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Abstract

In this paper, we generate new exact travelling wave solutions to the nonlinear generalized Ito system based on
the extended tanh method with a computerized symbolic computation. It was obtained a various new solutions
by applying this method and including solitons, kinks and plane periodic solutions. More importantly, for some
equations, we also obtain other new and more general solutions at the same time. It is shown that the extended
tanh method is straightforward and concise, and more powerful mathematical tool can be applied to other
nonlinear partial differential equations arising in mathematical physics problems.
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1- Introduction

There is a wide class of partial differential equations of great significance to describe complex physical
phenomena in various fields of science, such as fluid mechanics, solid state physics, plasma physics, plasma
wave, chemical physics, condensed matter physics, optical fibers, biology, chemical kinematics, chemical
physics and geochemistry. The phenomena of dispersion, dissipation, diffusion, reaction and convection are very
important in nonlinear partial differential equations. Therefore, the researchers interested in studying and seeking
to find exact solutions for them and made a great effort in it because of its importance in nonlinear science. A
search for exactly solutions of nonlinear equations has been more interest in recent years because of the
availability of symbolic computation Mathematica or Maple .These programs allow us to perform some
complicated and differential calculations on a computer. Because of the complexity of the nonlinear wave
equations there is no unified method to find all solutions of their equations. There are many methods to solve the
various physical and engineering problems like as: A transformed rational function method [11, 23], Exp-
Function method [3], extended mapping method [2], extended Jacobian Elliptic Functions expansion method [7],
(G'/G)-expansion method [8, 24], modified simple equation method [9], F-Expansion method [1, 6], extended
tanh method [5] and many other methods. The exact travelling wave solutions for these nonlinear partial
differential equations including the soliton solutions, periodic solutions and rational solutions. Malfiet in [12, 13]
subtracted the tanh method which is an efficient and powerful method and used to find the exact solutions for
nonlinear partial differential methods. The tanh method applied by many works as in [15, 16,17,20] and by the
references there in. Later, the extended tanh method, developed by Wazwaz [14, 18], is a direct and effective
algebraic method for handling evolution equations so that one can apply it to models of various types of
nonlinearity. The purpose of this paper is to apply the extended tanh method to solve nonlinear generalized Ito
system and finding exact solution for this system.

2- Extended Tanh Method
Now, we illustrate the concept of the extended tanh method which used to solve partial differential equations.
Wazwaz put the following steps to use this method as follows [19]:

Let we have a partial differential equation in terms of two variables x, t in the form:

Q(u' Uty Uy Uxx) Uxexexs ) =0 (1)

Where Q is a polynomial in u(x,t) and its partial derivatives. By using the transformation u(x,t) =
U(¢),& = ax — Bt, where a and B are constants to be determined later, equation (1) transform to the
ordinary differential equation in the form:

Gw,u,u"u".)=0 (2)

Where G is a polynomial in U(§) and its derivatives.

Now, we use the new independent variable:

Y =tanh(§), { = ax —ft 3)
Which implies to changes of derivatives:

d -1 d
B dy’

dg§
- 2Y(1-Y?) d +(1-Y?%)7? &
gz dy av?’
@ _ 2(1-Y?»)(3Y2-1) d 6Y (1 — Y?)? & +(1-Y?3 s 4
g ay dy? dys3 )
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The extended tanh method admits to use of the finite expansion:
m

@O =UE = ) oV ©

i=

Where m is a positive integer which can be determined by balancing the highest order derivative term with the
nonlinear terms in the resulting equation. If m is not integer, then a transformation formula should be used to
overcome this difficulty. Substituting equation (5) into equation (2) and collecting all the terms of the same
power Y%, i = 0,F1,¥F2, ... and equating them to zero, we obtain a system of algebraic equations involving that
(aj,i =—-m,..,0,..,m),a, B . Having determined these parameters from equation (5) we obtain an exact
solution in a closed form.

3- The nonlinear generalized Ito system:
Now, we apply the extended tanh method to find the exact solution to the nonlinear generalized Ito system [1]:
Up = Uy
Vp = —2Uppx — 6(uV), — 12wWwW, + 6p,
Wi = Wyyy + 3UW,

Pt = Pxxx + 3upx (6)
Many authors for different cases have obtained some exact and numerical solutions of the generalized Ito system
[4, 10, 21, 22]. Now, we using new variable defined on the equation (5):

m

U@ =UE = ) v

i=—

v =VE = ) bY,

WD) =WE =y v,
PO =P = ) 1Y )
i=—d

Where ¢ = ax — ft, equation (6) transform from partial differential equation to ordinary differential equation as:
—BU" = aV’,
BV’ = =2a®V"" —6aUV’' — 6aVU’ — 12aWW' + 6aP’,
—BW' = a3W'" + 3aUW’,

—BP = a3P"" + 3aUP’ (8)
Balancing U’ with V' in the first equation, V"' with the nonlinear term UV’ in the second equation, W'"’ with
UW' in the third equation and P'"" with UP’ in the fourth equation in (8) leads to the following:

m=n4+n—-1=m+n+1=2k+1=d+1 9
Fromthisweget m=n=k =2,d =4
Then,

U&)=a_,Y ?+a Y +a,+a, Y +a,Y?,

V(&) =b_,Y 24+b_1 Y 4+by+b Y +b,Y?

