6% y5s
0 < Ty(t) = T < (Qaz )@ M)t -
N 256

6732(t) = G??z + fot [(a32)(6)G33(5(32)) - ((aéz)(ﬁ) + aé’z)(6)(T33(5(32))’5(32))) G32(5(32))] d5(32)
6733(’5) = G??s + fot [(a33)(6)G32(5(32)) - ((a§3)(6) + (aéls)(6)(T33(5(32))» 5(32))) G33(5(32))] d5(32) 257

6734(t) = 63?4 + fot [(a34)(6)G33(5(32)) - ((a§4)(6) + (a§'4)(6)(T33(5(32))' 5(32))) G34(5(32))] d5(32) 258

Ty (t) = T3, + fot [(bsz)(G)Tss(S(sz)) - ((béz)(ﬁ) - (bélz)(ﬁ)(G(s(w))'5(32))) T32(5(32))] ds(zz) 259
T33(t) = Tgs + fot [(bss)(G)Tsz(S(sz)) - ((b§3)(6) - (bég)(ﬁ)(G(s(w))'5(32))) T33(5(32))] ds(sz) 260
T34 (t) = T3y + fot [(b34)(6)T33(5(32)) - ((b§4)(6) - (bélzt)(e)(G(s(n)): 5(32))) T34(5(32))] ds(3z) 261

Where s(35) is the integrand that is integrated over an interval (0,¢)

262

(@) The operator A™) maps the space of functions satisfying GLOBAL EQUATIONS into itself 263
.Indeed it is obvious that
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t 5 4 )1
Gi3(t) < GPs + | [(‘113)(1) (634"'( Py )We(M3) 5(13))] ds@s) =

D0 o @) P(P1)D g @
(1 + (ay3)° )t)G14 + W(e( 13)t 1)

From which it follows that

(P13)D+69,

- @ @ ( ) 5
(G13(8) = Gye (M)t < Cas [(< Pia)®+G)el )t (Pg)®

(G?) is as defined in the statement of theorem 1
Analogous inequalities hold also for Gy, ,Gys, Ty3, T14, Tis

(b) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

t = )2
G16(6) < Gl + [y [ (@)@ (68 +( Prg ) Qe M) 500) | dsyg) = (14 (ar1) P )G, +

(a16)P(P16)P (M16) Pt 1
(M) € -

From which it follows that
(P16 )(2)+Gg7

@ @ ( ) _
(G16(t) — Glg)e(Me)™t < ((;16))<2) [(( Pig)® +Gr)e 6% + (P )®

Analogous inequalities hold also for Gy, G5, T16, T17, T1g

(@) The operator A®) maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

t 5 .0 )3)
Go(t) < G3o + fo [(azo)(3) (031"‘( Pyy )P M20) 5(20))] ds(zo) =

(@200 (P20)® [ (f1,0)®
(1+ (a20)P) 68y + 22 (o (o) Ve 1)

From which it follows that

(P20)®+69,

- ® ® 5 <— ) 5
(Go(t) — Gp)e(M20) Pt < 820 — | ((p, 43 4 (9, )e G 4 (Pyy)®

(M20)®

Analogous inequalities hold also for G, , G35, Tog, T21, Tz

(b) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

t PN . )4
Goa(t) < 6% + [ [(@2)® (635+( Poy ) Ve 2607500 dsiyy) =

4 0 (a24) W ( Py )® 0 )@
(14 (a24)®t)G2 + W(e( 20) Pt _ 1)

From which it follows that

(P24)®+695

_ (&) @ 5 <‘ ) 5
(Goa(t) — G)e~ (M)Wt < L2 () Y 1 GO )e\ @35 ) 4 (B, )@

(M24)®

328

www.iiste.org
png

IS’

264

265

266

267

268

269

270

271

272

273

274



Advances in Physics Theories and Applications
ISSN 2224-719X (Paper) ISSN 2225-0638 (Online)
Vol 7, 2012

(G?) is as defined in the statement of theorem 1

(c) The operator A® maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

t =~ e )(3)
Gos(t) < G3g + [(azs)(s) (GS9+(P28 )Ee(Hze) 5(28))] dsg) =

5 0 o (@28)F(P)® [ (1,5
(1 + (aZB)( )t)ng + W(e( 28 )t _ 1)

From which it follows that

_(P25)B5)+68g

(( Py )® + Ggg)e( 6o ) + (P )(S)l

(0 Y p-(Flpg )t - (a2e)®
(G2(t) — Gag)e™ 28 S(Mzs)(s)

(G?) is as defined in the statement of theorem 1

(d) The operator A® maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

t 5 5, )(6)
G32(t) < G, + [(a32)(6) (G§3+( Py, )(©e(Ms2) 5(32))] ds(z) =

(@32)@(P32)® [ (f13,)(©
(1 + (a32)(6)t)633 + %(3(1‘432) t_ 1)

From which it follows that

_ (P32 )©+63;

_ (6) R < ) N
(G2 (6) — GEe (M) @t < WD (YO 1 G0)e\ &8s )+ (Py, )(6)]

= (M32)®

(G?) is as defined in the statement of theorem 6

Analogous inequalities hold also for G5, Gy, To4, Tos, Tog

NG NG
It is now sufficient to take (f‘) , (f’l) < 1 and to choose
(M13)D 7 (M13)®

(P13)® and ( Q5 )™ large to have

[ (P13 )(1)+G?
(a.)(l) ~ R B = R
o | (P)® + ((Pa)® + G))e J < (P3)®
[ (Q13 )(1)+T?
(bp® ~ e 0 _< 70 ) A~ o . o
1y @D (( Q13) + T; )e J +(043) <(0i3)

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying
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GLOBAL EQUATIONS into itself

The operator A ™ is a contraction with respect to the metric 286
d ((G(1>, TW), (6®, T(z))) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’13)(1)t,max |Ti(1)(t) - Ti(z) (t)|e‘(ﬁ13)(1)t}
i teER+ teER+

Indeed if we denote 287
Definition of G, T :
(G, T)=ANG,T)
It results
165 - 62| < [ (@)@ |67 — 67" Ms9 M sawe (M1 Msa9 dg ) +
@16 = G e Vs Tao s
O
621l V(T s0) = (@)D (TD, saz)| 6”500 M1 Psanyas
Where s(43 represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|6W - 6@ e~ (1)t 288
arom (@) + @) + (A1) + (Pr) D (i) ) (6D, 7V; 6@, 7))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 1: The fact that we supposed (a}3)® and (bj5)™ depending also on t can be considered as 289

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pr3)De™1DDt gng (0,5)De ™Dt regpectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then

it suffices to consider that (a/" )™ and (b;")V,i = 13,14,15 depend only on T,, and respectively on

G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) = 0 290
From 19 to 24 it results

GL' (t) > Gi()e[—fot{(ag)(l)_(a{’)(l)(T14(S(13)),5(13))}(15(13)] >0 291

T; (t) = Tioe(‘(bf)(l)f) >0 fort>0
Definition of ((My5)®),, and ((M13)™), : 292

Remark 3: if G5 is bounded, the same property have also G,, and G5 . indeed if
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Gi3 < (My3)@ it follows d;% < ((My3)®), = (1) Gy4 and by integrating

Gig < ((/M13)(1))2 = Gy + 2(a14)(1)((/1\7[13)(1))1/((154)(1)

In the same way , one can obtain

Gis < ((7\7113)(1))3 =G + 2(“15)(1)((7‘\413)(1))2/(‘115)(1)

If Gy, or G5 is bounded, the same property follows for G5, G;s and G,5, G4 respectively.

Remark 4: If G;5 is bounded, from below, the same property holds for G,, and G5 . The proof is 293
analogous with the preceding one. An analogous property is true if G,, is bounded from below.

Remark 5: If T;5 is bounded from below and lim,_,., ((b;)® (G(t),t)) = (b;,)™® then T,, — oo. 294
Definition of (m)™ and ¢, :
Indeed let t; be sothat fort > t;

(b)) = (BHYD(G (D), t) < &1, Ty (&) > (M)W

Then dzlt“ > (a14) @ (m)® — &, T,, which leads to 295
) () (D)
Ty, = (M) (1 —eat) + TS e 21t |f we take t such that e =61t = é it results
1

(D) (D)
Tyy = (M) t = logsi By taking now &, sufficiently small one sees that T, is
1
unbounded. The same property holds for Ty if lim,_. (bj5)™® (G(t),t) = (bjs)®

We now state a more precise theorem about the behaviors at infinity of the solutions

296
i » @® @@ 297
It is now sufficient to take — ,——= < 1 and to choose
(M16)® 7 (M16)P
(Pis)® and (0,6 )@ large to have
[ <(T’15)(2>+G§?> 298
@)@ |, ~ ~ T .
(IVI:e)(z) (P16)(2) + (( Py )(2) + G]-O)e “ < (P )(2)
299
[ (Q16 )(2)+T?
000 [y a e T a0 = (0
(1\7116)(2) 16 j 16 = 16
In order that the operator A transforms the space of sextuples of functions G; , T; satisfying 300
The operator A is a contraction with respect to the metric 301

d (((619)(1): (T19)(1))' ((619)(2)’ (T19)(2))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’16)(2)t,max |Ti(1) t) — Ti(z) (t)|e_("716)(2)t}
i teER4 teER4
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Indeed if we denote 302

DEfinItion Of G;’g, 7:;-/9 . ( q;,’f’;; ) = CA(Z)(Glg, T19)
It results 303
|G~1(é) _ 5i(2)| < fot(am)(z) |Gl(;) _ Gl(;)|e—(1‘716)(2)5(16)3(1‘716)(2)5(16) dsae) +
[ (@) @[6P — 62 ]e P10 P50 P50 1
(aile)(z)(Ti(;)' 5(16))|Gl(é) - Gfé)|e_(ﬁ“)ms(lﬁ)e(ﬁlﬁ)ms(“) +
" " (M@ M2
G1(§)|(a16)(2)(T1(71)'5(16)) _ (a16)(2)(T1(72)'S(16))| e~ (M16)""5(16) o (M16) S16)}ds (1)
Where s(,6) represents integrand that is integrated over the interval [0, t] 304

From the hypotheses it follows

|(G1)® — (Glg)(2)|e_(M16)(2)t < 305
a5 (@)@ + @@ + (A)® +

(Pi)® (R10)@)d (((G10) @, (T1)D; (619)?, (T10)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows 306
Remark 1: The fact that we supposed (ajs)® and (bj%)® depending also on t can be considered as 307

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pe)@PeM10Pt and (Q,) @ eM16®t regpectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then

it suffices to consider that (a;')® and (b;")®,i = 16,17,18 depend only on T;, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) = 0 308
From 19 to 24 it results

G; (t) > G?e[‘ @) @=(a]" )P (T17(5(16)) 516))}d516) >0

T, (0) > T0eCDPY > 0 fort > 0

Definition of ((M;6)®),, (M;6)®), and ((M;6)®), : 309
Remark 3: if G;¢ is bounded, the same property have also G;; and G;g . indeed if

Gy < (My)@ it follows % < ((My6)®), = (a17)®Gy7 and by integrating

Gy < ((ﬁ16)(2))2 = Gfy + 2(a17)(2)((ﬁ16)(2))1/(a17)(2)

In the same way , one can obtain

Gig < ((ﬁlﬁ)(Z))3 =Gig + 2(a18)(2)((ﬁ16)(2))2/(a18)(2) 310

If Gy, or G;g is bounded, the same property follows for G, , G5 and G,4, G4, respectively.
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Remark 4: If G,4 is bounded, from below, the same property holds for G, and G,5. The proof is 311
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T, is bounded from below and lim,_,. ((b;")® ((G19) (1), 1)) = (b};)® then 312

