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Abstract

In this paper we have studied the statistical and squeezing proprieties of light produced by superposition of a pair
of single-mode squeezed chaotic light beams. Applying density operator of single-mode squeezed chaotic state;
we obtain the anti-normal order characteristics function which enables us to find the Q function. With the resulting
Q function, we calculate the photon statistics and the Quadrature squeezing for single-mode squeezed chaotic light.
Moreover applying Q function of single-mode squeezed chaotic state the superposed light beams would be driven.
With the resulting Q function we calculated the photon statics and the quadrature squeezing for superposed light
beams. To get the maximum squeezing to be 95%, for nth=0and r = 1.5.
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1 Introduction

The most important quantum states of light are chaotic state, coherent state and squeezed state. Chaotic state is
one of the classical features of light with super-Poissonian photon statics. And its best example is thermal light.
The coherent state is a specific superposition of number states which does not possess number of photons as well
as it is known by minimum uncertainty and poissonian photon statistics. Squeezed state satisfies non-classical
feature of light, with sub-poissonian photon statistics [1]-[4].

The quantum distribution of radiation is the core idea in quantum optics. This used to describe the quantum
properties of light. Some of them are the P function, the Wigner function and the Q functions. The P-function is c-
number function with the anti-normal order density operator over 7. And used to describe the superposition of
two light beams with different states but having the same frequency. The Wigner function is the c-number function
corresponding to the symmetric order density operator over . The Q function is the most widely used one because,
it is used to describe the superposition of two light beams with the same frequency but may be in the same or
different states. This is described in terms of normally ordered density operator divided by = [5].

2 Methods

Within density operator we calculate the anti-normal order characteristic function which is used to obtain the Q
function. With the help of resulting Q function we calculate the density operator for superposed single-mode
squeezed Chaotic state, the mean photon number, the variance of photon number, the photon number distribution
and quadrature variance for both single-mode and superposed single-mode squeezed chaotic state.

3 Single-mode squeezed chaotic state

3.1 Single-mode chaotic state

Thermal light is the best example of light mode in a chaotic state, which is generated by the source in thermal
equilibrium at the minimum temperature. This is not a pure state, instead it can be described by density matrix and
has mean which is less than variance so, and we called as classical feature of light. It can be used to describe light
of the bulb, Black-body radiation and etc. In this section we seek to determine the density operator for chaotic light
in terms of the P function using Lagrangian multipliers and by maximizing entropy. The entropy of thermal light
can be described as [6].

3.2 Single-mode Squeezed State

A degenerate parametric amplifier, consisting of nonlinear crystal pumped by coherent light, is a source of single-
mode squeezed light. In this system a pump photon of frequency 2w is down converted into two twines signal
photons each of frequency ® as shown in Fig. (1) [6]-[10].
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Figure 1: A degenerate parametric amplifier with nonlinear crystal pumped by coherent light
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3.3 The Q function for single-mode squeezed chaotic state
The Squeezed chaotic state is obtained by performing squeezing operator on thermal state. Which have both
classical and quantum nature rather than quantum or classical nature only because the system obeys both features
simultaneously. Thus, consider the light mode initially in a chaotic state then the state vector for the squeezed
chaotic light would be given by,

Pse = [ W>se <y = SOIp>u< @ | $*(1) = S@)uS* (r). (1
Eq. (1) describes the density operator for single-mode squeezed chaotic state. The Q function for single-mode
squeezed chaotic state in terms of anti-normally ordered characteristics function is expressed in [9]-[12],

Q(a’,a,7) == [ d22p,(2",2,r)e @2, @)

Where

x b N
oute' ) =LA o

And
a = (1+ 2n,)sinh?r + g, + 1
b = —(1 + 27, )coshrsinhr 4
Substituting Eq.(3)in Eq.(2), we see that
* _10d% azr'ziza-za +2(z2+2°%)
Qa',ar) =2["e z 5)