WE)=c,Y2+c Y 4+co+c Y +c, Y3

PE) =1y Y +r Y 347,V 241 Y g4+ Y+ Y2+ Y3+, v* (10)

Substituting equation (10) into equation (8) and collecting the coefficients of the powers Y we get a system of

algebraic equations as:

Ba, +ab; =0,

2ab, + 2fa, =0,

pa_;+ab_;+ fa, +ab; =0,

fa_;+ab_; =0,

2Ba_, +2ab_, =0,

48a3b, + 24aa,b, + 24ac? — 24ar, = 0,

—18ar; + 36ac,c; + 18ab,a, + 18ab,a, + 12a3b; = 0,

26b, + 80a3b, + 24aayb, + 24ac? — 24acyc, — 12ac? — 24ar, + 12ar, — 12aayb, — 12aa, by
—12abya, =0,

6aa_,b, + 6aayb, + 6aayb_; — 18ab,a, — 18ab,a, + 6abya, — fa, — 16a3b, — 36ac;c, + 12ac_;c,
+ 12acycq + 18ar; — 6ar; =0

—24acyc, + 12ar, — 12ac? — 12abya, — 12abya, + 2b, + 32a3b, — 12ab,a, = 0
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—12ac_qc, — 12acyc; — 12ac_ycq — 12acyc_q + 6ary + 6ar_; + Bb; + 4a3b_; + 4a3b; — 12abya_,
— 6aagb; + 6aa,b_, — 6aa_,b; — 6aaygb_, + 6aab_, — 12ab_,a, — 6abya, + 6ab,a_,
—6abya_, + pb_1 =0,

2Bb_, +32a3b_, — 12abya_, — 12ac?, — 24acyc_, + 12ar_, — 12aa_;b_; — 12aayb_, = 0,

12acyc_, — 36ac_,c_, — 6ar_, + 18ar_; — 18a_,b_, — 18aa_,b_, + 6ab_,a, + 6abya_, + 12ac_,c;
— Bb_; —16a3b_, + 6abja_, + 6aayb_; = 0,

2b_, +80a3b_, — 12aa_,b_; — 12ab_,ay + 24aa_,b_, — 12abya_, — 12ac?; — 24acyc_, + 24ac?,
+12ar_, — 24ar_, =0,

36ac_,c_; — 18ar_; + 18ab_,a_; + 18ab_ja_, + 12a3b_; = 0,

48a3b_, + 24aa_,b_, + 24ac?, — 24ar_, = 0,

24a3c, + 6aayc, =0,

6a3c; + 6aa;c, + 3aayc; =0,

40a3c, + 6aa,c, — 6aayc, — 3aa c; — 2fc, =0,

8adc, + 6aa,c, + 3aayc, — 6aa_ c, — 3aayc; + 3aazc_; — fc; =0,

—16a3c, + 6aagc, — 3aa_;c¢; + 3aa,c_q + 6aa,c_, + 2f¢c, + 3aac; — baa_,c, = 0,

—2a3c_; — 2a3c; + 3aaygc; — 3aayc_, — 3aa_yc; + 3aagc_q + 6aac_, + fey + fe_y + 6aa_c; =0,

—16a3c_, + 6aa_,c, + 3aa_;c; — 3aa,c_; — 6aac_, + 3aa_c_, + 6aagc_, + 2fc_, =0,

8a3c_; +3aa_,c; — 3aagc_; — 6aac_, + 3aa_,c_, + 6aa_jc_, — fc_; =0,

40a3c_, — 3aa_jc_q — 6aayc_, + 6aa_,c_, —2fc_, =0,

—6a3c_; —3ac_ja_, — 6a_sc_, =0,

—24a3c_, — 6aa_,c_, =0,

120a3r, + 12aa,r, = 0,

—60a3r; — 12aa,1, — 9aa,r; =0,

248a’r, — 24a3r, + 12aa,r, — 6aa,r, — 12aagr, — 9aa,rs — 41, = 0,

114a3ry — 6a’r, + 12aa,7, + 9aa,r; — 12aa_1, — 9aayr; — 3aa,r, — 6aa,r, — 313 =0,

