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Abstract  

The nuclear optical model has been used in the analysis of elastic scattering for the reaction BHe 104 + . This 

model has six optical parameters; the depth, Coulomb radius and the diffuseness on both the real part and 

imaginary part potentials. Out of the six, five parameters were chosen and for this case diffuseness parameter on 

the imaginary part was kept constant. The five parameters were used to calculate the partial wave S-matrix, the 

differential cross section and the reaction cross section as a ratio to Rutherford cross section. The partial wave 

scattering data was obtained basing on the quantum mechanical optical code for all the stated Laboratory 

energies. The angular distribution for the reaction BHe 104 +  for both reaction cross section to the Rutherford 

cross-section and differential cross section ranging from centre of mass angles ( )cmθ  of 
00 1800 −  were also 

obtained for all the energies, ( ,5=LabE ,7 12  and 15  MeV) and whose data and graphs are presented.  

Key words: Differential cross-section, Reaction cross-section and Partial scattering matrix. 

 

1. Introduction 

Nuclear reactions and nuclear scattering are often used to measure the properties of nuclei, both in industry and 

academia for example; Reactions that exchange nucleons can be used to measure the binding energies of 

excitation, quantum numbers of energy levels, and transition rates between levels. A particle accelerator, which 

produces a beam of high-energy charged particles, creates these reactions when they strike a target nucleus. 

Nuclear reactions can also be produced in nature by high-energy particles from cosmic rays, for instance in the 

upper atmosphere or in space [1].  

In order for a nuclear reaction to occur, the nucleons in the incident particle, or projectile, must interact with the 

nucleons of the target. This energy should be high enough to overcome nuclear potential barrier. Early 

experiments by Rutherford [2] used low-energy alpha particles from naturally radioactive materials like 

Americium-241 to bounce off target atoms and thus enabled the measurement of the size of the target nuclei. 

When a collision occurs between the incident particle and a target nucleus, either the beam of particles scatter 

elastically leaving the target nucleus in its ground state or the target nucleus is internally excited and 

subsequently decays by emitting radiation or nucleons.  

A specific reaction is studied by measuring the angles and kinetic energies of the reaction products for example 

the kinematics variables [3]. The most important quantity of interest for a specific set of kinematics variable is 

the reaction cross section (σ) which is a measure of the probability for a particular reaction to occur.  

 

2. Theory 

A nuclear reaction is initiated by bombarding target nuclei with a beam of nucleons or nuclei. In the early days, 

it was common to use a beam of α-particles from radioactive decay but nowadays the beam of particles comes 

from some sort of particle accelerator as shown in the figure below.  
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Fig 2.1  

Where θ  is the scattering angle and ϕ  is the coherent scattering cross section. 

A general nuclear reaction equation (2.1) is written as 

bBaA +→+  .                                                                                              2.1           

or simply ( ) ,, BbaA  where a  is the bombarding particle (projectile) and A  the target nucleus, B  the residual 

nucleus and ,b  is the outgoing particle or the nucleus which is detected. 

Reactions of the type given by equation (2.1) are governed by the usual conservation laws of energy, linear 

momentum and angular momentum. In addition, charge and the total number of nucleons will also be conserved 

whenever a nuclear reaction takes place. 

There is always a difference in mass between initial and final states given by the expression 

( ) ( )[ ] ,2cMMMMQ bBaA +−+=                                              2.2 

where Q  is the heat generated, AM  is the mass of the target nucleus, aM  is the mass of the bombarding 

particle, BM  is the mass of the residual nucleus, bM  is the mass of an outgoing particle while c  is the speed 

of light. 

An alternative definition of Q  can be obtained by using the conservation of energy during the reaction process. 

Thus, if the kinetic energies in the laboratory system of the different particles and nuclei taking part in the 

reaction are denoted by iT  (for target nucleus A , being at rest, 0=AT ), then conservation of energy requires 

that, 

bbBBaaA TcMTcMTcMcM +++=++ 2222
,      2.3 

where M  are masses of particles BaA ,,  and b , and T  are the kinetic energies of particles Ba,  and b , 

respectively. On combining equations (3.2) and (3.3) gives 

abB TTTQ −+= .               2.4 

Q values can be positive implying exothermic reactions or negative for endothermic reactions and will be zero in 

the case of an elastic scattering process of the type 

.aa +Α→+Α           2.5 

If Q is negative, energy conservation requires that kinetic energy must be brought in by the bombarding particle 

if the reaction is to take place. In the laboratory system, this energy must be larger than the |Q| values because 

conservation of momentum does not allow the residual nucleus and the outgoing particle to be at rest in the 

laboratory frame of reference. 