Carrying out integration with the help of

bc+Ac?+Bb?
deZZ e(az*z+bz—cz”+AzZ+Bz*2) — \/a2_14AB exp[%] (6)
Fora >0
We get
2_n2 «, N *
Q(CI*, a, 7") — M T[N exp[—Ma(x +E(062+(1 2)] (7)
Where
_ a
M= PRl (¥
And
b
N ==z )

3.4 Photon statistics
Here we wish to calculate the mean photon number; the variance of photon number and then photon number
distribution of the light generated by single-mode squeezed chaotic light employing the Q function.
3.4.1 The mean photon number
The mean photon number in terms of the Q function is given by
7= [d*aQ(a*,a,r)e’® ", (10)
Up on expanding the exponential function eAC’® jp power series as

el = (1 +A+ %AZ + ---)a*a,

= (1 - M)a*a+ Na?. (11)
Interims of Egs. (4), (8) and Eq. (9) the mean photon number for single -mode squeezed chaotic state take the
form
il = Agy + (1 + 27, )sinh?r (12)
Fig. (2), shows that as the mean photon number of thermal light and squeezed parameter(r) increase the mean

photon number of single-mode squeezed chaotic state increases. So the use of thermal light is to increase the mean
photon number of single-mode squeezed chaotic state.
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Figure 2: Plots of mean photon number Eq. (10) versus squeeze parameter(r) for different value of Ny,

3.4.2 The Variance of Photon Number

The variance of photon number for single-mode squeezed chaotic light in anti-normal order form is putted as,
(An)? =< a*?a? > +2n —n2. (13)

Where
< a*2a? > = [d%aQ(a’, a,1)ede* e, (14)
we can expand e4% @ i ies fi
pand e in power series form as,
2
ac?a? _ 1 _ (Mot — Nay 2+ 12 L(~Ma* - Nay 2+ 2 62) | a2
e =|1-Ma Na)aa*+ T30 T 3 Ma Na)aa*+ o) + ar“a“, (15)

Using Eq. (15) in Eq. (14) and applying the differentiation, we see that

< a‘?a? >= 2a* +b? (16)
On account of Egs. (4), (16) and Eq. (12) the variance of photon number described as
An? = 271y, — fyy® + 3(1 + 271,)%sinkh?r + (1 + 27, %sinh*r—(1 + 27, coshrsinhr. (17)

Fig. (3) Shows that the variance of photon number (broken line) is greater than mean photon number (solid line)
which indicates the radiation has super-Poissonian photon stastics.
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Figure 3: Plots of the mean photon number Eq. (12) and the variance of photon number

Eq. (17) versus squeeze parameter(r) for iy, = 0.25.

3.4.3 Photon number distribution

The photon number distribution for single-mode light is expressible in terms of the Q function as,

1
M2-NHz  9%" 1-Ma*a+(a? +a?
P(nr) = W2 T ppl0margletad]y (18)

Up on expanding the exponential part in a power series, we have

. 1-m)’a?a®
expl-Mal — Z%
v
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exp[?a ] = szT (19)

Substituting Eq. (19) into Eq. (18), we find
1 N x+u
(M2-N?)2 z) -V g2n .
P(n,r) = TZv!u!x! (2) N S oan (62u+va 2x+v) la=a*=0> (20)
Performing some mathematical rules we find
1 n—2uUp2v
— (M2 2y5 gyl pA-m)"7N
P(n,r) = (M —N )szzom. (21)
On account of Eq. (8), (9) and Eq. (4) we can put the photon number distribution as,
, ﬁthz_ﬁth n-zx —(1+2np)coshrsinhr 2x
1 (n] " \+2ngy)sinhZr+(1+ng,)? ((1+2ﬁth)sinh2r+(1+ﬁth)2)
P(n,r) = 1| Zx=o 22X (x)2(n—2x)!
((1+27p)sinh2r+(1+27)2)2 x)min—2x):
(22)