40a3r, — 152a3r, + 12aayr, + 9aa rs + 6aa,r, — 12aa_,r, — 9aa_,r; — 6aayr, — 3aa.r, — 267,
+4fr; =0,

8a3r, — 60a’r; + 12aa_ 1y + 9aagr; + 6aa,r, + 3aa,r; — 9aa_,r; — 6aa_ 1, — 3aayr + 3aa,r_;
+ 31—, =0,

—16a’r, + 24a®r, — 3aa_r + 12ar,a_, + 9aa_,r; + 6aayr, — 6aa_,r, + 3aa,;r_, + 6aa,r_, + 21,
+ 3aa,1; =0,

—2a%r_; — 2a3r + 6a3r_3 + 6a3r; + 9aa_,r; + 6aa_i1, + 3aayr; — 3aa_,r; + 3aagr_; + 6aa,r_,
+9aa,r_5 + fry + fr_4 — 3aa,r_, =0,

—16a3r_, + 24a3r_, + 6aa_,r, + 3aa_ 1, — 3aa,r_; — 6aa,r_, + 3aa_ir_, + 6aayr_, + 9aa,;r_;
+ 12aa,r_, + 2f1_, =0,

60a3r_; + 8ar_; + 3aa_,n — 3aayr_; — 6aa;r_, — 9aa,r_; + 3aa_,r_; + 6aa_r_, + 9aa,r_;
+ 12aay7_4 — fr_4 +3B1r_3 =0,

—152a3r_, + 40a3r_, — 3aa_;7_; — 6aagr_, — 9aa;7_; — 12aa,r_4 + 6aa_,r_, + 9aa_i7_5 + 12aagr_,
— 201, +4Pr_, =0,

114a3r_; — 6a3r_; — 3aa_,r_; — 6aa_r_, —9aayr_; — 12ar_,a; + 9aa_,r_ 3 + 12aa_;7_, — 3f1_3 =0,

248a3r_, — 24a3r_, — 6aa_,r_, —9aa_;7_3 — 12aa,r_4 + 12aa_,7_, — 4fr_, = 0,

—60a3r_3; —9aa_,r_3; — 12aa_s7_, = 0,

—120a3r_, —12aa_,r_, =0 (11)
By using Maple to solve this system, we get the following results:
—2a%+p
1) a_, = 0, a_, = 0, ag = _T, a, = 0, a, = —2&2, b_z = 0,
—cf + %+ 4a’®
b—l = 0, bo = - E B B bl = 0, bz = Zaﬁ, C_Z = 0,

2a? ’
c_.1 =0, Co = Co, c1 =¢q, c, =0, 14 =0, r_3 =0, r,=0,
r1=0, 1, =1y, 1 =2cCqy, rp, =0, =0 1n=0 a=aq B=p (12)
Substituting equation (12) into equation(10) , we get a solution of equation (6):

—2a3 +
u(x,t) = _Tﬁ — 2a? tanh?(ax — ft),
—cf + %+ 4a’®
v(x,t) = —— gaz F + 2ap tanh?(ax — Bt),
w(x, t) = ¢y + ¢y tanh(ax — Bt),
p(x, t) =1y + 2¢yc; tanh(ax — ft) (13)
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64a® —c2 )
2) a_z = 0, a_1 = 0, ao = W, al = 0, az = —46! ) b_z = 0,
2
)
b—l = 0’ bO = bO' bl = 0’ bZ = ﬁ' C_p = 0, C_1 = 0, Co = Co,
Cl = 0, Cz = Cz, T_4 = 0, ‘l”_3 = 0, r_z = 0 ,T‘_l = 0, 7”0 = 7”0, 7”1 = 0 )
64a%cyc, — 128a8hy — ¢ 0 0 5 c? (14)
= ) =V nrn=v ad=aq, = —=
2 32a6 3 4 8’

Substituting equation (14) into equation(10) , we get another solution of equation (6):
2

64a® — c? c
— % _ 4a?tanh? (ax -2 t),

ule t) = 24q* 8a3

2 2
v(x,t) =b +C—21,“anh2 ax—c—zt
’ 0" 22 8a3 )