Ty7 = oo.
Definition of (m)® and ¢, :
Indeed let t, be sothat fort > t,

(b17)(2) - (bin)(z)((Gw)(t),t) < g, Tie (D > (m)®

Then S22 > (a;,)® (m)® — e, T,, which leads to 313
(@)D )@ —e,t 0 —et et 1.
Ty = (S—) (1 —e™22% + TP e %2" If we take t such that e7%2t = > it results
2
@@
Ty 2 (%) t= logsi By taking now &, sufficiently small one sees that T, is 314
2
unbounded. The same property holds for Tyg if lim,_e, (b15)® ((G10) (D), t) = (b1g)?
We now state a more precise theorem about the behaviors at infinity of the solutions
315
N©) NO)
It is now sufficient to take —22— , D" <1 and to choose 316
(M20)®) 7 (Mz0)®
(Pyo)® and (Q,0)® large to have
() [ ((f’zo)(”m?) 317
@® | B e )
(Mazo)(?») (P2)® + ((Po)® + Gjo)e “ < (Py)®
. [ ( (Q20 )(3)+T?> 318
(CHIS A T A A
(M30)® ((020)® + Tjo)e " +(020)®] < (020)®
In order that the operator A transforms the space of sextuples of functions G;, T; into itself 319
The operator A®) is a contraction with respect to the metric 320
d (((623)(1)' (T23)(1)), ((623)(2): (T23)(2))) =
sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’2°)(3)t,max |Ti(1)(t) —1® (t)|e_("720)(3)t}
i tER4 tER4
Indeed if we denote 321
Definition of G,3, Tp3 :( (G23), (T23) ) = d‘l(3)((623): (T23))
It results 322

|52(3> _ Gz(2)| < fot(azo)“) IGZ(P _ Gz(i)|e—(1‘720)(3)5(20)e(1‘720)(3)5(20) dsco) +

(@50 @[6E — 62|e~(M20)Ps0) g =(Ma0)Vszo) 4
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" —(M (3) M 3)

(azo)(s)(Tz(i)' 5(20))|Gz((1)) - Gz((z))|e (Pz0)" S(20) g (Mz20) V50 + 323

Gz(ﬁ) | (aélo)(g)(Tz(P' 5(20)) - (alzlo)(B) (Tz(f)' 5(20))| e_(ﬁm)@s(zo)e(ﬁm)ms(zo)}ds(zo)

Where s,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6 - c@| e~ (M)t < 324
G (@)@ + (@) + (A0)@ +

(P20)® (ko) ®)d (((62)D, (T2) Vs (6:)P, (Tp)®))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a3,)® and (b3,)® depending also on t can be considered as 325

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pro)@e ™20t and (0,0)® e ™20t respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a/')® and (b;)®,i = 20,21,22 depend only on T,, and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0 326

From 19 to 24 it results

G; (t) > Gioe[- fot{(af)m-(al{’)m(Tz1(5(20))'5(20))}‘15(20)] >0

T; (t) = Tioe(‘(b{)@)f) >0 fort>0
Definition of ((M,0)®),, ((My0)®), and ((Mz0)®), : 327
Remark 3: if G,, is bounded, the same property have also G,, and G, . indeed if

Gyo < (My)® it follows % < (My0)®), = (a31)® Gy, and by integrating

Gy1 < ((ﬁzo)(3))2 = G31 + 2(a21)(3)((W20)(3))1/(a’21)(3)

In the same way , one can obtain

Gaz < ((7\7120)(3))3 = Gg, + 2(a22)(3)((7\7’20)(3))2/(‘1’22)(3)

If G,, or G,, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,, and G,, . The proof is 328
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T, is bounded from below and lim,_., ((b{")® ((G,3)(t),t)) = (b51)® then 329
T3 — co.

initi 3) -
Definition of (m)" and &5 : 330
Indeed let t; be so that for ¢t > t4
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(by1)® — (b{’)(s)((st)(t)'t) < &5, Ty (£) > (M)®

Then 2> (a,,)® (m)® — £,T;, which leads to 331
@ (m)® .
Ty, = (w) (1 —e™%3) + T e3¢t If we take t such that e3¢ = % it results
3
(a20)® @M@ 2 . - .
T,y = (f) t= logg— By taking now &5 sufficiently small one sees that T, is
3

unbounded. The same property holds for T, if lim,_e, (b35)® ((G23)(t), t) = (b32)®

We now state a more precise theorem about the behaviors at infinity of the solutions

332
It is now sufficient to take @ _tp® < 1 and to choose 333
(Mag ) 7 (Mp4)®

(P, )™ and (Q,, )™ large to have

[ <(Pz4>(4>+cj?> 334
@)® |, ~ ~ T -
@ | (Pe)® + ((P) P+ GP)e VT | < (Py)®

[ ( (Q24 )(4)+T?> 335
()@ ~ i U ~ ~
i@ |((Q)@+T)e T 4+ (Q24)® | < (Q2a)®

In order that the operator A® transforms the space of sextuples of functions G; , T; satisfying IN to 336
itself

The operator A™ is a contraction with respect to the metric 337

d (((G2)®, (T:)D), ((6:)P, (T37)D)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q24)(4)t,max |Ti(1) ) - Ti(z) (t)|e'(M24)(4)t}
i teER+ teER+

Indeed if we denote
Definition of (G,,), (T;7) :  ((G27), (T37) ) = AW ((Gy7), (T2))

It results
16D - ¢®| < fot(a“)(‘*) 160 - 62 e~ (M2)V5(24) o (M20) P24 s +
[H@s) @6 — 62 |e= M0 Wsane (M0 @sn
(@)D (T, 500) |6 = 62 |e™ M0 sene M) Vs 4
Gz(i) | (a'2'4)(4) (Tz(sl)' 5(24)) - (aé'4)(4) (Tz(sz)' 5(24))| e—(ﬂ24)(4)s(24)e(ﬂ“)(‘*)s(“)}ds(“)

Where s5(,4) represents integrand that is integrated over the interval [0, t]
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From the hypotheses it follows

338
(@)
|(G27)(1) _ (627)(2)|e (M)Wt < 339
1 , -
W((azd(@ + (a)™@ + (A9 +

(P20)® (ko) ®)d (G2, (Tp) Vs (6, (1))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)® and (by,)® depending also on t can be considered 340
as not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(P,)@e ™2™t qand (0,,)®eM20®¢ respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a;)™® and (b/")®, i = 24,25,26 depend only on T,5 and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0 341

From 19 to 24 it results

G, (t) = Gioe[_ f(f{(af)“)-(af')“)(Tzs(5(24))'5(24))}‘15(24)] >0

T, (£) = TPe D) > 0 fort> 0

Definition of ((M,,)®),, (M2)®), and ((M,)®), : 342
Remark 3: if G,, is bounded, the same property have also G, and G, . indeed if

Goa < (My)@ it follows

3:5 < ((/117124)(4))1 — (ahs)™® G,s5 and by integrating

Gos < ((ﬁ24)(4))2 = G35 + 2(“25)(4)((T424)(4))1/(a’25)(4)

In the same way , one can obtain

Gy < ((/M24)(4))3 = Gge + 2(a26)(4)((7\7’24)(4))2/(‘1’26)(4)

If G,5 or G, is bounded, the same property follows for Gy, , G, and G,4, G5 respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,5 and G,4 . The proof is 343
analogous with the preceding one. An analogous property is true if G,5 is bounded from below.

Remark 5: If T,, is bounded from below and lim,_,., ((b;")® ((G5,)(t),t)) = (bys)™® then 344

Ty5 — oo.
Definition of (m)™® and ¢, :

Indeed let t, besothatfort > t,
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(b25)® — (B Y P((G37) (D), ) < €4, Toy (t) > (M)™

Then d;zts > (ay5)® (M)® — &,T,s which leads to 345
(azs)(4)(m)(4) —&4t 0 ,—é&4t —&4t 1.
T,s = (75 )(1 — e 8Y) + Ty e 4" If we take t such that e™®4! = S it results
4
(az5) Mm@ 2 . - .
T,s = (f), t= logg— By taking now ¢, sufficiently small one sees that T,5 is
4

unbounded. The same property holds for Ty if lim;_,.(b55)™ ((G27)(t),t) = (bje)™

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for G,q, G3g, T2g, T29, T3

346
: . @® _®® 347
It is now sufficient to take (1a)® * (11, )® < 1 andto choose
(P )™ and (Q,5)® large to have
[ (P28)5)+6Y 348
@® | ~ - o -
(leg)(s) (P2)® + ((P26)® +GP)e K < (Pye)®
[ (228)5)+17 349
w® |, A T ~ A
(leg)(s) ((02)® + Tjo)e g +(028)®] < (Q28)®
In order that the operator A®) transforms the space of sextuples of functions G; , T; into itself 350
The operator A® is a contraction with respect to the metric 351

d (((62)®, (T:)D), ((6:)P, (T:)@)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’28)(5)t,max |Ti(1)(t) - Ti(z) (t)|e_("728)(5)t}
i tER4 tER4

Indeed if we denote

Definition of (G31), (T51) : ((G31), (T51) ) = A ((G31), (T51))

It results
~ = ()5 o) (5)

|Gz(;) _ GL(2)| < fot(azs)(S) |Gz(;) _ Gz(;) e (M) 5 S(ZS)e(MZS) 5 S(28) ds(zg) +
t (€] (@) ,—(Mag)® (M)

fo{(alzs)(s)mzs — Gyt |e (M28)*>’5(28) o ~(M28)">'S(28) 4

(W) (152,520 G52 = 659 o™ P00 T .
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@)y (1) " ©) (M) (5) NG
Gy2 |(a28)(5)(T29 '5(28)) _ (azg)(s)(ng ’5(28))| e~ (M28)*>’5(28) p (M28) S28)}ds ,g)
Where s(,g) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows
352

—(Mra)®)
|(G31)(1) — (631)(2)|e (M28)™t < 353
1 , -
Th0a)® ((a29)® + (a%e)® + (Aze)® +

(P2e)® (o) ®)d (6300, (Ta) Vs (630, (T3)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis (35,35,36) the result
follows

Remark 1: The fact that we supposed (ayg)® and (b5)® depending also on t can be considered 354
as not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(Ppe)®e ™20t qnd (D) e 280t respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a;)®® and (b;")®, i = 28,29,30 depend only on T,4 and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0 355

From GLOBAL EQUATIONS it results

G, (t) > (;L,Oe[—f(f{(ag)(S)—(aL{’)(S)(T29(5(28))'5(28))}‘15(28)] >0

T, () = TPeC®D®) > 0 fort> 0

Definition of ((My5)®) , (Ma5)®), and ((Mp)®), : 356
Remark 3: if G,5 is bounded, the same property have also G, and G;, . indeed if

Grg < (M,g)® it follows ds% < ((/117128)(5))1 — (ahg)®G,g and by integrating

Goo < ((7‘7128)(5))2 = G39 + 2(“29)(5)((ﬁzs)(s))l/(aé9)(5)

In the same way , one can obtain

G3o < ((ﬁzs)(s))3 = G3o + 2(“30)(5)((T428)(5))2/(a50)(5)

If G,9 07 G3q is bounded, the same property follows for G,g, G3¢ and G,g, G, respectively.