Fig. (4) Shows that the photon number distribution increase with number of photons. But photon number
distribution decrease as mean photon number of thermal light and squeezed parameter(r) increase.
o7 : . : : : : ; : ;

T e 4

P -==Ny=2,r=1.5
P i nm=3, r=2

’ —n,=4,1=25

Q1F » E

1 1 1 1
22 24 26 28 3

N
"

n
»
i

n
Figure 4: Plots of photon number distribution Eq. (14) versus number of photons (n)

3.5 Quadrature squeezing (fluctuation)
The squeezing properties of single-mode light are described by two quadrature operators defined by [13],

Aay? =< dy,dy >. (23)
Using < U,V >=< UV > —< U >< V > Eq.(23) can be rewritten as

Aa? =1+< @ >t<at?>+<a™>+2<ata>F<a>*-2<a><at >, (24)
Where the expectation values are

<a>=<at=0. (25)
And

< a?>=<at?>=b (26)

On account of Eq. (4), and expanding trigonometric function in exponential form the plus and minus quadrature
is rewritten as

Aay? = (1 + 27)et?. (27)
Fig. (5), shows dependence of the system on its initial state. As we see from the figure while squeezing parameter
increase the corresponding quadrature variance decreases. But the quadrature variance increases with mean photon
number of thermal light.
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Figure 5: Plots of Aay?® Eq. (27) versus t for different values of fiy,
Furthermore the quadrature squeezing for single-mode squeezed chaotic state relative to the coherent state is

given by,

(Aat?)—Aay?
S = ane @
Where the quadrature variance for coherent state is
(bas?), = 1, (29)
In view of this, we get
S=1-1Aa,? (30)
Substituting Eq. (27) in (30), we get
S=1-—(1+2a.,)e%. 3D

4 Superposed single-modes squeezed chaotic state

To describe the superposition we use two single-mode squeezed chaotic light beams which are emitted from
different sides onto a mirror. We assume that one side of the mirror is totally trans missive and the other one is
totally reflective. At the back of the mirror we see pair of light which is called as the superposed single-mode
squeezed chaotic light as shown in Fig. (6)

Beaml+Beam2

Beaml
— " )

Baam2

Figure 6: The schematic representation for the superposition of two light beams

4.1 The Density operator for pair of superposed single-mode squeezed chaotic state
Density operator for superposed single-mode light beams can be written interims of Q function as;

P = Som | £ ¥ a™ o >< al. (32)
Where
f=]%%a><al (33)
Applying the fact that
la >< ala™ = a**|a >< a], (34)
And
la >< ala™=(a + ai*)mm ><al, (35)

Employing the preceding two equations, one can write the density operator for first light beam as,
A1 * 9 \n ACOND
P = [d? @,y (" + @ +52) D(@)p(0)D(~ay),

60{1*
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:f dZ a1Q1 (al* +a+ ﬁ) |CZ1 >< all. (36)
1
In which
Q(a*+a+ a)ziz c a*k(a+ a) (37)
1 1 daq* o &km b km 1 1 day*)’
Is the Q function for first light beam.
D (a,) = ena@’-®a (38)

Is the displacement operator

p(0) =10 >< 0], (39)
Is the density operator at initial time.

Furthermore, the density operator at initial time corresponds to superposed light beams can be written as,

PN x 9 \pn AT
Po= J d? a2Qz (a0 + @2 + 57) D ()P (D (~ay). (40)
In which subscript ’ss” stand for superposed light beams, and the Q function in Eq. (40), takes the form,

« a 1 « a \™M
Q> (“z taz+ aa2*> = —Ykm Ciam @™ (az + 6a2*) ) (41)
Which represents the Q function corresponding to second light beams, Also using the fact that
D (@)D ()10 >< 0|D (=)D (=) = |a, + a; >< a; + ay], (42)

And on account of Egs. (36), (41) and Eq. (42) we can write the density operator for superposed single-mode light
beams as,

A~ * 2 " a
Pss™ de a1Q1 (al + aq + W)fdz azQz (az + a, + Wz*) |CZ2 + aq >< aq + C(2|. (43)

4.2 Photon statistics

Here we wish to calculate the mean photon number, the variance of photon number and the photon number
distribution for the superposition of two light beams employing the normally ordered density operator.

