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Abstract

An alternative method is proposed for deriving the time-dependent Schrodinger equation from the pictures of
wave and matrix mechanics. The derivation is of a mixed classical-quantum character, since time is treated as a
classical variable, thus avoiding any controversy over its meaning in quantum mechanics. The derivation method
proposed in this paper requires no ad hoc assumption and avoids going through a second-order differential
equation that can be reduced to the well-known time-dependent Schrédinger equation only postulating a
complex wavefunction with a time dependence given by exp(—iEt/h), as did by Schrédinger in its original
paper of 1926 [1].
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1 Introduction

The time-dependent Schrodinger equation (TDSE) is widely used in quantum theory, especially in the study of
physical phenomena for which the potential energy of the system explicitly depends on time (e.g., spectroscopic
theory) [2]. Unlike the time-independent Schrodinger equation, which is easily derived from the classical wave
equation and the de Broglie relation, the TDSE cannot be easily formulated by elementary methods and, in some
textbooks, is simply introduced as an axiom. Schrodinger himself encountered difficulty in deriving the TDSE,
initially aiming to obtain a quantum equation similar to the classical one for electromagnetic waves [1]. An
exhaustive discussion of the principal methods of derivation is given by Briggs & Rost [3].

The explicit form of the TDSE is

d
thor W)y = HW). (M

In modern quantum mechanics text books only little mention is made on the classical nature of the
time and on the fact that TDSE does not correspond to the energy conservation of the mechanical system. This
suggests that it is worth deepening these fundamental aspects of quantum theory with the aim to obtain a more
robust and logical derivation of TDSE. We prove below that the operator ifi(d/0t) just represents the total
energy of the system and can be easily derived in the frameworks of both wave and matrix mechanics (i.c., the
Schrodinger and Heisenberg pictures). Then, using this result and the properties of commutative Hermitian
operators [4], we prove that the TDSE can be derived without the need to assign a quantum operator to the time
variable, thus avoiding a problem that is still a matter of debate and even controversy in quantum physics [5].
These steps are the key to formulate in a rational manner the TDSE, thus avoiding having to introduce it in the
quantum theory as a postulate.

A new proof of the TDSE has already been provided recently by Sanayei [6] based on purely
mathematical assumptions; here we start from physical concepts based on the parallels between geometric optics
and Hamiltonian mechanics, making use of a simpler mathematical formalism. All that is required is basic
knowledge of differential calculus and the algebra of quantum commutators.

2 The Operator ih(0/0t)

2.1 Schrodinger Picture

In many quantum mechanics textbooks, the wave theory of matter is introduced by highlighting the parallels
between geometric optics and Hamiltonian dynamics [7,8,9]. More precisely, the latter is treated as a limiting
case of the former. In geometric optics, the equation of a plane wave is given by

k- r — ot = const, (2)
while its phase velocity (which, in vacuum, coincides with the group velocity) is
v =v, = w/k. (3)

Let us consider a physical system whose motion is described by the vectors p and r given by
p= (px(pll R pn): py(pll R pn)! pz(pl' R pn)) 4

r = (x(q1, -, qn), Y(@ -, @), 2(q1, -, Gn))
where p; and q; are the usual canonical variables. We suppose that the time dependence is limited to the position

variables.
The equation of motion of a material particle that is acted upon by conservative forces, whose resultant is zero
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(steady state), is the following:

p T — wt = const. 4)
This is similar to Eq. (4), but with the wavevector k replaced by the momentum p and the angular velocity w
replaced by the total energy E. By taking the time derivative of Eq. (4), we obtain

0 .
a(k-r—u)t) =k-r+k'r—w=0.
Supposing the wavevector to be time-independent (as was just done for the linear momentum vector), we obtain
kr—w=0 = |fll=r=w/k=y, 5)

Which is simply the phase velocity of the plane wave. Proceeding in the same way, we can take the time
derivative of Eq. (5):

d

a(p-r—Et) =pr+pr—E=0.
Since the resultant of the forces is zero, so is the time derivative of the linear momentum:

pT—E=0 = |Fll=E/p=v, (6)
Where v is the velocity of the particle. Egs. (5) and (6) are entirely analogous and summarize the parallelism
between waves and particles.
We now turn to the quantum realm by invoking the third postulate of quantum mechanics, which states that

every observable of a physical system is associated with a Hermitian operator with a complete set of
eigenfunctions. The linear momentum and the particle position must then be replaced by the following operators:

p — ihV, ro .
Therefore, the operator form of Eq. (6) becomes
E= or E =inv af__ha
BLTE — e T Mo

where the operator product V - (0+/0t) is given by
of 0 a8 0 = 9x 9g; N dy 9g; o 0z g,
75t = (3 oy a_)< 9q. 0t " Ladq 9t ' Lada, at>-
We have proved that the operator if(d/0t) represents the total energy of the quantum system. In doing so, we
never needed to think of time as an operator.

2.2 Heisenberg Picture

We next show that the result obtained in the previous section can also be achieved in the Heisenberg picture
(matrix mechanics) [10]. To this end, we first recall that in the Heisenberg picture the operators evolve over time,
while in wave mechanics the time dependence is described by the wavefunction.