Denoting the speed of particles a  and A  in this system as aV  and AV , respectively, then the conservation of 

linear momentum becomes 

0=+ AAaa VMVM  giving 

A

aa

A
M

VM
V −= .                                                   2.6 

In the centre of mass system, the total kinetic energy with reference to equation (2.6) becomes 
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In the laboratory system when the target nucleus is at rest, the total kinetic energy is given by 
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2

2

1
aaVMT ′=′ ,                                                                                    2.8 

where aV ′  is the speed of particle a  in this system. But  aV ′  is the relative velocity of particle a  and A   given 

as 

Aaa VVV −=′ .           2.9 

Substituting this expression for 
aV ′   in equation (2.8) and using equation (2.6) then gives 

2

2 1
2

1








+=′

A

a

aa
M

M
VMT .                                                              2.10 

On comparing equations (2.7) and (2.10) we finally obtain 
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TT 1  .                                                                2.11 

The condition for an endothermic reaction to proceed requires that 

T ≥ |Q| or using equation (2.10) becomes 









+≥′

A

a

M

M
QT 1 .                                                  2.12 

2.1.0 Reference frames and transformational laws 

The cross sections of nuclear reactions are always measured in the laboratory coordinate system where the target 

is at rest. But it is more fundamental and more convenient to analyze them relative to the centre of mass of the 

projectile and the target namely in the centre of mass system. The transformation equations are obtained from the 

laws of conservation of energy and momentum in the non-relativistic case. 

The two fundamental quantities that result from the transformation are the reduced mass ξ and the energy 
cmE   

in the centre of mass frame. In terms of the projectile and the target masses, PM  and TM  and the projectile 

energy in the lab frame,
LabE , these quantities are given by: 

TP

TP

MM

MM

+
=ξ .                      2.13 

and Lab

TP

T

cm E
MM

M
E

+
= .                     2.14 

The relative velocity in the centre of mass frame is the same as that in the laboratory frame of reference. 

2.2 Optical model potential 

Most of the data for elastic particle scattering have been analyzed in terms of the optical model in which the 

projectile-target nucleus interaction is represented by a complex potential. To describe a nuclear reaction 

between two nuclei 
1A  and

2A , the Schrödinger equation has to be written for each nucleon of the system. Each 

nucleon is in a potential well created by the other )1( 21 −+ AA  nucleons. In the frame of the optical model 

[4], all the interactions between the nucleons of the projectile and the nucleons of target are replaced by an 

average and central interaction ( )rV  between the projectile and the target in their ground states. The equation to 

be solved becomes: 

( ) .
2

2

Ψ=







+∇−= ErVH ψ

ξ
ψ

h
                    2.15 

With 

21

21

AA

AA

+
=ξ  being the reduced mass of the system, sA′  are the atomic masses and r  the distance 

between the two nuclei mass center. The optical model used to describe the interaction between two nuclei is 

inspired by the optical phenomenon which can be characterized by a complex index corresponding to the 

diffraction phenomenon and the imaginary part to the refraction of the incident wave. The averaged nuclear 

potential ( )rV  can then be written as: ( ) ( ) ( ),riWrUrV +=  2.16 
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where ( )rU  is the real part of the potential and represents the elastic scattering that is a reflection of the 

incident wave. The imaginary part ( )rW  is introduced to take into account the other reactions which can occur, 

that is, there is an absorption of the incident wave before it is re-emitted. ( )rW  simulates the loss of flux due to 

inelastic collisions. 

 

3. METHODOLOGY 

This work involved the study of the BHe
104 +  nuclear reaction using the optical model [5,6].  All calculations 

were carried out using Java applet program excecuted through an applet viewer or a java capable browser such 

as Microsoft internet explorer [7]. 