Remark 4: If G, is bounded, from below, the same property holds for G,4 and G5, . The proof is 357
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T,g is bounded from below and lim;_, ((b;")® ((G31)(2), 1)) = (b55)® then 358
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Tz9 — oo.

Definition of (m)® and & :

Indeed let t; be sothatfort > tg

(b20)® — (b{)B((G31) (D), 1) < &5, Tog () > (M)

Then dzztg > (ay9) P (M)® — £5T,o which leads to
(a29)® (m)® —est 0 ,-est —est 1
T = (8—) (1 —e78") + Type 5" If we take t such that e 755 = S it results
5
(a29)®(m)® 2 . _ .
Ty = (f), t= logg— By taking now &5 sufficiently small one sees that T, is
5

unbounded. The same property holds for Tz, if lim;_,, (b36)® ((G31)(t), t) = (b3e)®
We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also for G35, G34, T35, T33, T3s

@® _®

(1)@ " (g )@ < 1 and to choose

It is now sufficient to take

(P;,)® and (Q3, )@ large to have

[ <(P32 )(6)+G?>
@® | - . |\ -
(1V13L2)(6) (Ps)®@ + ((P5)® + Gjo)e € < (P5)®
[ (Q32 )(6)+T?
COIGH VSN G B _< T) 0,,)0| < (04, )©
RG] ((0:)® + T; )e / +(0Q32)"[ = (0Qs2)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A® is a contraction with respect to the metric

d (((629)®, (T3)D), (G, (T2))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’32)(6)t,max |Ti(1)(t) — Ti(z) (t)|e_("732)(6)t}
i tER4 tER4

Indeed if we denote

Definition of (G5), (Tss) :  ( (Gas), (Tzs) ) = A®((Gss), (Tss))

It results
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|G~3(§) _ G~i(2)| < fot(agz)(ﬁ) |G§§) _ Gé? e‘("A’Isz)(E‘)S(sz)e("A”sz)“)s(m ds(32) +
Jy (@) @163 — 62 Fs2) Vs~ Vs 4
(as; (6)(T3(31)' 5(32))|ng) - 63%)|e_(ﬁ”)(s)s(“)e(ﬁ“)(s)s(”) +

" 17 —(Mar)(6) Vo) (6)
G§§)|(a32)(6)(T3(;),5(32)) _ (a32)(6)(T3(§)rs(32))| e~ (M32)"%s(32) o (M32) S62}ds(3,)

Where s37) represents integrand that is integrated over the interval [0, t] 367
From the hypotheses it follows
|(G3)™ — (635)(2)|3_(’M32)(G)t < 368

1 , ~
W((“sz)(ﬁ) + (a5,)© + (43)@ +
(Ps2) @ (32)@)d (((6G35)™®, (Te)®; (Ga5)@, (T5) @)
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a%,)® and (b3,)©® depending also on t can be considered 369
as not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(P3) @2t qng (Qy,) @ e (P32t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a;")® and (b;")®, i = 32,33,34 depend only on T;; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0 370

From 69 to 32 it results

G, (t) = Gioe[—f(f{(ai)(e)—(ai')(e)(Tss(5(32))'5(32))}615(32)] >0

T, (0) = TPe-®D) > 0 fort> 0

Definition of ((Ms,)©),, ((M3,)®), and ((M5,)®), : 371

Remark 3: if G, is bounded, the same property have also G35 and G5, . indeed if

da

Gz, < (M3,)® it follows G:3 < ((/117132)(6))1 — (a}3)® G35 and by integrating

d
Gzs < (M32) @), = G5 + 2(a33) (M) @), /(a53)©
In the same way , one can obtain

G3q < ((7\7132)(6))3 = G34 + 2(a34)(6)((7\7132)(6))2/(61’34)(6)

If G35 or Gs, is bounded, the same property follows for G5, , G34 and Gz, , G353 respectively.
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Remark 4: If G5, is bounded, from below, the same property holds for G35 and G3, . The proof is 372
analogous with the preceding one. An analogous property is true if G35 is bounded from below.

Remark 5: If Ty, is bounded from below and lim,_,., ((b;")® ((G35)(t),t)) = (b33)® then 373

T33 — co.
Definition of (m)©® and & :

Indeed let t5 be sothat fort > tg4

(b33)® — (bi”)(G)((G%)(t)' t) < &6, T3y (t) > (m)®

374
Then djf: > (a33)® (mM)® — g,T5; which leads to 375
Tys = (%) (1 —e~%6%) + T e %6t If we take t such that e %6 = % it results
(a33) @ m)©@ 2 . - .
T3 = (f), t= log; By taking now &g sufficiently small one sees that Ts; is
unbounded. The same property holds for Ty, if lim,_,e (bs,)® ((635)(t), t(t), t) = (bs)®
We now state a more precise theorem about the behaviors at infinity of the solutions
376
Behavior of the solutions 377
_If we denote and define
Definition of (a;)®, (6,)@, (1)@, (r)® :
@) 0@, (0,)P, ()P, (1,)® four constants satisfying
_(02)(1) < —(a13)(1) + (ah)(l) - (a1'3)(1) (Tia, 0) + (ailz;)(l)(TM' t) < _(01)(1)
— ()™ < =(bi3)® + (1)@ = (i) PG, 1) — (b)) P (G, 1) < —()@
Definition of (v;)®, (v,)®, (u)®, (uy)®, v, 4@ : 378
(b) By (v,)® >0, ,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots of the
equations (a,4) P (v™®)” + (a)Dv® — (az)® = 0and (by,) @ (u®)” + () Du® —
(b13)(1) =0
Definition of (v,)®,, ()™, ()™, (@)™ : 379
By (1,)® >0, (7,)™ < 0 and respectively (i1;)® >0, (,)® < 0 the roots of the equations
(@) PO + (0) DD = (3P = 0 and (b)) P (u®)” + (1) Pu® = (by5)® = 0
Definition of (m,)®, (m)®, (u)™, (u)®, (vo)™ :- 380

(©) If we define (my)®, (m)®, (u)®, ()@ by
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(mz)(l) = (Vo)(l)’ (m1)(1) = (V1)(1)' if (Vo)(l) < (V1)(1)

(my)® = (v)®, (D = D, if (WD < ()P < (7)D,

and |(ve)® = %
14

(mp)® = (v)®, (m)® = (ve) @D, if )P < (vo)®
and analogously 381
(ﬂz)(l) = (uo)(l)’(lh)(l) = (u1)(1)' if (uo)(l) < (u1)(1)

)P = WD, (u)® = @)D, if w)® < (we)® < (@)@,

and | (ug)® = T“

(12)® = )@, @)® = ()W, if @)™ < (ue)™® where (uy)®, (@)™ 382
are defined respectively
Then the solution satisfies the inequalities 383

(;036((51)(1)—(p13)(1))t < G13(t) < Gi)se(gl)(l)t

where (p,)™ is defined

W _ () ® o
Wals (V-0 < G, (1) S @ (1) Grze®V
(a15) V6 W_(p, D (5@ EPRNGH 384
((m1)(1)((51)(1;—(17131)3(1)—(52)(1)) [e((51) (a7t — g ] + G{)Se G < Gis(8) <
(a15) V6P € EPANCY! EPWANGY
Gy e —eT @ + Gigem (s
T80Vt < T, (1) < The (0 Dreu e | 385
L Te®V < T (8) < TS e (RD+ (i)Wt 386
(11 )
(b15) W1y (€) _(b! @ —(p! D 387
(D=1 ) T R TS HOE
(a15) D1y ROD 4 () D)t —(R) Dt 0 —(R) Dt
(ﬂz)(l)((Rl)(l)+(T13)(1)+(R2)(1)) [e(( 1) (r13) ) —e (R2) ] + TlSe (R2)
Definition of (5,)™, (5,)®, (R)D, (R,)V:- 388

Where (51)(1) = (‘113)(1) (mz)(l) - (a{3)(1)
(52)(1) = (a15)(1) - (P15)(1)

(R1)(1) = (b13)(1) (#2)(1) - (bis)(l)

(R)W = (b15)® = (115)™W
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Behavior of the solutions

_If we denote and define
Definition of (6,)@,(0,)®, (1)@, (1)@ :
d) 6,)®,(0,)?, (1)@, (1,)® four constants satisfying
—(02)@ < —(a16)@ + (a1)® — (a1) P (Ty7, 1) + (a17) P (Ty7, 1) < —(0,)@
—(1)® < =(bie)® + (b])P = (b16) P ((G1o), t) = (b17) P ((G19),t) < —(1))P
Definition of (v;)®, (v;)@®, (u))@, (uy,)@ :
By (v;)® >0, (v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots
(e) of the equations (a;,)®(v@®)” + (6,)@v® — (ay6)@ =0
and (b)@ @)’ + (1) Pu® — (by)® = 0and
Definition of (7,)®,, (¥,)®, (i1,)®, (i1,)® :
By (1,)® > 0, (¥,)® < 0 and respectively (i1;)® >0, (1,)® < 0 the
roots of the equations (a,,)® (v(z))2 + (0,)Pv® — (a,6)® =0
and (by,)@ @)’ + (1,)Pu® — (by)® = 0
Definition of (m,)® , (m,)@, (1)@, (uy)@ :-
() Ifwe define (m)@ , (m,)@, (1)@, (u)@ by
(mz)(z) = (Vo)(z)' (m1)(2) = (V1)(2), if (VO)(Z) < (V1)(2)

(my)@ = (v))®, (Mm@ = )P ,if V)P < (V)? < (1)@,

0
and [(v))® =2t
17

(mp)® = (1)@, ()@ = ()@, if )P < (v)®
and analogously
(#2)(2) = (uo)(z)’ (.“1)(2) = (u1)(2): if (uo)(z) < (u1)(2)

U)@ = W)@, (1)@ = @)? ,if (W)@ < (we)® < (@),

0
and | (u)® = %
1

(#2)(2) = (u1)(2)' (ﬂi)(z) = (uo)(z): if (1_11)(2) < (uo)(z)

Then the solution satisfies the inequalities
G eGP =010t < G (1) < GO eVt

(p)® is defined
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@_(p; )@ @
WGM eGP -1t < Gz (1) < (z) GV 410
(a1)Pc8 @ _(p, @ (5@ _s@ 411
((m1)<2>((sl)(g—(m;)ﬁm—(sz)<2>) [e((51) P = e t] + Gloe™ T < Gro(0) <
(a )(Z)GO (2) _a! N2 _nl N2
(mz)m((281)@)—1(218)(”) [0 — T 4 Gigem el
TS e®0®t < 7, (1) < TC (R0 @410t | 412
e Mt < Tig(0) < 2y e e a3
(#1)
(b1)PTY @ VNG NG 414
TR TN [0 — Gl 4 ThheCin e < Ty () <
(a19) D196 RID 4 AV (R 0 —(R@p
(12) D (R D +(116) D+ (R D) e(R)P+(r16)P)t _ o=(Re) ]+T1se (R2)
Definition of ($,)®, (S,)®, (R))®, (R,)®:- 415
Where (1)® = (a1)® (my)® ~ (16)® 416

(Sz)(z) = (als)(Z) - (p18)(2)
(R1)(2) = (b16)(2)(112)(1) - (bie)(z) 417

(Rz)(z) = (b{s)(z) - (7”18)(2)