4.2.1 The mean photon number

The mean photon number is expressed in terms of the density operator as;

figs = Tr(pgdta). (44)
Using Eq. (43) in (44), we see that

_ ) . d ) . d
Tlss=fd a]_Ql(al +a1+ﬁl*)‘fd a202<a2 +a2 +F2*>

X(a*a, + a"a, + ay"a; + a*ay), (45)
This can be seated in the form,

~ A

g =< a4, (Ma,(r) > +< @, () >< a,(r) > +< a, " (Ma,(r) > +< a," (r) >< a,(r)

>, (46)
Next we proceed to evaluate the expectation values evolved in Eq. (46).
< di+di >= de aiQi (ai* + a; + %) ai*ai,i = 1,2 (47)
In which
* 2\ * A 48
Q: (ai +a; + aai*) = Qi(a;" + ay)e’, (48)
Where
a N; 02
Ar=—Mi = N) 5+ 5= (49)
Substituting Eq. (48) in (47), we see that
< di+di >= de aiQi((xi* + ai)eAiai*ai. (50)

where
efia;"a; = ai"a; — (Mya;" — Niay)a,
:(I-M,:) ai*ai +Niai2' (51)

Using Eq. (51) into Eq. (50) the mean photon number for superpose light beams takes
the form,

g = 274, + 2(1 + 271,)sinh?r. (52)
In view of Egs. (12) and (52), we see that the mean photon number for identical superposed
light beams are two times that of single-mode one.
4.2.2 The variance of photon number
The variance of photon number for the superposed light beams is expressible as
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Ang? =< a*?a? > +2ng — g2 (53)
Where
<a*t?a? >=<a,"a,’ > +<a,’a,’ > +4<a,fa, ><ayta, > +<at ><a’ > +<a ><apt?
>, (54)

After calculating all expectation values and using Eq. (52) the variance of photon number given by,

Ang? = 4fyy, — 275,° + 6(1 + 27)%sinh?r + 4(1 + 271,,) %sinh*r

— 2(1 + 21, )coshrsinhr (55)

From Eq. (17) and (55), we see that the variance of photon number for superposed light beams is twice that of
single-mode one. But the variance of photon number for the superposed light beams is greater than single-mode
squeezed chaotic state. Fig. (7) Indicates both the mean photon number and variance photon number increase with
squeezing parameter. But the variance of photon number is greater than the mean photon number; so the photon
statics for the superposed single-mode squeezed chaotic state satisfies super-Poissonian photon statistics.
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Figure 7: Plots of mean (Eq. (52)) and variance of photon number (Eq. (55)) versus r for the superposed light
beams taking ngp, = 0.25

4.2.3 Photon number distribution

The photon number distribution for superposed light beams written as,

2_n.2 2 2n w  Ni o
P(n,1) = Wﬁa?"—nain [exp[(l—Mi)ai ai+=Ha; 2+ai2)]] lay =a; = 0. (56)
Applying the power series expansion, we find
expl-Mdai @l — Zv%!“i“i’ (57)
Ni ﬂ U, .2Uu
exp[T(“iz)] - Zu(z)T“‘, (58)
And
[Siai2)] G2
explz =Yt (59)
With these result, Eq. (56), is expressed as
B\T'—2X ,_ o\ N—2X
_ 2 |, @ &)
P(n, T')SS - (A)% z:x=0n' 22X (xD)2(n-2x)! |’ (60)
Eq. (60) represents the photon number distribution for identical superposed single-mode squeezed chaotic state.