The experimental results were in-built while the theoretical results were obtained by varying the optical model 

parameters such as the depth of real part potential 0U , depth of imaginary part potential 0W , radius of nucleus 

i.e, 0r (real) and ir (imaginary) as well as the diffuseness parameters a  for both real and imaginary parts for 

energies varying from 5-15 MeV. In each case five parameters were chosen at once out of six, three on the real 

part and three on the imaginary part. The data obtained were analyzed and graphs plotted using the origin soft 

ware [8]. 

 

4. RESULTS AND DISCUSSIONS 

This chapter presents the results obtained in this study whereby the trends are discussed, as well as observations 

and accounts of specific phenomena being presented.  

Figure 4.1 shows a plot of the partial wave scattering matrix with the orbital angular momentum .L  

                         
Figure 4.1: Partial wave S-matrix variation with the orbital angular momentum L  for the reaction 

BHe
104 +  at 12,7,5=LabE  and 15  MeV. 

Figure 4.1 show that the values of LS  are approximately 0.527, 0.318, 0.339, 0.383 at 0=L  for incident 

energies ,5=LabE ,7 12  and 15 MeV, respectively.  It is further observed that initially the values of LS  

fluctuates significantly for values of L  upto approximately 6.0 and below, and then increases rapidly as the L  

values becomes larger, finally reaching a value of 1. This value is however attained much faster for low energies 

when compared to the higher ones. LS   at  0=L   is interpreted as complete absorption and LS =1 as 

complete reflection, where LS  is the modulus of the scattering matrix element referred to as the reflection 

coefficient. The fluctuation of the partial wave S-matrix noted at a value of 5.22≅L  is considered to be an 

anormally since the maximum value of 1=LS  which is complete reflection. It is important to note that 
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0≠LS  but only approaches zero, meaning that there is no complete absorption. 

Figure 4.2: Shows the variation of the differential cross section 







Ωd
dσ

  plotted with centre of mass angles 

( )cmθ  for the reaction BHe
104 +  at 12=LabE MeV.  

     

Figure 4.2: Differential cross section 







Ωd
dσ

 for the reaction BHe
104 +  at 12=LabE MeV.  

In this case, the highest point appears at 
0022.0  and the minimum at a centre of mass angle of 

0123.14  (all 

these values were obtained from the graph using data reader in the Origin computer program). In this graph, no 

good agreement is established for small angles between theory and experimental values, but there is good 

correlation between experimental and theory for angles greater than .300
 This is attributed to the response of the 

strong Coulomb force.  

Fig 4.3 Shows the variation of the differential cross-sections 







Ωd
dσ

 with the centre of mass angles ( )cmθ    

 

Figure 4.3:-Differential cross section 
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 for the reaction BHe
104 +  at 15=LabE MeV. 
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The general trend in Figure 5.6  is similar to that observed for lower energies i.e 5, 7 and 12 MeV. At this 

relatively high energy, the highest value of 
Ωd
dσ

 occurs at 
0022.0   while the minimum is found at .518.13 0

  

In summary the plots of the differential cross section with angular distribution at all these energies considered in 

this study show the same trend for both   theoretical and experimental results while those of the far fit and the 

theory (fit) graphs re-trace the same path. From the graphs, it is established that the differential cross section is 

high at lower scattering angles and smaller for larger ones. Just like in the previous cases, this is attributed to the 

existence of a greater repulsive force as the incident particle approaches the target nuclei due to the existence of 

the Coulomb force associated with the charge. In this case, the trajectories that are deflected back belong to the 

near side. This again is associated with the small impact parameter and strong repulsive force from the nucleus 

whereas those scattered to the opposite side of the target are the far-side ones and these are due to large impact 

parameter and small repulsive force. The graphs of the differential cross section are found to decrease 

exponentially with increase in the scattering angle but it is also seen that at  scattering angles close to zero, the 

magnitude of the differential cross section decreases with increase in the laboratory energies 5 MeV, 7 MeV,12 

MeV and 15 MeV in that order.  

