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Abstract 

We note if ϕ is a normal weight on M, then n
M
|ϕ is a measure on projections and if a measure on projections can 

be extended to a normal weight, then the problem of constructing an integral with respect to this measure reduces 

to the problem of constructing an integral with respect to the weight. We therefore present several methods of 

constructing noncommutative integration which gives a survey of the contemporary state of the theory in the von 

Neumann algebra (M) with respect to weightϕ. For every α∈ [0,1], the Banach space 
p,L ( )α ϕ  is isometrically 

isomorphic to the space Lp(τ) and the space 
p,L ( )α ϕ  is, by definition, the Banach space completion of 

1/ pmα  in 

the norm
p, .

.
α

.We construct the scale of Lp(ϕ) spaces (1 p )≤ ≤ ∞  with respect to a faithful normal semifinite 

(f.n.s.) weight ϕ on a von Neumann algebra M. These spaces are realized by operators. This is achieved by 

extending the original algebra M, and the Hilbert space where M originally acted is altered, as well. In the 

construction of the scale, the concept of an operator-valued weight is used. We discuss the problem of 

integration with respect to measures on projections which remains open for unbounded measures (m(1) = +∞) 

and their structure has been studied only for the algebra ℒ(ℋ). 

Keywords: Von Neumann algebra, Faithful normal semifinite trace (f.n.s.)τ, weight, isometrically isomorphic, 

projections, Banach spaces and Lp-spaces 

 

1. Introduction 

 

We discuss the problem of integration with respect to measures on projections. By a measure on the projections 

of a von Neumann algebra M we mean a mapping                 m :M
n→[0, +∞] satisfying the requirements 

 
n

i i i j i

i I i I

p p (p,p M ,p p 0 (i j)) m(p) m(p ).
∈ ∈

= ∈ = ≠ ⇒ =∑ ∑  

In particular, if ϕ is a normal weight on M, then n
M
|ϕ is a measure on projections. Furthermore, by the spectral 

theorem, a normal weight is uniquely defined by its restriction n
M
|ϕ . Conversely, if a measure on projections 

can be extended to a normal weight, then the problem of constructing an integral with respect to this measure 

reduces to the problem of constructing an integral with respect to the weight.  We present several methods of 

constructing non-commutative integration which gives a survey of the contemporary state of the theory in the 

von Neumann algebra with respect to weight ϕ as follows: 

2. Integration In Von Neumann Algebra With Respect To A Weight 

We give several different approaches of construction to non - commutative   integration with respect to a f.n.s. 

weight in a von Neumann algebra. They all arise as various generalizations of Segal's theory of integration with 

respect to a trace, which we therefore take as a natural starting point of our exposition. 

Let τ  be a f,n.s. weight on a von Neumann algebra M acting in a Hilbert space ℋ. The 

function x→τ(|x|)  (x ∈mτ) is a norm on the complex vector space mτ (here |x| = (x
*
x)

1/2
). We denote by L1(τ) the 

completion of mτ  in this norm. More precisely, L1(τ) consists of those closed densely defined operators h 

affiliated with M for which τ(|h|)<+∞.  

I.Segal characterized L1(τ) as a Banach space depending only on the von Neumann algebra M*. The 

corresponding isomorphism is defined by the formula                              h
1L ( ) (h ) M .+∈ τ → τ ∈

i
i  A Banach 

equivalent of L1(τ) is the space M*, which is independent of not only the trace τ, but also the Hilbert space ℋ 

where M acts. In the following this remarkable property can be considered as the very criterion of the correctness 

of meaningful constructions of an L1 space with respect to a weight. 

 

We construct an L1-space with respect to a weight in which the integrable elements are obtained as limits of 

elements of the von Neumann algebra.  
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As an analog of the L1-norm we consider, on the real vector space m
+
ϕ , the convex functional  

 1 2 1 2 1 2x inf{ (x | x ) | x x x (x , x m )}.+
ϕϕ

= ϕ = − ∈                (1) 