Where
A =2(1 4 2a,)sinh?r + 2(1 + 71y)?
B =20, (1 + Aigy)

C = 2(1 + 2ny,)coshrsinhr
Fig. (8) Shows relation between the photon number distributions for single-mode squeezed chaotic state (solid line)
and the superposed light beams (broken line). We observe that for both cases photon number distribution is
increase with number of photons. But the photon number distribution for superposed light beams is greater than
single-mode one.
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Figure 8: Plots of photon number distribution (Eq. (60)) versus number of photons (n) for
Negp=2andr=1.5

4.3 Quadrature squeezing
The quadrature variance for the superposed light beams takes the form,

(Aa D =2x[<a?> +<a*?> +2<a*ta>]. (61)
After evaluating the expectation values of above terms the Variance for the superposed light beams can be,
(Aai?)ss = 2(1 + 27, )e ™2, (62)

From above equation we can understand that squeezing occurs in plus quadrature. And when we compare Eq. (27)
with Eq. (62) one can understand that the plus quadrature for superposed light beams for identical light are two

times that of single-mode one. Quadrature squeezing can be written in terms of quadrature variance as
_ (Bag?)y-Aa,?

Sys = LS (63)
Where quadrature variance for vacuum state is

(Aas?), = 2. (64)
On account of Eq. (64), one can describe quadrature squeezing superposed light beams as

Ses =1 — (14 2n,)e™?". (65)

This is the same with single-mode light beam. Fig (9), shows relation between the mean photon numbers of thermal
light, squeeze parameter and quadrature squeezing. As mean photon number of thermal light increases quadrature
squeezing decreases and as squeezed parameter increase, the quadrature squeezes increases.
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Figure 9: Plots of quadrature squeezing for superposed light beams versus squeeze parameter
Eq. (65)) for different values of 1iyy,.
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5 Results

In this paper we have study the statistical and squeezing properties of both single-modes squeezed chaotic state
and superposed single-mode squeezed chaotic state. In order to carry out analysis, we have obtained the Q function
from density operator of single-mode squeezed chaotic state. With Q function we calculate the variance of photon
number, the photon number distribution, the quadrature variance and quadrature squeezing for single-mode
squeezed chaotic light. And we get;

Nen Aa.? Sss Degree of squeezing
0 0.049 0.950 95%
5 0.248 0.751 75.1%
10 0.547 0.452 45.2%
15 0.746 0.253 25.3%

Table (1) Which shows the relation between mean, plus quadrature, quadrature squeezing and degree of squeezing.

Table (1), summarize dependence of quadrature variance, quadrature squeezing and degree of squeezing on mean
photon number of thermal light. And when the mean photon number of thermal light increases, the variance and
squeezing of the system increases and decrease, respectively. The quadrature squeezing is observed to be high
when the initial state of the system is vacuum (no photon for convenience) which has corresponding degree of 95%
forr=1.5.

And With Q function of single-mode squeezed chaotic state we calculate the density operator for superposed
light beams. The result shows the mean photon number increase with increment of the mean photon number of
thermal light and squeeze parameter, but quadrature variance are decreases as both mean photon number of thermal
light and squeeze parameter increase. And also the variance of photon number is greater than the mean photon
number and the radiation has super-poissonian photon statics.

With density operator for superposed single-mode squeezed chaotic light and respective Q function I have
calculate the mean photon number, the variance of photon number, the quadrature variance and quadrature
squeezing. We have found that the mean photon number for superposed single-mode squeezed chaotic light is two
times that of single-mode squeezed chaotic light with identical light beams. But the quadrature squeezing does not
affected by the superposition.

The other one is that the probability of getting n-number of photon for superposed light beams are greater
than single-mode squeezed chaotic state. And the variance for superposed light beams are greater than variance of
single-mode one so the system still satisfies super-poissonian photon statics.
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