418
Behavior of the solutions 419
_If we denote and define
Definition of (6,)®,(6,)®, (1))@, (t,)®:
@) 0))®,(0,)®, ()P, (1,)® four constants satisfying
—(02)® < —=(a30)® + (25))® = (a0) @ (T21, ) + (a5) P (T, t) < —(0)®
—(1)® < =(b30)® + (1) = (b30)P (G, 1) = (b)) P ((G3),t) < = (7))@
Definition of (v;)®, (v,)®, (u))®, (up)® : 420
(b) By (v;)® >0,1,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the
equations (a,)®(v®)” + (6)Pv® — (a50)® = 0
and (b,))® (u®)” + (1)Pu® — (by)® = 0 and
By (1,)® > 0, (#,)® < 0and respectively (@1;)® >0, (7,)® < 0 the
roots of the equations (a,;)® (v®)” + (6,) v — (a50)® = 0
and (b,1)® (u®)” + (1) Pu® — (by)® = 0
Definition of (m;)®,(m,)®, (u)®, (u)® - 421
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(c) Ifwe define (m)®, (m,)®, (u)®, (1) by
(mz)(s) = (Vo)(s)’ (m1)(3) = (V1)(3): if (Vo)(s) < (V1)(3)

(my)® = (1)®, (m)N® = NP, if V)P < V)P < [T,

GO
and |(vy)® = e
21

(m)® = ()P, (M) = W)@, if )P < (v))®
and analogously 422

(#2)(3) = (uo)(g)' (#1)(3) = (ul)(B)v if (uo)(3) < (ul)(B)

T3

(12)® = )P, (w)® = @), if @)® < we)® < @), and|(up)® = T

=]

N
H°|

(1)@ = W)@, )@ = w)®, if (@) < (ue)®

Then the solution satisfies the inequalities

GLe(DP =20t < 6, (6) < G8,eD™

(p)® is defined 423
WGZO e -20®)t < G21(0) < (3) Goe et 424
(az2)® 64, 3)_ 3) —(5,)® —(5,)® 425
((m1)<3>((sl)<§>2-(p202>0<3>-(sz)<3>) [e((51) =) — g0 t] + GRe™ T < Gy (1) <
(a )(3)(;0 @3) NG —(al 3
(mz)(3)((Z)@)—Z((;;z)(”) [9(51) t_pe (azz) t] + nge (azz) t)
7’2006(1‘?1)(3)t < Tyo(t) < Tzooe((Rl)(3)+(r20)(3))t | 426
The DVt < Typ(6) < L5 T e a0 O 427
(11 )(3) 20 20 (3) 20
(b22) DT ) —(bL\® ENANG) 428
g [e " e 4 e O < ) <
(az2) TS 3) &) TN G) —(R)®
DR+ T D) R T
Definition of (5,)®, (5,)®, (R)®, (R,)®:- 429
Where (5)® = (az0)® (m;)® — (a30)®
(52)(3) = (azz)(3) - (pzz)m
(R = (b20)® (2)® = (b3)®
(Rz)(3) = (béz)m - (7’22)(3)
430
431
Behavior of the solutions 432
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If we denote and define

Definition of (0,)®, (6,)?, (1))@, (1,)® :

d) ()@, (0)®, (1), (1,)® four constants satisfying

—(02)® < —(a3)™® + (a55)® — (@) P (s, 1) + (a3s) P (T5, 1) < —(0)@

— ()™ < =(b3)® + (b35)® = (3) P ((G2), t) = (b3s) P ((G7), t) < —(7)@

Definition of (v;)™, (v;)®, (u)®@, (ux)®, v, u® : 433

(e) By (v))® >0,(v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the
equations (azs)(‘*)(v(‘*))2 + (0)Pv® — (g,)@ =0
and (bzs)(4)(u(4))2 + (t)®Pu® — (b,))® = 0and

Definition of (v,)®,, (v,)®, (i1i,)@W, ()™ : 434
435
By (1,)® > 0, (#,)™® < 0 and respectively (i1;)® >0, (i,)® < 0 the
roots of the equations (azs)(4)(v(4))2 + () Pv® — (@)@ =0
and (b)) @(u®)" + (1) Du® — (b)) @ = 0

436
Definition of (m;)™®, (m,)™, (u)™, ()™, (ve)™® :-
(f) If we define (my), (m)®, (u)®, (u)® by
(mz)(4) = (Vo)m’ (ml)(4) = (Vl)(4)' if (Vo)(4) < (Vl)(4)
(mz)® = W)@, (m)® = @)W, if (v)® < ()™ < ()@,
0
and |(ve)® = %
25
(mz)(4) = (V4)(4)' (m1)(4) = (Vo)(4): if (‘74)(4) < (Vo)(4)
and analogously 437
438
(ﬂz)(4) = (uo)(4)’ (.“1)(4) = (u1)(4): if (uo)(4) < (ul)(4)
U2)™ = W)™, (u)® = @)™, if W)™ < (w)™® < (@)™,
TO
and|(up)® = =
25
(.“2)(4) = (u1)(4)’ (.“1)(4) = (uo)(4): if (al)(4) < (uo)(4) where (ul)(4): (ﬁ1)(4)
are defined by 59 and 64 respectively
Then the solution satisfies the inequalities 439
440
Ge(EDP-0™) < 6, (¢) < G2,eD™ 441
442
where (p;)¥ is defined 443
444
445
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(4)_ (4) (4)
WGM (B0 -@0™)t < G, (6) < (4) GPaeSVt 446
447
(a26)W 63 Y@ (1, )@ —(5,)@® 0 —(5,)® 448
((ml)“)((sl)é)s—(pzf)t‘”—(sz)“”) [e(( VI - e t] + Gaoe™ < Gae(8) <
(a26)(4)Gg4 s )¢ —(al D¢ 0 —(ah ) D¢
(M) @ (5P~ (ae)) [ — @] 4 Gpeehe
|T204e(R1)(4)r < T () < TL,e (@@ +(20)®)e ‘ 449
T, (R1)(4)t <T < ((Rl)(4)+(7”24)(4))t 450
(U1 )(4) 4(t) (4)
(b26) TS, @ — (bl @ —(bl @ 451
G (R~ [0 — o020 ] 4 Tfe=@h0 Mt < Th(1) <
(a26) VT3, RO@ 4 () D)t —(R) @t 0 —(R)®¢
) [e(@P 20 @) _ o=k} ®e] 1 70 o=tk
Definition of (5;)®, (5,)@, (R)™, (R,)W:- 452

Where (S)® = (a24)® (mp)® — (a3)®
($2)™® = (az6)™ — (P26)™
(R = (b)) ® (ux)® — (b3)™
(R)™ = (b3)® — (16)™ 453

Behavior of the solutions 454
If we denote and define

Definition of (0,)®, (0,)®, (1,)®, (1,)® :

@) ()P, (0)®, (1), (1,)® four constants satisfying

—(02)® < —(a5e)® + (a39)® — (a55) ) (Tz9, 1) + (a39) P (Tz9,t) < = ()

—(1)® < =(b39)® + (b3)® = (b36) P ((G31), ) = (b39) P ((G31), ) < —(2)®

Definition of (v;)®, (v,)®, (u))®, ()@, v, u® : 455

(h) By (1,)® >0, (w,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the
equations (azg)(S)(V(S))Z + (0)OvE — (a)® =0
and (by0)® (u®)” + (1)OuU® — (b,g)® = 0 and

Definition of (v,)®,, (#,)®, (@,)®, (@,)® : 456

By (1,)® >0, (#,)® < 0 and respectively (i1;)® >0, (1,)® < 0 the
roots of the equations (azg)(s)(v(S))Z +(0,) OV — (ay6)® =0
and (bzg)(s)(u(s))2 + (1)OuU® — (b,)® =0
Definition of (m,)® , (M,)®, (1), (1), (ve)® :-

(i) If we define (my)®, (m,)®, (1), (ux)® by
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(mz)(s) = (Vo)(s)' (m1)(5) = (Vl)(S)v if (Vo)(s) < (V1)(5)

(my)® = (v))®, (m)® = @), if v)® < (V))® < @),
GO
and |(v))® = G—f)g
29

(mz)(s) = (V1)(5)' (m1)(5) = (Vo)(s): if (‘71)(5) < (Vo)(s)
and analogously 457
(ﬂz)(s) = (uo)(s)’ (ﬂ1)(5) = (u1)(5): if (uo)(s) < (u1)(5)

1)® = w)®, (1)® = @), if (w)® < (w)® < (@)™,
0
and| (ue)® = 22
29

(12)® = @)®, (1)® = (W)™, if (@)™ < (u)® where ()™, (@)™
are defined respectively

Then the solution satisfies the inequalities 458
Ggse((sl)(S)—(st)(s))f < Gyg(t) < 6386(51)(5%

where (p;)® is defined

(5)_(p,)(5 ©)
WGZS ((51) —(p28)®)t < Gyo(t) < )(5) GZB e(S1)t 459
460
(az0) )63 (5)_(p,)(5) NG (s 461
((m1)<s)((sl)é;)_(pz:;(s)_(52)<s)) [e((sl) (P2 )t — g~ (52) t] +Ggoe 7 < Gy (1) <
(a30)V6q 5B —(abe)®t 0 ,—(a5)®t
O (5O () ®) [e( 1) — e (@30 ] + G3pe (azo
|T208€(R1)(5)t < Tye(t) < Tzose((Rl)(S)"'(Tzs)(s))t | 462
ROt < <—® e (R +(r29) )t 463
( )(5) T28€ To5(t) (5) T28
(b30) TS () EING) EANG) 464
(#1)(5)((;(1))(5)—25%0)(5)) [e(Rl) f—ems0) t] + The P30t < Ty () <
(a30) D755 R +(r9) )t _ —(R)Ot 0 ,—(R)®)t
(#2)(5)((R1)(5)+(Tzs)(5)+(Rz)(5)) [e(( 1) (1r28) ) —e (R2) ] + T3Oe (Rz)
Definition of (5;)®, (5,)®, (R))®, (R,)®:- 465

Where (5)® = (a26)® (m2)® — (a26)®
(5)® = (as0)® — (30)®
(R)® = (b26) P (2)® = (b36)®
(R)® = (b30)® = (130)®

Behavior of the solutions 466
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_If we denote and define

Definition of (0,)©, (0,)©®, (1,)®, (1)@ :

() (@)@, (0)®, (1)@, (1,)® four constants satisfying

—(02)©@ < —(a32)®@ + (a33)©@ — (a52)© (T35, 1) + (a53) @ (Ta3, t) < —(01)©

—(12)©@ < =(b32)@ + (b33)© — (b32) @ ((G35), t) — (b55)((G35), t) < —(7)®

Definition of (v;)®, (1,)©, (u)®, (uy)@,v®,u® : 467

(k) By (v1)® >0,(1,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the
equations (a33)(6)(v(6))2 + () ©@v©® — (a3,)® =0
and (bs3)©(u®)” + (1) ©u® — (b5,)© = 0 and

Definition of (v,)®,, (v,)®, (i1,)©®, (1,)® : 468

By (v,)©® >0, (#,)® < 0and respectively (ii;)® > 0, (11,)® < 0 the
roots of the equations (a33)(6)(v(6))2 + (0,)©v® — (g;,)® =0
and (b33)(6)(u(6))2 + (1,)Ou® — (by,)® =0
Definition of (1), (1)@, (1), (1)@, (v6)® -

