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Abstract

A detailed photon statistics of twin light beams with the same and different frequencies produced by the process
of parametric oscillation has been presented. We have described the process of the parametric oscillation with
first-order Hamiltonian regardless of whether the twin light beams have the same or different frequencies.
According to our study we have observed that the mean photon number of the cavity mode decreases with the
cavity damping constant increase, which implies that the more photons are escaped from the cavity for the large
damping constant and the mean photon number of residue pump mode increases with the amplitude of pump
mode.

Introduction

Light has played a special role in our attempt to understand nature both classically and quantum mechanically. In
classical description light consists of waves with well defined amplitude and phase, but this is not the case when
we treat light quantum mechanically. Quantum optics is a field of quantum physics that deals with the interaction
of photons with matter and the quantum properties of the light generated by various quantum optical systems.
The calculation of variance in a quantum state leads to the determination of the total noise of that state. The
knowledge of the noise level of a state is essential to estimate the value of such a state in practice [3]. The
variance in a two mode state are defined as mean-square uncertainties in the real and imaginary parts of the
annihilation operators of the mode [4]

Master Equation
The process of parametric oscillation [1] leading to the creation of twin light modes with the same or different
frequencies can be described by the Hamiltonian
A =iy(bt - b) +ie(b*a,a, — hala})

where @, and @, are the annihilation operators for the light modes emitted from the top and intermediate
levels of the fundamental mode, b is the annihilation operator for the pump mode and part of the pump mode that
emerges from non-linear crystal without being down-converted (residue mode), ¢ is the coupling constant, and y
is proportional to the amplitude of the coherent light deriving the pump mode. We assume that the operators @,
and @, commute and satisfy the commutation relation

[dl, dI] = [az'a;r] =1
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Fig.1: Plot of the external pumping radiation of frequency (w) is down converted to the fundamental (signal-
signal or signal-idler) mode of frequencies (ws, w;) by the nonlinear crystal.

We may refer to a Hamiltonian of the form described by Eq. (1) as first order Hamiltonian. We next seek to
calculate the master equation and operator dynamics for the twin light modes by applying the pertinent
Hamiltonian described by Eq. (1). The master equation for the system under consideration turns out to be

% =y(btp — pbt + pb — bp) + e(b'a,a,p — pb'a,a, + phafal — balalp)

Ky ot ata a amta N K2 ion it bAoA anta
+— (2a,pa} - aja,p - paja,) + - (28,08 - a}8,p — pajay),

where, k, and k, are the cavity damping constant of the signal-idler mode.
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Operator Dynamics
At issue here is to find, the equation of evolution of the expectation values of the cavity mode operators, and
their steady state solutions. Using the relation
d(A) ( )
=Tr p” A 4)

dt
On account of the properties of the trace operator, and Eq.(2) along with the fact that the operators d@; and @,

commute, we find
d(a1>

" (a1) — &(ba}) (5)
d(dz) kz /A oA
datz = _?2<a2) - s(bair) (6)
St R .
WEG) — iy (afay) - e(bala]) - e(btayay) P
da(ala At A b SR
U8 = _ky(afa,) - e(balal) — e(bta,a,) (8)
d(iltaZ) = _%(kl + k,)(a,8,) — e(bala,) — e(bala,) — e(b). )

On taking k; = k, = k, the steady-state solutions of the above equations become

(@) = = (baj), (10)
(@) = —2*(ba}), (11)
(@fa,) = —~(bajal) - 2 (b'a,a,), (12)
(@38,) = — £ (baja}) — £ (b*a,ay), (13)
(@18,) = —~(balay) — = (baa,) — ~(b). ) (14)
On the other hand, the evolution of the expectation value of the pump mode b is given by
“0) _ _iry([A, 5]b) + “Tr{(2bpb" - 5B5 — pb'H)b), (15)

in the absence of parametric oscillation (¢ = 0), the Eq. (1) becomes
d = iy(bt - b), (16)
Upon dropping the noise operator, we can write the quantum langevin equation as

w=—§k5+y, (17)

dt

where k is the cavity damping constant. The steady-state solution of this equation is

po
=2 (18)

Now substituting the value of b in Egs. (10), (11), (12), (13) and (14), we get

<n———«U (19)
(a,) = ——<A*) (20)
(@fay) = —(alal) - S(a,a,), 1)
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At A AyAt A Ayjn A

(@la,) = —L(ajal) - 2(a,a,), (22)
PREPN A At A A At A A

(a,a,) = _E(aIa1)_E(aIa2) - (23)

in which A is determined by

_ e
A== (24)

Applying Eq. (19) and (20), we easily find
(a,) =(ay) =0. (25)

