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ABSTRACT
Given the importance of pseudo differential operators in physics, we present in this paper the
useful background to study the algebraic structure of fractional pseudo differential operators. We
present a brief account of basic properties of the space of higher conformal spin differential lax

operators in the bosonic case and we give some applications through the fractional KP hierarchy
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1. INTRODUCTION

The pseudo differential operators have been actively used in quantum mechanics, in fact, the
procedure of operator quantization is based on the correspondence between classical observables,

functions on the phase space and quantum observables through pseudo-differential operators [1].

There are several versions of the theory of pseudo-differential operators, adapted to the solution
of various problems in analysis and mathematical physics[2]. However, the algebra of pseudo-
differential operator is an extension of the concept of the algebra of differential operator and they
are integrated into the construction of the Gelfand-Dickey Poisson bracket of 2d integrable
models [3,4].

Let us first consider the algebra A of all local and non local differential operators of arbitrary

conformal spins and arbitrary degrees. One may expand A as [5-8]
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where, A'”? is the ring of differential operators type.

q
"t =2 u, ()0 (2)
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This article is devoted to an introduction of the basic properties of the space of fractional pseudo
differential operators, we present a brief account of the basic properties of the space of higher
conformal spin differential Lax operators in the bosonic case[9-11]. We show in particular that
any differential operator is completely specified by a conformal spin s, s € Z, two fractional

number integers defining the lowest and the highest degrees respectively and the analytic fields

u;(z).

This paper is organized as follows. In section 2, we present Fractional pseudo differential
operators. In section 3 we present the Algebraic structure of Fractional pseudo differential
operators. We give some application through the fractional KP hierarchy. Finally we discuss our

results in Section5.
2. FRACTIONAL PSEUDO DIFFERENTIAL OPERATORS

This section provides the extensions of the standard pseudo differential operators by fractional

order integral operators, which is one of the main topic of this of the present paper.
2.1 Extended Lax operator

Recall that the Leibniz rule

o7.f = i(_k]Jf(")é"j‘k- 3)

is applicable when the order j of “integral” is an arbitrary real (or complex) number. It will be
interesting to consider the case when the pseudo-differential operator includes fractional order

integrals, and then, to inquire whether the system gives a consistent hierarchy or not. In the

2
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following consideration, we accept the axiom that the fractional order integral operators exist and
also its exponential law o707 =0™"” holds for fractional i and j, for a while. After the
construction of the fractional pseudo differential operators, we will see the Riemann-Liouville

integral of fractional order enjoys these requirements for the KP hierarchies.
2.2 Extension by the half-order integrals

For the simplest case of an extension of pseudo differential operators, we consider the pseudo-
differential operator including the half-order integrals in addition to the pseudo-differential

operator. Accordingly, we define the most general half-order integral operator,

P 9 g .
4 =S, (00", @

i=p

where ug are the dependent variables of degree s «i/2. With this definition, we can consider the

following development

P g
d;;;) :dAgm,n)+d‘§m+l/2,n+l/2) (5)

where the first operator d ™" with £ <m<n <4 Corresponds to all the even values of i ranging

between P and ¢, such operators coincides with that defines in the first paragraph. The second

d(m+1/2,n+1/2)
s

operator with p/2<m+1/2<n+1/2<¢/2 correspond to the odd values of number 7, such

operators present of the degrees purely half-entirety.
2.3 Extension by the 1/N-th order integrals

Having observed the extension by the half-order integrals is successful, we now consider more
generic extensions by the 1/N-th order integrals ( N=3.,4,...). In these cases, we need to introduce
integral operators ¢~"/", 97/, 2,0-""'¥ simultaneously to give a consistent pseudo differential
operators, since we have to close the commutator algebra in the Lax equations under the axiom

070~/ =07"/. For example, we give an outline of the N=3 case, in which the pseudo differentiel

operateur should be made up of,
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where the first operator d"" with p/3<m<n<q/3 Corresponds to all the values of i ranging

between p and q and divisible by 3. Such operators coincides with that defines in the first

paragraph. The second operator 4"*""? with p/3<m+1/3<n+1/3<g/3 and 4?39 with

p3 ¥m (=23 +n (223 $¢/3 are defines to satisfy the condition ¢°¢* =o.