(I) If we define (M), ()@, (1)@, (12)© by

(m)® = (1))@, ()@ = W)@, if (1)@ < (v)©

470
(mz)(e) = (Vl)(e)' (ml)(ﬁ) = (‘76)(6) Jif (Vl)(G) < (Vo)(G) < (‘71)(6)1
GO
and [(v))©® = -
33
(mz)(G) = (V1)(6)' (m1)(6) = (Vo)(é): if (‘71)(6) < (Vo)(ﬁ)
and analogously 471
1)@ = @)@, (u)®@ = W)@, if (ue)® < (u)®
(12)® = @)@, (1)@ = @)@, if W)@ < (we)®@ < (@)@,
0
and|(uy)® = %
33
(1)@ = )@, (1) = (ue) @, if (@)@ < (up)® where (uy)®, (@,)®
are defined respectively
Then the solution satisfies the inequalities 472
G,e(D -t < G, (£) < G2,e D
where (p;)© is defined
1 (6)_ (6) 1 (6)
ngze((si) (P32)'®)t < Gi5(t) < m@é’ze(sﬂ t 473
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(a3 @63, [ (5@ =(p3) @)t —(52)(6)'5] 0 o=(s)®¢ 474
— < <
((m1)<6>((sl)<6>—(p32)<6>—(sz)<6>) ¢ ¢ e < Gaa(0) =

(a34)(6)0§)2 (51)©¢t —(ak)©¢t 0 ,—(al)®t
(mz)(ﬁ)((51)(6)—(ag4)(6)) [e 1 — e~ 34 ] + G34e azg

|T3026(R1)(6)t < Tyy(t) < T3026((R1)(6)+(T32)(6))t | 475

0 ((R)® +(r:,)0)¢ 476
@ T328(( 1)\ +(132)')

1 ©
ngoze(Rl) F<Ty() <

(b3)©TY,
1)@ (RO -(b],)®)

e — e=@50t] 4 79,e-@50 < T (1) < 77

(a34) O [ (RO +(r3) )t _ —(Rz)(é)t] 0 —(R)©®t
FDO R +(r30) O+ @) (€ ¢ *Taae

Definition of (5;)®, (5,)®, (R)®, (R,)©:- 478
Where (5,)(© = (a32)® (M) — (a3,)®
(52)(6) = (a34)(6) - (P34)(6)
(R)® = (b32) @ (1)@ — (b3)®

(R)® = (b3)© — (13
479

Proof : From GLOBAL EQUATIONS we obtain 480

av® ’ ’ " 17
= (@)@ = (@)@ = @) + @) DT 1) = (@)D (Tiq VD = (@) DD

Definition of vV :- v = % 45t
14

It follows

2 av(® 2
~ (@D D) + (@) VYD = (0)P) < 2= <~ (@)D ED)" + @)DV - (a,5)D)

From which one obtains

Definition of (7))@, (vo)® :-

G _
(@) For0 <|(v)® = G—E < ()W < (7)®

) D) D vy el @D (D=0 M) ]
140 Wel" @D (@DD-00) W) ]

_ D=y ®

e}
vz — wW-(rp®

, (C)(l)

it follows (vo)® < vV (t) < (v,)®

In the same manner , we get 482
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@D+ D@D~ @D (EDD-2) D)

140 Wel-@OD(EDD- W) ]

_ @)W-(@
) W-)®

y@ (t) < , (5)(1)

From which we deduce (vo)® < v®(t) < (7)™

0
() If 0< ()P < (V)P = z—g < (7,)® we find like in the previous case, 483
1) D (D — gy @D
)@ < DD +(OD el @D DD D-020) o < V() <
140 el @D (DD -2 W) (]
T+ @Dy Wel 0 P(ED-e2 V)]
T DDy ® < ()
140 @[ "@D(EDD-m) D) ]
P . 484
(© If 0< @)D < @)D <|(v)® =22 , we obtain
14
5D +(OD @) Del~@D(ED - D) ¢]
1) <« ,@ < & +HOW @) e < 1€))
(Vi) SV (t) = 1+((f)(l)e[_(a“)(l)((31)(1)_(72)(1)) t] = (VO)
And so with the notation of the first part of condition (c) , we have
Definition of vV (¢t) :-
€Y} ® €Y} @) — G130
(mx)™ < viV(6) < (m)™, | viV(1) = tra®)
In a completely analogous way, we obtain
Definition of u®(¢) :-
W < 5,0 @ [ _ T®
()™ < w2 (O) < ()™ | u () =700
Now, using this result and replacing it in GLOBAL E486QUATIONS we get easily the result stated
in the theorem.
Particular case : 485
If (a})® = (a})D, then (6,)® = (6,)@® and in this case (v;)® = (¥;,)® if in addition
vo)® = (v)D then v (t) = (v)® and as a consequence G5(t) = (Vo) Gy, (¢) this also
(Vo) 1 0 q 13 0 14
defines (v,)™® for the special case
Analogously if (bj5)® = (b)})D, then (t;)® = (1,)V and then
(u))® = (1) Pif in addition (uy)® = (u;)® then Ty5(t) = (up) Ty, (t) This is an important
consequence of the relation between (v;)® and (¥,)@, and definition of (uy)™®.
486
we obtain 487
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av®

T (a16)® — ((ais)(z) — (a1)@ + (aje) @ (Ty5, t)) = (a7) P (Ty7, v @ — (a;,)Pv@

Definition of v® :- y@ — G 488

Gi7

It follows 489

2 dv(@® 2
—((a17)(2)(v(2)) + (0,)Pv@ — (ale)(z)) < zt < —((a17)(2)(v(2)) + (o) Pv@ —
(a16)(2))

From which one obtains 490

Definition of (¥,)@, (vy)® :-

0
(d) For0 < ()@ =2t < (1)@ < (7))@
17

) @40 D () D" @D (DD -0 @) ]

_ @)@
1+(C)(2)e[—(a17)(2)((V1)(2)—(Vo)(2)) t]

@
ez ~ @)@

, (0@

it follows (vy)® < v@(t) < (v)@®

In the same manner , we get 491

(vl)(z)+@(z)(Vz)(z)e[—(au)(z)(m)@)—(vz)(”) t]

_ 00?-®
1+(E)(2)e[—(a17)(2)((51)(2)—(72)(2)) ]

@ @
vE(t) < » 1© T )@ -7)@

From which we deduce (vo)® <v®@(t) < (7))@ 492

0
() If 0< (V)P < (v))® = % < (7,)® we find like in the previous case, 493
17

1)@+ @ (v)De [—(0-17)(2) ((V1)(2) —(Vz)(z)) f]

2 <«
(V1) = 1+(C)(2)e[—(a17)(2)((‘/1)(2)—(VZ)(Z)) t]

<v@@) <

@)@+ @D @,)@e [—(a17)(2)((71)(2) —(Vz)(z)) f]
1+(0)@e [—(a17)(2)((V1)(Z)—(Vz)(2)) f]

< ()@

0

If 0<(v)® < @)® < (v)® =46 \we obtain 494
(f 1 1 0 o0
17

@)D +(©@ @l (@ (TP -2 @) ]
1_,_(@(2)6[—(a17)(2)((171)(2)—(Vz)(z)) ¢]

()@ < v®(p) < < (v)®@

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :- 495

(mz)(z) < V(Z)(t) < (ml)(z), V(z)(t) — G16(t)
G17(8)

In a completely analogous way, we obtain 496

Definition of u®(t) :-
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W)@ < ud(t) < ()@, |u@ () = 229

T17(t)
497
Particular case : 498
If (a})® = (a},)@, then (6,)® = (6,)® and in this case (v;)® = (¥;)@ if in addition
(V)@ = (v))® then v@ (1) = (v,)® and as a consequence G4(t) = (Vo) @Gy, (t)
Analogously if (bs)® = (bj5) P, then (1)@ = (1,)® and then
()@ = () @if in addition (ug)® = (u;)® then Ty6(t) = (ug) @ Ty, (t) This is an important
consequence of the relation between (v;)® and (¥,)®
499
From GLOBAL EQUATIONS we obtain 500
av® ® ' YB3 — (g2 @ 4 (g )@ @) @) @), 3)
" = (@200 — (@) = (@)@ + (@)D (T30, 8)) = (&) (T, VS = (1) v
Definition of v® :- v = G20 S01
G21
It follows
2 av® 2
_((a21)(3)(v(3)) + () @V — (azo)(3)) < ‘;t < _((a21)<3)(v<3)) + (a)®v® —
(azo)(s))
502
From which one obtains
0
(8) For0 < (v)® =20 < (1)@ < (7))@
21
@) D@+ )@l @D (0D -00 D) @ _ v0P-®
V() 2 IO IING) (O = e,
1+(c)(3)e[_(“21) (0D®-w)®)¢] (vo)**'=(v2)
it follows (vo)® < v®(t) < (v))®
In the same manner , we get 503
@y < TO+OD @@l @0 (@D -T2 o ~@) _ T&-w®
Vi) = (P -ap® (O =55,
1+(€)(3)e[_(“21) (GD®-)@)] (vo) ¥ -(¥)
Definition of (¥,)® :-
From which we deduce (vo)® <v®(t) < (7,)®
®) @) = 50 — (513 we find like i : 504
(b) If 0<()® < (W) = 0. < (v;)" we find like in the previous case,
(@) =)@
)@ < WD+ y)@el @20 P (DP-02)P) ] < 4O <

1+(C)(3)e[—(a21)(3)((V1)(3)—(V2)(3)) t]
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@)D+ @)Dl @DP(EDP-02)P)
1+ (O®el"@2D®(ED®-w2®) 1]

< (@)@

0
(©) If 0 < (v)® < (7))@ < (v))® = 22, we obtain
21

)4(0® ) Pel @D (DO -T2®) ]
14O @l @@ (EDE-T®) ]

7.)(
)@ < v () < B < ()@

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

(mz)(3) < ‘V(S)(t) < (ml)(3), V(3)(t) _ G20®)
G21(t)

In a completely analogous way, we obtain

Definition of u®(¢) :-

1)@ < @@ < @)@, | u®(@) =225
T21(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (ap)® = (ay)®, then (6,)® = (0,)® and in this case (v;)® = (¥;,)® if in addition
(vo)® = (v))® then v® (1) = (v,)® and as a consequence G,,(t) = (Vo) Gy, (1)

Analogously if (b5,)® = (b5)®, then (1,)® = (1,)® and then

(u)® = (@)@ if in addition (ug)® = (u;)® then T,o(t) = (ug)® Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

: From GLOBAL EQUATIONS we obtain

dv® , , "
prabe (a24)(4) _ ((a24)(4) — (azs)(4) + (a24)(4) (Tys, t)) _ (aé’s)@) (Tys, t)v(4) _ (azs)(4)v(4)
Definition of v® :- p@® = G2

G2s

It follows
2 av® 2

~ (@)@ (V)" + (@) V@ = (4;0)®) < Em < = (@) P (V®)” + (0) v ® -
(‘124)(4))

From which one obtains

Definition of (v;)®, (vy)® :-

0

Gay
0

Gzs

(d) For0 <|(vo)® =22 < (v)W < ()W
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YD 4@ () @[ @P (DD -0 @) ]

@ = =00
44O @el~@29 D (DD-wo @) ] ’

) W-()®

v@® () >

it follows (vo)® < v®(t) < (v))@

In the same manner , we get 509

@D+ O® (VZ)@)e[—(az5)(4)(@1)(4)_@2)(4)) t]
41O @e| @28 P (DB -2 @) ]

(1) _ P -)®
OF = G me®

v®(t) <

From which we deduce (v,)® < v®(t) < (v,)@

0
(e) If 0< ()@ < (v)® = % < (7)™ we find like in the previous case, 510
25

(vl)(4) +(O)®W (vz)(4)e [—(azs)(4) ((V1)(4) -(Vz)(4)) f]

< v(4) <
140 @el~ @)@ (@D@-0) W) ] =vi =

(Vl)(4) <

(Vl)(4)+(®(4) (Vz)(‘*)e [—(azs)(")((ﬁ)(‘” -(fz)(‘”) f]

< (v,)@
1+(OWel~ @B (EW-2 @) 1)

511
512

0
f) o< W)® < @) <|()® = % , we obtain
25

@D +O® @y @l @2 (DB -m2®) ]

< (v.)@
14O @ el @2®(ED®-2)®) ] = (o)

W)@ < V() <

And so with the notation of the first part of condition (c) , we have
Definition of v*¥(t) :-

(mz)(4) < V(4)(t) < (ml)(zl), V(4)(t) — Go4(t)
Gas(t)

In a completely analogous way, we obtain
Definition of u™(t) :-

W)@ < u®(t) < (u)®, [u® () =22
Tp5(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ay)® = (ays)@, then (6,)® = (0,)® and in this case (v;)® = (¥;)@ if in addition
(Vo)® = (v then v (1) = (vy)® and as a consequence G, (t) = (Vo) ® G,5(t) this also
defines (v,)“ for the special case .