2

C2
w(x,t) =cy + ¢, tanh? | ax — —=t |,
( ) 0 2 ( 8a3>

64a’cyc, — 128a8hy — cf 5 c?
plx,t) =1, + 3706 tanh (ax - @t> (15)
3) a_, = —2a?, a_,=0,ay, =ag,a, =0, a, = —2a?, b_, = —2a?(3a, + 4a?),
16a® + c%; — 9a?a} 5 ,
b—l = 0, bo = 26(2 ) bl = 0, bz = —26( (Sao + 4da ),
C—Z = 0, C_l = C—l' CO = Co, Cl = C_l, Cz = 0, 7”_4 = 0, ‘l”_3 = 0,

r_z = 0 ,T‘_l = ZCOC—l' T‘O = ro, rl = ZCOC_]_ ) rz = 0,

3=0 1r=0 a=a, B = —3aa, — 4a3 (16)

Substituting equation (16) into equation(10) , we get another solution of equation (6):

u(x, t) = —2a? coth?(ax + (Baay + 4a3)t) + ay — 2a? tanh?(ax + (Baa, + 4a3)t),

16a® + 2, — 9a?al

v(x,t) = —2a%(3a, + 4a?) coth?(ax + (Baay + 4a®)t) + P
+ 4a?) tanh?(ax + Baay + 4a®)t),

w(x, t) = c_icoth(ax + Baay + 4a3)t) + ¢y + c_tanh(ax + Baa, + 4a®)t),

p(x,t) = 2coc_scoth(ax + Baay + 4a3)t) + ry + 2¢coc_tanh(ax + Baay + 4a3)t) (17)

—2a?(3a,

8a® - p

4) a_, = —2a?, a_, =0,a, = i 0, a, = —2a?, b_, = 2ap,
bo=0, b= TP L0 b=2ap, =0 c,=c
— ) 26(2 ’ 1 ’ 2 ’ -2 4 -1 -1
Co = Co, €1 = —C_q, c; =0, 14 =0, r3=0,1_,=0,r_4 =2¢cyc_q,
Ty =Ty, 1 = —2¢oC_1, rn,=01r=0 1n=0 a=aqa, B=p (18)
Then, the solution of equation (6):
8a®—p
u(x,t) = —2a? coth?(ax — ft) + ———— — 2a? tanh?(ax — ft),
c?; E?{BZ

v(x,t) = 2ap coth?(ax — pt) + —ar + 2ap tanh?(ax — ft),
w(x,t) = c_;coth(ax — Bt) + ¢, — c_;tanh(ax — Bt),
p(x,t) = 2cyc_qcoth(ax — Bt) + ry — 2¢oc_ tanh(ax — Bt) (19)

2a3 - p

5) a_, = —2a?, a_, =0,a, = 3 = 0, a, =0, b_, = 2ap,

ct, —4a3p - p?

b—l = 0, bo = bl = 0, bz = 0, C_, = 0, C_1=C_q,

2a? ’
Co = Cp, L = 0, Cr = 0, T_4 = 0, r_3 = 0,7‘_2 = 0 -1 = 2COC_1,
Ty = T, n=0, rn=0r=0 rn=0 a=a, B=p (20)
Then, the solution of equation (6):
20—
u(x,t) = —2a? coth?(ax — ft) + 35
c2, — 4adp — p?
v(x,t) = 2ap coth?(ax — pt) + 1T2'3'3,
w(x,t) = c_;coth(ax — Bt) + c,,
p(x,t) = 2cyc_icoth(ax — Bt) + 1, (21)
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v(x,t) //

u(x, t)

Fig.2: Exact solution of u(x, t), v(x,t),w(x,t) and p(x,t) for—3 < x < 3,-3 <t <3of Eq.(15).

u(x, t)

Fig.3: Exact solution of u(x, t), v(x,t),w(x, t) and p(x,t) for =3 < x < 3,-3 <t < 3 of Eq.(17).
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Fig.4: Exact solution of u(x, t), v(x,t),w(x,t) and p(x,t) for =3 < x < 3,-3 <t <3of Eq.(19).
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Fig.5: Exact solution of u(x, t), v(x,t),w(x,t) and p(x,t) for =3 < x < 3,-3 <t <3of Eq.(21).
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4- Conclusion

We obtained various new exact solutions to the nonlinear generalized Ito system by using extended tanh method.
The key idea behind our method is to express the solution as a polynomial in hyperbolic functions, then the
solving of the variable coefficient partial differential equations implies solving a system containing ordinary
differential equations and algebraic equations. The performance of this method is powerful and can be used to
discuss nonlinear evolution equations and related models in scientific fields. The tedious computations
associated with the algebraic calculations are facilitated using symbolic computation software such as Maple and
Mathematica.

References

[1] Alaidarous E. S. A., "F-Expansion method for the nonlinear generalized Ito System" Inter. J. Basi. & Appl.
Scie., 10(2), 90-117.