In the case general we have the following decomposition

(%,%) — g(m,n) (m+%,,n+fl,) (m+%,n+%)
d =d"™ +d VTN e d T (7)
In this general case, we have the operators which have entirety degrees and others with a

. /SN . Nek
fractional degree ( v ) like their complementary to degree ( ~n~ ), such operators are defines to

k Nk . . .
satisfy the condition 0¥0 ¥ =0 and operators plays a very important part in the studies of the

integrables models.

3. ALGEBRIC STRUCTURE OF FRACTIONAL PSEUDO DIFFEREN-
TIAL OPERATEURS

Let us note by /"’ 5 = 0 the space of (fractional) pseudo-differential operators of conformal spin

a/b and degree %7 ¢ with » <s. Typical operators of this space are given by

Zuﬂ_lai’; (3)
Let's consider the huge space F describing the algebra of pseudo-differential operators arbitrary
fractionaire conformal spin and arbitrary degrees. It is obtained by summing over all allowed

values of spin and degrees in the following way:

F erSs @
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where g+ is generated by elements type “%ﬁ%é. If we note by grv-@ ri? and
FO) =@, F" then

F=@ _ F" (10)
The space F."” =F"” is nothing but the ring of analytic fields ¥4 of conformal spin

k k .
a8 Z,b B N" with respect to this definition, the subspace Fﬂ(”) can be written formally as:
b

k.
b

(/;‘,1,5) 0,0)
F‘T, =F,") (11)

b b

P gy 24
2" is an element of the algebra Ff 22

Let us return to the equation (4), the operator d‘f_ , such

operator is composed of two operators, the first is d{"" which has purely integers degrees, so it

141y
is a “bosonic” pseudo-differential operator and the second operator ds("”z’"*z) is an operator of

purely half integers degrees. So we can write any pseudo-differential operators of integers spin

and fractional degrees as follows

pd g @y (12)

s -

where m, n, m’ et n’ are four integers satisfying the following inequalities p/2<m<n<g/2 and

(p=D/2<m' <n' <(g-1)/2.

In the case of equation (7) the pseudo differential operator djg’%) is divided into three operators

dig,%):d‘Sm,H)+d‘£m+l/3,n+1/3)+di;n+2/3,n+2/3) (13)
where
p/3<m<n<q/3,
P, 1 941
SH3<m<n<3+3, (14)
P2 q .2
3—|—3£mSn£3—|—3

(V)]
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the algebraic structure of this decomposition is given by

FoY = @ @p (15)

N

2 29

where m, n, m’, n’, m” and n” are integers satisfying the following inequalities

p/3<m<n<q/3, (p-1)/3<n <n' <(g-1)/3 et (p—2)/3<n’ <n" <(q-2)/3.
The Non trivial subalgebras FS('"%’”%) et F‘fmu%’"u%) satisfy the following two equations

Fs(vm'Jr%,n'Jr%) ® Fs(ﬂm"Jr%,n"Jr%) _ F(m+%,n+%) (1 6)

5

and
pU @ U _ pon, (17)
The general case of equations (12) and (15) is given by the following algebraic decomposition

FVY —prn @Y @ @pmoTe ) (18)

N

where M et 1y, 0 <k <N &1 are the integers numbers satisfying

p_k_ q_k
———<m, <n, <—-— 19
N 3 k k N N ( )
L 4
(here m=m, and n = n; ) and the subalgebra of FY( o) satisfying
Fs(mk +%,nk +%) ®Fs(,mkv +%,nkf+%) _ Fs(ﬁmkﬂ +kN”’”k" +"W") (20)

where k"=k+k'.

4. FRACTIONAL KP HIERARCHY

In this subsection we will study the fractional formulation of the operators with a conformal

weight 1 and of degrees (1,—©), such operators are called the operators of Kadomtsev-

Petviashvili (KP), [12,13,14]
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4.1 Extension by the half-order integrals

For the simplest case of an extension of the KP hierarchy, we consider the Lax operator including
the half-order integrals in addition to the Lax operator (21). We will define the most general half-

order integral operator as follows [12]
M, =v, 07" + Vs 07"? +v, 07 4, (22)

where Vm 's are the dependent variables of degree m/2. We remark that the Lax operator
composed only of the half-order integrals (22) itself does not produce any consistent hierarchy,
because its products does not close in the half-order integral operators: we need integer order
integral/differential operators to close the algebra. With this definition, we consider the following