513

Analogously if (by,)® = (by5)@, then (1,)® = (1,)® and then
(u)™@ = (@) @if in addition (ug)® = (u)® then T, (t) = (uy)®T,s(t) This is an important
consequence of the relation between (v;)® and (#,)®, and definition of (uy)®.

514
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From GLOBAL EQUATIONS we obtain 515

dv(®

" = (a20)® = ((@2)® — (@5)® + (56) (Tzo,8) ) = (@5)® (Tpo, VS = (239) OV

Definition of v(® :- y©® = 28
G29
It follows
2 av(® 2
~ (@) (VD) + @)V = (29)®) < E= < = ((@20) P (v®)" + (0)OVE = (229)®)

From which one obtains

Definition of (v,)®, (vy)® :-

G _
(g) For0 <|[(v)® = ﬁ < ()® < (7H)®

V(s)(t) > (v1)(5)+(C)(5)(vz)(s)e[—(azg)(5)((v1)(5)—(v0)(5)) t] (C)(s) _ M
T 5r@®e @O (-0 @) ’ )& -()®
it follows (v))® < v (t) < (v)®
In the same manner , we get 516
- - Ol ONN O]
v(s)(t) < (vl)(5)+(c)<s)(vz)(s)e[ (a29) (@) D-@2))) ] (C_)(S) _ O ®
= 5+(C_)(S)e[_(azg)(s)((vl)(s)_(vz)(s)) t] , (vo) B =(w,)®
From which we deduce (v,)® < v®(t) < (75)®
0
(h) 1f 0< ()® < (vy)® = % < (7,)® we find like in the previous case, 517
29
—(a39) S (W) O =) ) ¢
(Vl)(s) < (V1)(5)+(C)(5)(V2)(5)€[ az29 ((Vl) (v2) ) ] < V(s)(t) <

1+(c)(5)e[‘(azg)(5)((v1)(5)_(V2)(5)) p

@O+ @)Dl @2 (TDF-2P) ]

< (v.)®)
1+(6)(5)e[—(a29)(5)((ﬂ)(s)—(ﬁz)(s)) t] - (Vl)

2 518

(i) 1f0<@)®<@)® <|(v)® = % , we obtain

29
515 4O @) &l @29 (@) O -@2)5)) ¢]
5) <« () < W)+ (W) e < )
()= v = 1+(@®el @O (E®-2) (Vo)

519

And so with the notation of the first part of condition (c) , we have
Definition of v (t) :-

(m)® < vO©) < (m)®, | VO =225
Gao(t)

In a completely analogous way, we obtain
Definition of u®(t) :-
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1)® < u® () < ()@, |u® () =28
Ta9(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a)® = (aye)®, then (6,)® = (0,)® and in this case (v;)® = (¥;)® if in addition
(ve)® = (v5)® then vE(t) = (v,)® and as a consequence G,g(t) = (Vo) G,o(t) this also
defines (v,)® for the special case .

Analogously if (by)® = (by)®, then (1,)® = (1,)® and then
(uy)® = (1) ®if in addition (1g)® = (uy)® then T,g(t) = (up) > Tyo(t) This is an important
consequence of the relation between (v;)® and (#;,)®, and definition of (u,)®.

520
we obtain 521
dV(G) 14 ! 17 17}
pra (as2)® — ((‘132)(6) — (a33)©@ + (a,)© (T3, t)) — (a33)© (T35, v — (a35) Ov®
Definition of v(© :- y(© = G2
G33
It follows
2 dv(® 2

~ (@NOEO) + @) — (@) < 22 <~ (@) O O) + (0) v -
(asz)(ﬁ))

From which one obtains
Definition of (7;)®, (v,)©® :-
. GY _

(i) For0< (Vo)(6) = G_z)z < (Vl)(6) < (Vl)(ﬁ)
V(6)(t) - (vl)(6)+(C)(6)(vz)(6)e[—(ass)(6)((v1)(6)—(v0)(6)) t] (C)(G) _ (1) —(v)©®
- 14(0) el @O (0DO-w0) @) ] ' 1) ©-()®

it follows (vo)©® <v®(t) < (v,)©®
In the same manner, we get 522

vOt) < 0O+ )@@ (@@= ) v R 573

B 14+(0)® el (@3 O(EDO-2)®)) ’ " v)©®-)®
From which we deduce (v()® < v®(t) < (#,)©®
524

0
(k) 1f 0<)® < (v,)® = % < (7,)® we find like in the previous case,
33
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WD) ©+(0) O (ry) @l (@33 (DO~ @) ]

< v® () <
1+(0)©) el @ O (DO~ @) ] <vEO =

(V1)(6) <

@O+ @)@l (@3 (@O~ ®)

< (7.)(©)
1+(0)©@l"@O(ED® - @) = ()
6) < (7.)(6) (6) —_ 632 , 525
(N o< W)™ @)™ <) = o, we obtain
= (6) (6) (57.,7(6) [-(a33)(6)((V1)(6)-(V2)(6)) f]
6) <« (6 < &0 +(O)' (W) e < (6)
) < v < P PO CRICRESIO) P < (vo)
And so with the notation of the first part of condition (c) , we have
Definition of v©®(t) :-
6) < 46 () < (6) ©)(4) = G320
(my)'® < v () < (m)Y, [ v () Gont®)
In a completely analogous way, we obtain
Definition of u(®(t) :-
T32(t)
1)@ < u®@@) < W)@, |u®@@) =27
T33(t)
Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.
Particular case :
If (a4,)©® = (ay3)®, then (6,)©® = (0,)©® and in this case (v;)© = (¥,)® if in addition
v5)® = (v,)©® then v©(t) = (v,)® and as a consequence Gz, (t) = (v,)® G5 (t) this also
0 0 3 0 33
defines (v,)© for the special case .
Analogously if (b35)® = (b5%)®, then (1,)© = (1,)© and then
(u)® = (7)) @if in addition (1y)® = (u;)® then Ts,(t) = (ug) @ Ts3(t) This is an important
consequence of the relation between (v;)® and (¥;)©®, and definition of (1,)®.
526
527 527
We can prove the following 528
Theorem 3: If (a;')Pand (b;")? are independent on ¢ , and the conditions
(@13)P(ai)® — (a13) P (a)® < 0
(‘113)(1)(‘114)(1) - (‘113)(1)(‘114)(1) + (a13)(1) (p13)(1) + (ah)(l) (P14)(1) + (P13)(1) (P14)(1) >0
(b1) P (b1)® — (b13) P (b)™ >0,
(b{3)(1)(b{4)(1) - (b13)(1) (b14)(1) - (bis)(l) (T14)(1) - (b{4)(1)(7'14)(1) + (T13)(1) (7'14)(1) <0
with (p13)@, (11,) D as defined, then the system
529
If (a]YPand (b}")® are independent on t, and the conditions 530.
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(at6)P(a17)® — (a36)P(a;7))? < 0
(a16)P(a17)® = (a16)P(a17)® + (a16) P (016)? + (a17) P 017) @ + (D16) P (p17)P > 0

(bi6)® (bi)® = (b16)® (b:17)® > 0,

(bis)(z)(bb)(z) - (bm)(z)(bu)(z) - (b16)(2)(r17)(2) - (b17)(2)(7"17)(2) + (7"16)(2) (7"17)(2) <0
with (p16) @, (11,)® as defined are satisfied , then the system

If (a;Y®and (b}")® are independent on t , and the conditions

(a50)P(@3)® = (a20)® (a,1)® < 0

(alzo)(S)(aél)(s) - (azo)(g)(am)(g) + (azo)(g)(on)(g) + (a'21)(3)(p21)(3) + (on)(3)(P21)(3) >0

(b50)® (31)® = (b20)® (b)) >0,

(béo)“)(bél)“) - (bzo)(3)(b21)(3) - (béo)(3)(7’21)(3) - (b£1)(3)(7’21)(3) + (7”20)(3)(7”21)(3) <0
with (p,0)®, (1,1)® as defined are satisfied , then the system

If (a/Y®and (b}")® are independent on t , and the conditions

(a'24)(4)(a'25)(4) - (a24)(4)(a25)(4) <0

(a34)™ (a35)™® — (a24)® (az5)™ + (a2) P P2)® + (@55)® P25)® + (P2) P (P25)™ > 0
(bé4)(4)(bés)(4) - (b24)(4)(b25)(4) >0,

(bé4)(4)(bés)(4) - (b24)(4)(b25)(4) - (bé4)(4) (7'25)(4) - (bés)w (7'25)(4) + (7'24)(4) (7'25)(4) <0
With (pa4)®, (,5)® as defined are satisfied , then the system

If (a")®and (b}")® are independent on t , and the conditions

(arzs)(s)(ab)(s) - (azs)(s)(aw)(s) <0

(a%8) ™ (a59)® — (a26)® (a20)® + (a28)® (P26) + (ah9)® (20)® + (28) (P29)™ > 0
(b35) ) (b39)® — (by)® (b29)® > 0,

(bés)(s)(béca)(s) - (bzs)(s) (b29)(5) - (bés)(s) (T29)(5) - (béta)(s) (7"29)(5) + (7"28)(5) (7"29)(5) <0
with (p,g)®, (1,9)® as defined satisfied , then the system

If (a/)©and (b]")©® are independent on t , and the conditions

(a32) @ (a33)® — (a32)® (a33)® < 0

(aéz)(ﬁ)(a’33)(6) - (asz)(ﬁ)(ass)(ﬁ) + (a32)(6)(1932)(6) + (a’33)(6)(7333)(6) + (P32)(6)(P33)(6) >0
(b35) @ (b33)® = (b32)©(b33)® >0,

(béz)(ﬁ)(bé3)(6) - (bsz)(ﬁ)(bss)(ﬁ) - (béz)(ﬁ)(rw)(ﬁ) - (b§3)(6)(7”33)(6) + (7”32)(6)(7”33)(6) <0
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with (p35)®, (1r33)©® as defined are satisfied , then the system