Consider Eq. (4), describing the same physical system (steady state); by taking its time derivative and supposing
all quantities to be Heisenberg operators, we obtain

L o7
E=p-5- ™)
Using the Heisenberg equations, the time derivative d7/0dt of the position operator is given by
ar 1
. T oL A’ H )
o~

Where H is the usual Hamiltonian operator of the system. Substituting this derivative in Eq. (7) and recalling the

explicit form of the momentum operator, we obtain
E=p or _ 'ha ! P/, H] = g P, H] = a(AH H#)
=P = T Hl = g [ HL = o FH — A7)
Supposing that the Hamiltonian is the sum of an operator term representing the kinetic energy K (p), which is a
function of only the momenta, and an operator term representing the potential energy U(r), which is a function

only of the coordinates and does not explicitly depend on time, we have
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.0 0 (o (Rew)+ 0(r)) — (RGo) + 0
B =~ (FH = H7) = == {F(R®) + (") = (R@) + U)) )

d AP AT P A P
= —a{rl((p) + 7fU(r) — K(p)f — U(r)r}

PN —~ -~ —

=-K 0K U AaU+aKA+I? +6UA+ﬁ
=- (P)—TE— (7‘)—7‘5 Fel (») Fel (r)

s _ U oo
—K(p)+U(r)+rE—K(p)—Er—U(r)

_ H+al7,\ H Aafj _ F\A-I-AF\_ ,'\A+AA_ A A
= 5T T H oo )= (CFF+7F) = (=pf +7p) = [F, ],
where the terms in K/ dr vanish because the kinetic energy operator depends only on the linear momentum.

Resuming, we have

L . o7 s
E=p-o =17 pl.
Now we have to work on the commutator [, p] as follows:
S _(ﬁﬁ 61%)
[7,9] = (7P —p7) = F o — 5 T
{ or . ar} 6[A A]__ha
5t TP~ P~ at(p) at T

Where we have made use of the well-known commutation relation [#, p] = ifh. We have arrived at the same
result as obtained in the Schrodinger picture: the total-energy operator of the system is given by i2(d/ dt). For
mathematical convenience, we have made use of a momentum operator of the form p — —iAV instead of
p — AV, the two are completely equivalent because they are Hermitian.

Obtaining the same result as achieved in the Schrodinger picture is simply a consequence of the physical—
mathematical equivalence of the two quantum theories (wave and matrix mechanics) [11].

3 Derivation of the Time-Dependent Schrédinger Equation
The operator ih(d/ dt) is Hermitian because it is self-adjoint:

;
(inge) =i (~7p) = g

Moreover, if the Hamiltonian operator H does not depend explicitly on time, it commutes with iA(d/ dt):

2] =0
STk e

Therefore, the two operators have the same eigenspace {|;)} [4], and since both represent the same observable,
it is logical to immediately conclude that they have the same spectrum of eigenvalues. However, we provide a
formal proof of this statement.

Consider the following two eigenvalue equations:

a I
lh& W) =¢&lb),  Hbp) =gy,
where the eigenvalues are real and nonzero. Since the Hamiltonian does not explicitly depend on time, it follows
that we can then write

4] 3] 3]
ihaHWi):ih&EH%); Hih&llpi):HEiNJi)-
Subtracting the second equation from the first, we obtain
0 0 0,
[lﬁ&H - tha] W) = [lh&si - Hsi] (W),

and since the two operators commute, the left-hand side of this equality is zero:

d d
[ihasg—HSi] lyy=0 = ihasg = Hg; . (8

Multiplying both sides first by €{ and then by €;, we obtain the following equalities:
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12, a ’ 7. a 2
& lﬁ§ =¢g;gH, Ei8i1ﬁ§ =g/H.
These equations are identical only if ;g = s{z = g2, which means that g; = &{. Taking into account Eq. (8), we
have
L0, 0
[lhasz - Hfi] ;) = lhEEiNJi) — Hei|y) =0,
from which we obtain the TDSE:

4]
ihaNh') =H|yy).

If the Hamiltonian H has an explicit time dependence, it no longer commutes with i2(d/ dt). In this case, we can
construct a new time-independent operator by performing a change of variables in the classical Hamiltonian
function H. = H(p, r, t) [6]:

. pi, ifi<n,
¢, ifi=o0, PiT {—s, ifi=0,
where € and t are two new conjugate variables. The transformed Hamiltonian is then given by

H.(p',v") =H(p,1 t) —¢, €)

which no longer has an explicit time dependence. The associated equations of motion in terms of the new
variables are

i

q,:{qi, ifi <n,

OH:(p',r") _ | oH:(p',r") _ .
T 5q. P 5 I (10)
qi pi
For integers 1 < i < n, these new equations are identical to the old ones, while for the new conjugate variables
qo and py, they become

_OH@\ ") _ OH.(p,1t) _ |

a9, at Po = ~% an
OHp' 1) _ MO
dpo 0(—¢) '

Again using the third postulate, we obtain the new Hamiltonian operator H', thus returning to the original
condition (the energy operator does not explicitly depend on time).

The derivation of TDSE presented in this paper is based on the assumption that the time is a parameter,
preserving thus its classical nature. This is true when the external perturbations made on the quantum system are
considered classically, just as in the spectroscopic theory [1]. Future researches must be developed in the case the
quantum system and its environment are entangled and the time cannot be more considered classically.
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