[2] Abdou M. A. "Exact Travelling Wave Solutions in a Nonlinear Elastic Rod Equation, Inter. J. of Nonl.
Scien.", 7(2), 2009,167-173.

[3] Bulut H., Onargan G. and Ugurlu Y. "Exp-Function method for Solutions of (3+1) Dimensional Breaking
Soliton and Gardner-Kp Equations" IJRRAS, 18(1), 2014, 79-84.

[4] Ebadi G., kara A .H., Petkovic M.D., Yildirim A. and Biswas A. "Solitons and conserved quantities of the Ito
equation" Proc. Roma. Acad. Seri., A 13(3), 2012 ,215-224.

[5] EI-Wakil S.A. and M.A. Abdou, "Modified extended tanh function method for solving nonlinear partial
differential equations, Chao. Solit. & Frac." 31(5), 2007, 1256—1264.

[6] Filiz A., Ekici M. and Sonmezoglu A., "F-Expansion Method and New Exact Solutions of the Schrodinger-
KdV Equation"Scie. Worl. J, 2014, 2014, 1-14.

[7] Hong B., Lu Dian. and Sun F., "The extended Jacobi Elliptic Functions expansion method and new exact
solutions for the Zakharov equations" Worl. J. Mode. Simu., 5 (3), 2009, 216-224.

[8] Khan K. and Akbar M. A." Study of analytical method to seek for exact solutions of variant Boussinesq
equations" Sprin. Open J., 3(324), 2014, 2-17.

[9] Khan K., Akbar M A. and Islam S M R. "Exact solutions for (I + 1)-dimensional nonlinear dispersive
modified Benjamin-Bona-Mahony equation and coupled Klein-Gordon equations" Sprin. Open J., 3(724),
2014, 1-8.

[10] Kawala A.M. and Zedan H. A." Application of variational iteration method for solving the nonlinear
generalized Ito system" J. Amer. Scie., 7(1), 2011, 650-659.

[11] Maa Wen-Xiu and Lee Jyh-Hao " A transformed rational function method and exact solutions to the 3 +
1dimensional Jimbo—Miwa equation". Chao., Solit. Frac., 42, 2009,1356—1363.

[12] Malfliet W. "Solitary wave solutions of nonlinear wave equations" Amer. J. Phys., 60(7), 1992,650—654.

[13] Malfliet W. and Hereman W. " The tanh method. I: Exact solutions of nonlinear evolution and wave
equations" Phys. Scri., 54, 1996, 563-568.

[14] Wazwaz A.M. "New solitary wave solutions to modified forms of Degasperis-Procesi and Camassa-Holm
equations" Appl. Math. Comp., 186(1), 2007, 130-141.

[15] Wazwaz A.M." The tanh method for generalized forms of nonlinear head conduction and Burger-Fisher
equations" Appli. Math. Comp. 169, 2005, 321-338.

[16] Wazwaz A.M. "The tanh method for travelling wave solutions of nonlinear equations" Appl. Math. Comp.
1543,2004, 713-723.

[17] Wazwaz A.M. " The tanh method: solitons and periodic solutions for the Dodd-Bullough—Mikhailov and
the Tzitzeica—Dodd—Bullough equations" Chao., Solit. Fract. 25(1), 2005,55-63.

[18] Wazwaz A.M. "The extended tanh method for new soliton solutions for many forms of the fifth-order KdV
equations" Appli. Math. Comp. 184(2), 2007,1002-1014,.

[19] Wazwaz A.M. "The Tanh method: exact solutions of the Sine-Gordon and the Sinh-Gordon equations "
Appli. Math. Comp. 167(2), 2005, 1196-1210.

[20] Wazwaz A.M. "Travelling wave solutions of generalized forms of Burger, Burger-KdV and Burger-Huxley
equations"Appl. Math. Comp. 169, 2005, 639-656.

[21] Zedan H.A. "Symmetry analysis of an integrable Ito coupled system" Comp. Math. Appli. 60(12), 2010,
3088-3097.

[22] Zedan H.A., Al-Aidrous E. "Numerical solutions for a generalized Ito system by using Adomian
decomposition method" Intern. J. Math. and Comp., 4 (S09), 2009,9-19.

[23] Zhang S. and Zhang Hong-Qing "A transformed rational function method for (3+1)-dimensional potential
Yu-Toda—Sasa—Fukuyama equation" Pram. J. Phys., 76(4), 2011,561-571.

[24] Zheng B. " Traveling Wave Solutions For The (2+1) Dimensional Boussinesq Equation and the Two-

Dimensional Burgers Equation by(%)—expansion method" Ws. Rans. on Comp., 9(6), 2010, 614-623.

34