(a13) P61, = [(@13)® + (af3) P (T14)]G15 = 0 540
(a19)W6y3 — [(@i)® + (@) P (T10)]Gra = 0 541
(a15)VG14 — [(@15)® + (af5) P (T10)]Gis = 0 542
(b13) DTy = [(b1)® = (bi5)P(6) [Ty = 0 543
(b12) PTi3 = [(b1)® = (i) P (G) [Tys = 0 544
(b1s) DTy = [(b1s)® = (b15)P(G) [Tys = 0 545
has a unique positive solution , which is an equilibrium solution for the system 546
(@16)P617 = [(@10) + (@ie) P (T17)]Gre = 0 547
(a17)P6y6 — [(@)P + (@) P (T17)]G17 = 0 548
(@10)P6G17 — [(@19)® + (ais) P (T17)]Grg = 0 549
(b16)PT17 = [(b16)® — (b16) P (G16) |T1s = 0 550
(b17)PT16 = [(Bi)P = (b17) P (619) 1T, = 0 551
(b1g)PTy; — [(bis)(z) - (b{'s)(z)(cw) ITig =0 552
has a unique positive solution , which is an equilibrium solution for 553
(azo)(s)(;m - [(alzo)(s) + (aé'o)(3)(T21)]ng =0 554
(a21)® G0 — [(a31)® + (a31) P (121)]Go1 = 0 555
(@22)PGa1 = [(a5)® + (a52) P (13]G = 0 556
(bzo)(g)Tm - [(béo)(?’) - (bé’())(3)(623) IToo= 0 557
(b21) Ty — [(bé1)(3) — (b5)®(G2) [T,y =10 558
(bzz)(g)Tm - [(béz)(?’) - (bérz)(3)(623) [T,z =0 559
has a unique positive solution , which is an equilibrium solution 560
(@20) G5 = [(@2)™® + (@50 P (T35)]Gze = 0 561

(a25) PGy — [(alzs)m + (aéls)(4)(T25)]G25 =0 563

(a26) M G5 — [(a56)™ + (a56) ¥ (T25)]Go6 = 0 564

(b24)PTos — [(b3)® — (b52) @ ((627)) 1T2a = 0 565

(b2) T4 = [(b35)® = (b55)® ((G27)) ITos = 0 °66

(b26) P Tas = [(b36) = (b3e) P ((G21)) 1T = 0 567
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has a unique positive solution , which is an equilibrium solution for the system 568

(‘128)(5)629 - [(alzs)(s) + (alzls)(s)(ng)]st =0 569
(a29)® G — [(aég)(s) + (a)e)® (Tz9)]Gz9 =0 570
(az0)® Gy — [(aéo)(s) + (aélo)(s)(ng)]Gso =0 571
(bzs)(S)Tw - [(bés)(s) — (b2 (5)(631) IT6 =0 572
(b29)(5)T28 - [(b£9)(5) - (bélty)(s)((;u) IT0= 0 573
(b30)(5)T29 - [(béo)(s) - (bélo)(s)(Gn) IT50=0 574
has a unique positive solution , which is an equilibrium solution for the system 575
(a32)(6)633 - [(aéz)(ﬁ) + (aélz)(G)(T33)]Gsz =0 576
(a33)(6)632 - [(a’33)(6) + (a§’3)(6)(T33)]Gss =0 577
(a34)® G35 — [(a’34)(6) + (a§’4)(6)(T33)]G34 =0 578
(b32) T35 — [(b3)@ — (b55) @ (G35) 1T3, = 0 579
(b33)(6)T32 - [(bés)(6) - (béls)(ﬁ)(@s) 1T33=0 580
(b34)(6)T33 - [(b§4)(6) - (b§’4)(6)(635) T34 =0 584
has a unique positive solution , which is an equilibrium solution for the system 582
583
584
(a) Indeed the first two equations have a nontrivial solution G5, G,, if
F(T) = (ais)(l) (a£4)(1) - (a13)(1) (a14)(1) + (a13)(1) (aﬂ)(l) (T1q) + (a14)(1) (a1'3)(1) (Tya) +
(a13 @ (T14)(a1’4)(1) (Tiy) =0
585
(a) Indeed the first two equations have a nontrivial solution Gy¢, G;5 if
F(Tyo) = (a16)(2) (ai7)(2) - (alﬁ)(Z) (a17)(2) + (a16)(2) (ai’7)(2)(T17) + (a17)(2)(a1’6)(2) (Ty7) +
(ails)(z) (T17)(a1'7)(2)(T17) =0 586
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(a) Indeed the first two equations have a nontrivial solution G,g, G, if

F(Ty3) = (a30)®(ah1)® — (a20)®(a21)® + (a30)® (a1) P (To1) + (@)@ (@)@ (T2) +
(alzlo)(s)(T21)(a§'1)(3)(T21) =0

588

(a) Indeed the first two equations have a nontrivial solution G4, G55 if

F(Ty7) = (a34) @ (@55)® — (a24) @ (a25)® + (a44) P (a55) P (Ty5) + (ahs)@ (ahy) P (Tos) +
(aé’4)(4) (Tzs)(aéls)(4) (Tys) =0

589
(a) Indeed the first two equations have a nontrivial solution G,g, G5 if

F (T31) =
(a%8)® (a59)® — (a26)® (a20)® + (ase)® (a56)® (T29) + (ahe)® (a¥s) S (T0) +
(aéls)(s) (T29)(a£’9)(5)(7129) =0

560
(a) Indeed the first two equations have a nontrivial solution G3,, G35 if

F(T35) = (aéz)(G)(a§3)(6) - (a32)(6)(033)(6) + (aéz)(G)(a§’3)(6)(T33) + (a§3)(6) (aélz)(é) (T33) +
(a%,)® (T33)(ak3)© (T33) = 0

Definition _and unigqueness of Ty, :- 561

After hypothesis f(0) < 0, f(e) > 0 and the functions (a;")*(T,,) being increasing, it follows
that there exists a unique Ty, for which f(Ty,) = 0. With this value , we obtain from the three first
equations

(a15)V614

(a13)M6y,4 —
[(@15)W+(ais)D(17,)]

T @O+ @O,

613 615

Definition_and unigueness of Ty, :- 562

After hypothesis f(0) < 0, f(o) > 0 and the functions (a;")® (T,) being increasing, it follows
that there exists a unique Ty, for which f(T;;) = 0. With this value , we obtain from the three first
equations

(a18)PG17 563

(a16)?Gy7 —
[(a1e)P+(ai)@(T17)]

T [@o@+@n@T,)]

616 618

Definition_and unigueness of T;; :- 564

After hypothesis £(0) < 0, f(«0) > 0 and the functions (a;) (T,,) being increasing, it follows that
there exists a unique T;; forwhich f(T;;) = 0. With this value , we obtain from the three first
equations

(a22)® 624

(a20)®624 _
[(@})®+(ahy) P (13,)]

T [@o®+@n®m,)]

Gzo 622
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Definition and uniqueness of T,; :-

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a;")® (T,s) being increasing, it follows
that there exists a unique T,s for which f(T;5) = 0. With this value , we obtain from the three
first equations

G = (a24) W65 G.. = (az6)®Gas
2T [@h)®+@@(155)] 7 T2 T [(@he) @ +(ahe) @ (T55)]

Definition and uniqueness of T, :-

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a!")® (T,,) being increasing, it follows
that there exists a unique T34 for which f(T,4) = 0. With this value , we obtain from the three
first equations

G = (a28)®639 Gan = (a30)®629
27 [@p®+@)®(159)] 1 30T [(@50)®+(asn)O(15)]

Definition and uniqueness of T;; :-

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a;")® (T,53) being increasing, it follows
that there exists a unique T35 for which f(T33) = 0. With this value , we obtain from the three
first equations

G = (a32)®633 Gar = (a34)®633
T @@ +@iy©(rss)] 1 T [(ak) @+ (@) ©(135)]

(e) By the same argument, the equations 92,93 admit solutions G, 3, G, if

9(G) = (b1) P (b1)® = (b13) P (1) —

[(b1) P (i) (G) + (b1) P (b13) P (@)]+(b13) P (G) (b)) P (6) = 0

Where in G(G,3, G4, Gs), G13, Gis must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, @(o0) < 0 it follows
that there exists a unique Gy, such that ¢ (G*) =0

(f) By the same argument, the equations 92,93 admit solutions Gy, G, if

@(Gr9) = (b16) P (b17)® — (b16) P (b17)® —

[(b16)® (b17) P (G1o) + (bi7) P (b16) P (G19)]+(bie) P (G10) (17) P (G10) = 0

Where in (G14)(G1g, G17, G15), G146, G1g Must be replaced by their values from 96. It is easy to see that
@ is a decreasing function in G, taking into account the hypothesis @(0) > 0, ¢(c0) < 0 it follows
that there exists a unique Gj, such that @((G9)*) =0

(g) By the same argument, the concatenated equations admit solutions G, G, if
@(Gy3) = (béo)(3)(b§1)(3) - (bzo)(3)(b21)(3) -

[(520)® (521)P (G23) + (b31) P (b50) P (G23) ]+ (b56) P (G23) (b51)P (G23) = 0
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Where in G,3(Gg, G271, G22), Goo, G2, Must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢(«) < 0 it follows
that there exists a unique G5, such that ¢((G,3)*) =0

573
(h) By the same argument, the equations of modules admit solutions G4, G55 if 574
@(Gy7) = (bé4)(4)(bé5)(4) - (b24)(4)(b25)(4) -
[(B3) @ (b35)® (G27) + (b35) ™ (b52) P (G2 |+ (b5) P (G27) (b35) P (G27) = 0
Where in (G37) (G4, G35, G26), G4, G2 must be replaced by their values from 96. It is easy to see
that ¢ is a decreasing function in G5 taking into account the hypothesis @(0) > 0, () < 0it
follows that there exists a unique G55 such that @ ((G,;)*) =0
(i) By the same argument, the equations (modules) admit solutions G,g, G,q if 575
9(Gs1) = (b3e)® (b39)® = (b25)® (b0)® —
[(B36)® (b35) ) (G31) + (b30)® (b55) P (G31) ]+ (b36) ) (G31) (b55) P (G31) = 0
Where in (G31)(G,g, G129, G30), G125, G3o Must be replaced by their values from 96. It is easy to see
that @ is a decreasing function in G4 taking into account the hypothesis ¢(0) > 0, () < 0it
follows that there exists a unique G4 such that ¢((G31)*) =0
(j) By the same argument, the equations (modules) admit solutions G5,, G35 if 578
579
@(Gss) = (béz)(ﬁ)(bés)(ﬁ) - (bsz)(ﬁ)(bss)(ﬁ) -
580
[(£32)( (b33)(@ (G35) + (b33) @ (b52)© (G35) | +(b32) @ (G35) (b33) @ (G35) = 0
581
Where in (G35)(Gsz, G33, G34), G332, G34 must be replaced by their values It is easy to see that ¢ is a
decreasing function in G5 taking into account the hypothesis @(0) > 0, ¢ () < 0 it follows that
there exists a unique G35 such that ¢(G*) =0
Finally we obtain the unique solution of 89 to 94 582
G1, given by @(G*) = 0, T, given by f(T;,) = 0 and
G = (a13)Y61, Gr. = (a19) D61,
B [@®+@n@(r)] 1 T T (@l @+(als) D (1y,)]
T = (b13) D17, T = (b15) DT},
B oiW-0n®En] T T [0l ®W-01n D 6M)]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution 583
G;, given by ©((G9)*) = 0, Ty given by f(T;,) = 0 and 584
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Gt = (a16)PGi7 G = (a19)?G3, 585
167 [@@+@@(T1,)] T 1 T (@l @+l @ (Ti,)]
T = (b16) DT}, T = (b19) DT, 586
16 7 (1) @-0@((G19)0] ' T [0 @-0i5)@((610)7)]
Obviously, these values represent an equilibrium solution 587
Finally we obtain the unique solution 588