In addition, by using Egs. (21), (22) and (23) we get

(@fay) =2 (26)
(@fa,) = (afa,), 27)
(@,8,) = — . (28)
It can also be readily asserted that
(@) = (@) = (ala,) = 0. (29)
We take
a=a, + a4, (30)

to be the annihilation operator for superposition of light modes @, and d@,, produced by the parametric oscillator.
We can easily assure that

[a,at] = 2. 31)

We actualize that the superposition of the two light modes, with the same or different frequencies, constitutes a
two-mode light. We wish to call superposed light modes with the same frequency and the superposed light
modes with different frequencies. It also proves to be convenient to the parametric oscillator which produces the
same frequencies as the degenerate parametric oscillator and the one which produces the different as the non-
degenerate parametric oscillator. Finally, we would like to mention that the result described by Egs. (25) — (29)
are valid for the signal-signal or signal-idler modes.

The Mean and Variance of the Photon Number
We define the photon number of the two-mode sub-harmonic light, 7 = (@7 @). Then using
Eq.(30) and taking into account Eq.(29), we easily find

= (ala,) +(ala,), 32

so considering Eqs.(26) and (27) there follows
_ 422
n= 33

T k2-422"

This represents the mean photon number of the signal-signal or signal-idler modes. We observe that the mean
photon number for the conventional Hamiltonian is half of the result given by Eq.(33). This unexpected result
must be due to representation of the twin light beams with the same frequency by second- order annihilation and
creation operators in the conventional Hamiltonian.
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Fig. 2: Plots of the the mean photon number [Eq.(33)] versus y for € = 0.01, and different values of k ,for x =
0.400(solid curve), k = 0.404 (dashed curve) and k = 0.408 (doted curve).

It can readily be observed that the mean photon number of the cavity mode decrease with the cavity
damping constant increase. Since more photons escape from the cavity for large damping constant. Now
applying Eq.(31), the photon-number variance of the two-mode
sub-harmonic light is defined by

(An)? = ((atah)?) — n?, 34
Can be put in the form
(An)? = (at?at?) + 2n — n2. 35
Now applying the fact that @ is a Gaussian variable with zero mean, we get
(An)? = 27 + n? + (at?)(a?) 36
and on taking into account Eq.(31) along with Eq.(30), we arrive at
(An)? = 27 + 7% + 4(atal)a, a,). 37

Hence in view of Eq.(33) along with Eq.(28), the photon-number variance of the two-mode

parametric light takes the form
2 _ 822 1642 4k272
(&n)* = —az T (k2—422)2 + (k2-422)2 38
In addition, we note that the equation of evolution of the mean photon number for the pump

mode can be written as

= (b*b) = —i([b'h, A]) + > kTr[(2bpb* — pb*5)bb]. 39
Then using Eq.(2.36) and the fact that
~kTr[(2bpb* — btbp — pb*h)bTH] = —k(B'D), 40
we readily get
L (bth) = —k(btB) + y(b) + y(b') + e(bta,a,) + (ba, a,") 41
p” y y g(b'a,a,) + e(ba, ' a," ).

The steady-state solution of this equation is

(b*by = (b + b)) + - ((b*a,a,) + (ba,"a,"), 42
so that in view of Eq.(18) and Eq.(27), the mean photon number of the pump mode takes

the form

PPN 4y? 222
(b-rb) = k_z - KZ_a12" 43
The first term of Eq.(43) represents the mean photon number of the pump mode in the absence of the parametric
oscillator and the second one represents the mean photon number of light mode a; or light mode a, or the mean
photon number of the down converted pump mode. The difference of the two terms is the mean photon number
of the pump mode that emerges from the nonlinear crystal without down-converted (residue mode). This is
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exactly what we would expect the mean photon number of the pump mode to be.
mean photon number of pump mode
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Fig. 3: Plots of the mean photon number of residue pump mode [Eq.(3.24)] versus y for e = 0.01, and k = 0.4 .
Fig.(3.2) shows the mean photon number of residue pump mode increase with the amplitude of pump mode.

. _k 7 5.2 . . . i
Setting Eq.(43) to zero, one can find y = 45‘/ (k 2¢€2) , at this point the incident photons were fully down
converted to fundamental (signal-signal or signal-idler) mode.

Conclusion

In this paper we seen that the mean and variance of photon number for twin light beams generated by parametric
oscillator whose coupled to vacuum reservoir by the aid of steady state solution. Applying the steady state
solution we have calculated variance and mean photon number for twin light beam. Our result shows that, we
have the mean photon number of the cavity mode decreases with the cavity damping constant increase, which
implies that the more photons are escaped from the cavity for the large damping constant and the mean photon
number of residue pump mode increases with the amplitude of pump mode.
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