Lax operator,

L,=L,+M, ,, (23)

1/2 KP

and the standard Lax equation for the flows with respect to the time t=(¢,,7,,7),

oL,
ot

n

= [BnaLl/z]- (24)

If we take the standard definition of the Hamiltonian, B, :=(L],,), , whose lower degree
sequence is,
B, = 0
B,= 0°+2v,0"% +2u, (25)
B,= 0’ +3v, 0" +3u,0+3(vs +v;)0"? +3uy +3u, +3v;
then we find closed coupled nonlinear PDE's, an extended KP hierarchy by the half-order

integrals, hereafter KP;,, . Each coefficient of the negative powers in 0 of

OL
ailz/zz[BzaI‘l/z]a (26)
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18,

077 2 =3y 4+ 3v) + v, +6(vyu, )
-1, Ouy ! " " ! 2
0" 1 F=3u, +3u; +u, +6u,u, +6(vyvs) (29)

" p
+ %(Vs +vv;).

Noting that the derivative in superspace can be seen as a square root of the derivative, which fact

is formally equivalent to the feature of the half order derivative «<# In contrast to the
supersymmetric extensions, the extension considered in this section works without using

Grassmann numbers.
4.2 Extension by the 1/N-th order integrals

Having observed the extension by the half-order integrals is successful, we now consider more
generic extensions by the 1/N-th order integrals (N=3.4,...), KPx hierarchies. In these cases, we
need to introduce integral operators -/~ 572V 9 5~ -D/¥ simultaneously to give a consistent Lax
equation, since we have to close the commutator algebra in the Lax equations under the axiom
0’0’ =077 . For N=p, a prime number, there appears a new system coupled to the KP hierarchy.

For example, we give an outline of the N=3 case, in which the Lax operator should be made up of,
Lijs=Lg +M;+ My, (30)

where,



Advances in Physics Theories and Applications www.iiste.org

ISSN 2224-719X (Paper) ISSN 2225-0638 (Online) mLLy
Vol.17, 2013 ISt
M, =w, 0w, 0 +w, 07+,
(31)

. -2/3 -5/3 -8/3
M,,=ws0 " +w, 0 +w, 0+,

and deg[w,]1=m/3 . We observe that the standard Lax equation and the definition of the
Hamiltonian similar to the former case give a consistent hierarchy of coupled PDE's. One can see

the lowest coupled PDE arises from the first two non-trivial Lax equations. Each coefficient of <

in
OL
13 _
A, [BzaL1/3]’ (32)
ot,
18,
13 . ow, ' "
0 DS =2w
2/3 . ows _ ' " 241
Do = 2wy ws (W)
_ Ou, ' "
b o =2uy +uy +2(w,ws)
_ F ' "
S = 2w+ wy (W) + 2(wauy) (33)
SS/3 . dwy A "og "4 ' T, "
0 DS = 2wy Wy S W W+ S W, 4 2Wsl, — S W W,
_ a ' " ' ' ' '
S a’;f =2u, +uy +2u,u, + 2 wew, + 3w, wg + 3 wowyg
2 ' _ 4 "_2 "
TIWsW; =3 WsWy =3 WyWs,
whereas of
OL
13 _
PV [B37L1/3]’ (34)
ot,
1S,

-3 . @ ' " 2
V3 2 =3 4 3wy +wy, +6(w,uy) +3(wl)

_ w. ' " "
077 1 22 =3 43w, +wy, +6(wiu,) +6(w,w,)

o
+2w; +2w,w, (35)

07 1 2 =3y, 4+ 3uy +uy +6uyu, +6(wew,) +6(w,wy)’

+wow, +3ww, +3ww,.
These are nine equations for the nine dependent variables so that we can combine them into the

coupled PDE of #2, w4 and Ws.
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For N being a composite number, we observe that the new system is coupled to the system
coming from the prime factors of N. For example, the KP4 system is a new system coupling to

the KP;,, system given above.
5. CONCLUSION

In our paper, we have presented an extension of the standard algebra of pseudo differential
operators, we have introduced the useful background to study the algebraic structure of fractional

pseudo differential operators. we give some applications through the fractional KP hierarchy.

We should also remark that the introduction of pseudo-derivative of irrational order does not

make a finite closed system: we need uncountable number of additional M 's like (M;;;) and

(M2p3).
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