G3, given by ¢((G23)*) = 0, T3, given by f(T7,) = 0 and

Gr = (a20)®63, Gr. = (a22)®63,
20 7 (@) ®+@sp)®(13)] 1 T [(@h)®P+(ah) @ (15y)]
TZ*O _ (bzo)(S)Tz*l ) T2*2 _ (bzz)(3)Tz*1

[(020)®=(130)*(G237)] [(022)® =135 (G237)]
Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution 589

Gzs given by ¢(G,7) = 0, T35 given by f(T35) = 0 and

Gr = (a24)W63s Gr = (a26)®635
247 (@)@ +@pp@(155)] 7 T8 T [(aze) @+ (aze) W (135)]
T, = (b20) P15 , Tje = (b26)WT55 590

(030D = 03D (627))] (026~ b3 P ((627)7)]
Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution 591

G39 given by ¢((G31)") = 0, T;4 given by f(T35) = 0 and

Gr. = (azg)(S)Gég G = (a30)(5)G;9

28 [(ah)®+@hp)®(155)] 7 T30 T [(ah) P +(a)B)(155)]

- (b29) D755 T = (b30) T3, 592
28 ()P -3 ((Gs0N] 7 T30 T [050) -5 (Ga )]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution 593

G3s given by ¢((G35)™) = 0, T3; given by f(T33) = 0 and

Gi = (a32)®G35 Gr, = (a34)©635
327 (@) ©+(@5)©(15)] 7 3T [(@he)©+(af)©(135)]
M (b3z)(6)T3*3 * (b34)(6)T3*3 594

T = , T =
32 7 (05 @ -3 (635)M)] 3 (030 @ -3 (635))]
Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS 595
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Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@)® and (b])® Belong to CV( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote

Definition of G;, T; :-

G; = G} + G; Ty =T +T; o

XD (1) = (@)@ L 220260y =5,
Then taking into account equations (global) and neglecting the terms of power 2, we obtain 597
212 = (@)D + P12) D)6 + (@13) VG — (41) V65 Tos 508
= (@)D + P DG + (@1) PGz — (1) V61T 599
s = —((@1) @ + P15)D) G5 + (@19) PGy = (615) V65T 600
% = _((bis)(l) - (r13)(1))'H‘13 + (b)) VT, + 2}513(5(13)(]')7‘;3@]') 601
Tt = ()™ = () D) T4 + Br) DTy + T 5(s000) Ti1G)) 602
dz_is = _((bis)(l) - (r15)(1))']r15 + (bys) DTy + 2}513(5(15)(}-)7'{‘5((31-) 603
If the conditions of the previous theorem are satisfied and if the functions (aj')® and (b} )® 604
Belong to C®( R,) then the above equilibrium point is asymptotically stable
Denote 605
Definition of G;, T; :-
G; =G; +G; T, =T, + T 606
2D (1) = (@)@ L2 (G ) = 5y 607
taking into account equations (global)and neglecting the terms of power 2, we obtain 608
di% = —((a£6)(2) + (pis)(z))Gm + (016) PGy — (416) P G161y 609
2= ~((@)@ + P:1)®)G17 + (017) PGy = (@) PG, Ty 610
di% = _((ais)(z) + (pis)(z))Gw + (418) PGy — (415) P GigTyy 611
% = _((bis)(z) - (T16)(2))T16 + (b16)(2)Tl7 + 2}316(5(16)(1)Tf6Gj) 612
"ot = (1D = ) P)Ti7 + G Do + E (57 Tir Gy) 613
% = _((bis)(z) - (718)(2))T18 + (big)PTy, + 211'316(5(18)(j)Tf8Gj) 614
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If the conditions of the previous theorem are satisfied and if the functions (a})® and (b;")®

Belong to C®( R,) then the above equilibrium point is asymptotically stabl
_Denote
Definition of G;, T; :-

Gi=G+G ,T,=T +T,

a(b )

"’(“2” (T5) = (0:0)® L ((639)") = sy

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

G , *
= ~((@20)® + (220)) G20 + (320) P G2y — (G20) PG5 T2
G , *
721 = _((a21)(3) + (p21)(3))((}21 + (a21) P Gap — (421) P63, Ty
G , .

d:Z = _((azz)(3) + (Pzz)(s))Gzz + (a2,) PGy — (q22)(3)GZZT21
dT , *
d—:" = —((b50)® = (120)®) T30 + (b20) P Ty + Zﬁzo(s(ZO)(}')TZOGj)
dT , *
721 = —((03)® = () @) T2 + (b21) T + Z?izo(s(ZDU)TZle)
dT , *

d?z = —((032)® = ()P Tz + (b22) Ty + ZﬁZO(S(ZZ)U)TZZGj)

If the conditions of the previous theorem are satisfied and if the functions (a/)* and (b;")®

Belong to C(4)( R, ) then the above equilibrium point is asymptotically stabl
_Denote
Definition of G;, T; :-

G, =G + G LT =T +T;

6(b )( )

a(azs) ( 25) — (qzs)(4) ((627) )= Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

% = _((‘1%4)(4) + (P24)(4))G24 + (a24)(4)G25 - (QZ4)(4)G;4T25
% = _((aés)m + (st)(4))G25 + (a25)®Gyy — (q25) G35 Tos
% = —((aéG)M) + (p26)(4))G26 + (aza)(4)G25 - (q26)(4)G;6T25
T2 = —((b5)® = (2) @) T2q + (b2a) DT + X28,4(S 2y T34 G1)
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dT , x
d:5 = _((bzs)(4) - (7'25)(4))T25 + (bzs)(4)T24 + 2?224(5(25)(1')7125@]) 631
dT , *
d:6 = _((b26)(4) - (r26)(4))T26 + (bze)(4)T25 + 2?224(5(26)(1')7126([“’]) 632
633

If the conditions of the previous theorem are satisfied and if the functions (a,)® and (b;")®
Belong to C®)( R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :- 634
GlzG:+Gl ,TizTi*+Ti

3@yo)® . A" .
ﬁ(ng) = (CI29)(5) , aL—Gj((G31) ) = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain 635
% - _((aES)(S) + (st)(s))GZB + (a28) P Gp9 — (928) G350 636
229 = —((04)® + (920)®) G0 + (a26)PGizg — (426)P G301 637
% - _((aQO)(S) + (p30)(5))G30 + (a30) P G9 — (930) G30T30 638
T2 = —((b3e)® — (r20) ) Tag + (b26) O T20 + X36(5200() T G) 639
T2 = —((b59)® = (129) ) Ta0 + (b29) OTag + Ei256(S 201y T5Gy) 640
T2 = —((b30)® = (50) ) T30 + (b30) O Tao + Z32a(S30 T30G) 641
If the conditions of the previous theorem are satisfied and if the functions (a{')(ﬁ) and (bl-")(é) 642

Belong to C(G)( R, ) then the above equilibrium point is asymptotically stable
Denote
Definition of G;, T; :- 643

G1=G:+Gl lTi=Ti*+Ti

A(ax© . ab{H® .

%(733) = (%3)(6) , al—(;,-( (G35)") = s34
Then taking into account equations(global) and neglecting the terms of power 2, we obtain 644
dG , «
732 = _((asz)(ﬁ) + (p32)(6))G32 + (a32)(6)G33 - (CI32)(6)632T33 645
dG «
733 = —((a§3)(6) + (P33)(6))G33 + (a33)©Gs; — (433) G333 646
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dG , X
734 = _((a34)(6) + (P34)(6))G34 + (a34)(6)G33 - (Q34)(6)G34T33

dT32

P _((béz)@ - (r32)(6))']I‘32 + (bsz)(6)T33 + 2?132(5(32)(j)T§2Gj)

dT , X
—8 = _((bss)(6) - (r33)(6))']r33 + (bss)(6)T32 + 2?132(5(33)(1')7'33@1')

dac

dT , .
734 = _((b34)(6) - (r34)(6))']r34 + (b34)(6)T33 + 2?132(5(34)(1')7'34@1')

The characteristic equation of this system is

(DD + b1)® = (1) DH(DD + (@1) P + (1) D)
(WD + @)@ + 1))@ D61, + (@) V(@) V65 )|
(DD + Bi® = (1D )sa,a0Tis +b1a) Vsan anTis)
+ (((/1)(1) + (@)™ + 10®) (@1) V615 + (a1 )™ (q14)(1)51*4)
(((1)(1) + (b1)W = (13)P)saa,anTia + (b14)(1)5(13).(13)T1*3)
(D) + (@)@ + (@)@ + 1) + 1)) WD)

(WD) + (Bi)D + Bi)D = (1)D + (D) HD)

+((@D) + (@)@ + @)@ + 1)@ + 1)) D®) (@15) D65

+((/1)(1) + (ai)® + (P13)(1)) ((a15)(1) (410) V61, + (A1) P (ay5) @ (Q13)(1)Gf3)

(((/1)(1) + (b{3)(1) - (7'13)(1))5(14),(15)Tf4 +(b14)(1)5(13),(15)Tf3)} =0

+

(D@D + Bie)® = (1)) (WP + (@) + (p16)?)
(WP + (@) + B10)P) (@) P61, + (@17)P(016) PGl )]
(((/1)(2) + (b16)@ = (r16)®)san,anTiy +(b17)(2)5(16),(17)Tf7)

+ (DD + @@ + 0:1)P) (016)PGis + (0160)P (0:) PG )
(W@ + B1® = (1)®)san,ae T + B17)Psae aeTis)

(W) + (@)@ + @)@ + @:10)@ + (:)®) W)
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(WD) + (b1 + BN = (360)P + (3,)P) DD
+ (WD) + (@) + @) + @1)? + P:)?) WD) (426) PG
+H((DD + (a16)® + 016)?) (1) P (@17)PGi7 + (a17) P (a18) P (d16) P Gi6)

(((/1)(2) + (bie)@ — (T16)(2))5(17),(18)Tf7 +(b17)(2)s(16),(18)T1*6)} =0

+

(DS + (be)® = ()XW (DD + (@)@ + (022)P)

(DD + (@) + P20)®) (@20) D631 + ()P (000D 630 )]

(WS + (b30)® = (12)D)s @051 +B2) P50, 20T )

+ (WP + @)D + P21)®) (200D 630 + (220D (420) V634 )
(WP + b2)® = (20D)s @20 Tir + b2 P50y Tio)

(W) + (@)@ + @) + P20)® + (02)P) DD)

(W) + (2@ + B3P = ()P + (1)) WD)

+ (WD) + (@) + (@) + 020D + P21)P) DD) (0:2)P 62
+H(DP + (@)D + 020P) ((a2)P (@)D 631 + (2P (0:)P (420) P65
(WS + (b30)® = (12)D)s 2120 Ts1 +b2) P50y 22y T50 )} = O

+

(WP + B3 = ()N (DWW + (@)@ + (P26)®)

(DD + (@50@ + 2)®) (425)P G35 + (225)® (024) 963
(DD + B3P = (20)D)s(25)2) T35 +(b25) D520, T5s)

+((D® + (@)@ + (25)®) (02D 634 + (020® (425) 635 )
(DD + B2® = ) P)sasyenTss + b2) V0w @0 T)

((W®) + (@)D + (@)@ + P20@ + (P25)®) D@)
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((DO) + (B3)© + (B2)© = (13)©@ + (13)©) W)
+((DO) + (@)@ + (@5)@ + 0:2)@ + (035)@) D) (45 G4
H(D® + (a5)@ + (03)@) ((@30)©(g33) @G35 + (a33)© (a34) @ (g3)©63,)

(((/1)(6) + (béz)(6) - (7”32)(6))5(33),(34)T§3 +(b33)(6)5(32),(34)T§2)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part,
and this proves the theorem.
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