Fig  4.4 shows a plot of the reaction cross-section 








Rσ
σ

 with  the centre of mass angles ( )cmθ  

            

Figure 4.4: Calculated angular distribution (circled symbols) of elastic scattering BHe
104 +  at 12=LabE

MeV. 

For this graph (Figure 4.4) the minima for theory occur at centre of mass angles cmθ  of  ,197.97 0
 

0747.129  

and 
0445.158  while the maxima occurs at ,751.79 0

 
0098.119  and .797.147 0

 The red curve (circled 

symbols) shows the theoretical results of the optical model represented by the word THEORY while the 

experimental results are represented by the black curve (square symbols) denoted as EXP. There appears to be a 

shift in the extrema. It is clear from the plot that theory does not quite follow experimental results for all 

scattering angles especially those between
090  and

0150 , whereas there is similarity at smaller angles below 

.900
 As noted before, a maximum or minimum point in the ratio of the reaction cross-section Rσσ /  occurs 

when σ  is large and minimum for small values of ,σ  assuming that the Rutherford cross-section Rσ  is fixed. 
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Fig 4.5 shows the variation of the reaction cross-section 








Rσ
σ

  with the centre of mass angles ( )cmθ  for  

15 MeV.  

                                 
Figure 4.5: Calculated angular distribution (circled symbols) and experimental values (squared symbols) 

of elastic scattering BHe
104 +  at 15=LabE MeV. 

Figure 4.5 shows a graph of the reaction cross-section expressed as a ratio to Rutherford 

reaction cross-section against the centre of mass angles. In this high energy range, the minima of the theory 

occurs at the angles of 
0085.99 , 

0747.129   and ,445.158 0
 while the maxima occurs at ,751.79 0

 

0814.117  and .192.147 0
 Incidentally the values for maxima and minima for this energy range occurs at 

almost the same centre of mass angles as for the 12 MeV energy range. The highest value of 

Rσ
σ

is found at 

.698.169 0
 The red colour in the curve shows the theoretical results (circled symbols) while the black curve 

shows the experimental results (square symbols) of the optical model. 

Like in previous cases, this plot shows that theory does not quite follow experimental results between the 

scattering angles of 
090  and ,1400

whereas the trend is followed for angles falling outside of this range. 

Overall an oscillatory trend is observed in the plot of 
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 versus cmθ    for energies considered in this study. It 

observed that at lower centre of mass angles, the reaction cross sections are small and have similar trend for all 

the energies unlike at large angles whose reaction cross section is large and oscillates highly with increase in the 

energies. Nonetheless, the trend is still followed between the energies 7, 12 and 15 MeV. This behaviour is due 

to the fact that at small angles, the impact parameter is high and the Coulomb force is small while for large 

angles the Coulomb force is stronger at small impact parameters. This applies for small centre of mass angles 

between 
00 601 −   and large ones between .17060 00 −  

 

5. Conclusions 

The nuclear reaction BHe
104 +  has been analyzed through elastic scattering at laboratory energies LabE  of 5, 7, 

12 and 15 MeV using the optical model with the aim of obtaining useful nuclear reaction data relevant to the 

nuclear industry. The basic features of colliding nuclei including the impact parameter, scattering angle and 

reaction cross sections have been obtained. Optical model parameters like the depth of real part potential 0U , 

depth of the imaginary part potential 0W ,  nuclear radius 0r (real) and ir (imaginary) as well as the diffuseness 

a  for both real and imaginary parts for different laboratory energies for the system BHe
104 +  nuclear reaction 
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distribution, and the observable quantities such as differential cross section, partial wave scattering matrix and 

the reaction cross section as a ratio to the Rutherford cross-section were also extracted.  A plot of the optical 

model interaction potential shows a deep real (reflective) part U (MeV) and weakly absorptive imaginary part 

W  MeV while for partial wave S-matrix, it fluctuates at lower values of orbital angular momenta L  and 

increases rapidly at larger values of L  until it attains maximum at the point where 1=LS  which is interpreted 

to have a complete reflection. The theoretical results of the angular distribution of elastic scattering at different 

laboratory energies have yielded a good agreement with the corresponding experimental data in the reaction 

cross-section, although some minor disagreements with the differential cross section at lower centre of mass 

angles are noted. 
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