In particular , x (x) for x m .+
ϕϕ

= ϕ ∈ We note that if ϕ is a trace, x ( x ).
ϕ

= ϕ  

The lineal of a normal semifinite weight ϕ on a von Neumann algebraM acting in a Hilbert space ℋ is, by 

definition, the lineal 

 D {f H | 0 x M ((xf ,f ) (x))}
+

ϕ = ∈ ∋ λ > ∀ ∈ ≤ λϕ  

If now (xn) is a .
ϕ

− fundamental sequence in 
h

mϕ , for any vectors f, g∈ Dϕ , the numerical sequence (xnf,g)  is 

convergent. Therefore, on Dϕ an Hermitian bilinear form (b.f.)  
n{x } n

n
a (f ,g) lim(x f ,g) (f ,g D )ϕ≡ ∈  is 

defined. This motivates the following definition:  

2.1 Definition: Let ϕ be a f.n.s. weight on a von Neumann algebra M acting in a Hilbert space ℋ. An Hermitian 

b.f. a defined on the lineal Dϕ is said to be integrable with respect to ϕ if a sequence n(x ) m ,
+
ϕ⊂  called a 

defining sequence, exists such that 

(a)    n
n

a(f ,g) lim(x f ,g) (f ,g D ),ϕ= ∈  

(b)    ( )n mx x 0 n, m .
ϕ

− → → ∞  

  

2.2 Theorem: Let ϕ be a f.n.s. weight on a von Neumann algebra M acting in a Hilbert space ℋ and let (xn) be a 

defining sequence for the zero b.f. Then n
n

lim x 0.
ϕ

=  

This theorem implies immediately that the formula n
n

a lim x ,
ϕ ϕ

= where a is an  integrable b.f. and xn is a 

defining sequence of it, defines a unique extension of the norm .
ϕ

 from 
h

mϕ  to the real vector space of 

integrable Hermitian b.f.’s and the latter is complete in this norm. Hence the space
h

1L ( )ϕ  can be identified 

with the space of integrable Hermitian b.f.'s. Moreover, for an integrable Hermitian b.f. a = a{xn} 

the value n
n

(a) lim (x )ϕ = ϕ  is unambiguously defined, which can naturally be called the integral of a with 

respect to  ϕ.  

 

The concept of an integrable b.f. can be extended from the Hermitian to the general case. We say that a b.f. a 

defined on Dϕ is Integrable with respect to ϕ if its Hermitian and skew-Hermitian parts a1 , a2 belong to
h

1L ( )ϕ . 

Then the class L1(ϕ) of integrable b.f.'s is a complex vector space and the value ϕ(a) = ϕ(al) + iϕ(a2)  (a∈L1(ϕ)) 

is called the integral of a with respect to ϕ.  Now we define a norm in LI(ϕ) so that it will coincide with the norm 

already defined on
h

1L ( )ϕ . The following result shows that the natural requirement that L1(ϕ) be isomorphic to 

M* determines this norm essentially uniquely. 

 

2.3 Theorem: Let ϕ be a f.n.s. weight on a von Neumann algebra M. There is a unique mapping : m Mϕγ →
i
 

satisfying the conditions: 

(i)  (x)(1) (x) x m ),ϕγ = ϕ ∈  

(ii) *(m ) {w M | 0 (w )},
+ +
ϕγ = ∈ ∋ λ > ≤ λϕ  

(iii) The mapping
*{x, y} (x)(y )→ γ  is a nonsingular positive b.f. on mϕ. 

It turns out that then
hx (x) (x mϕϕ

= γ ∈ ) and the lineal (m )ϕγ is dense in M*. 
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Now we define a norm in L1 (ϕ) by the equality n na lim (x iy )
ϕ

= γ +  where (xn) , (yn) are the defining 

sequences of the Hermitian and skew-Hermltian parts of a. Then the mapping : m Mϕγ →
i
can he extended by 

continuity to an isometric isomorphism (which will be denoted by the same letter in the following) of the Banach 

spaces L1(ϕ) and M*, mapping the cone Ll(ϕ)
+
 of integrable positive b.f.'s onto the cone 

*M+
 and having the 

property (a) (a)(1)ϕ = γ  (a∈L1(ϕ)).  

 

As has already been mentioned, the space L1(τ) associated with a f.n.s. trace τ, can be realized by operators. It is 

interesting to clarify when b.f.'s integrable with respect to a weight reduce to operators. 

Let ϕ be a f.n.s, weight on a von Neumann algebra M and let h�0 be a self-adjoint operator. If 
1/ 2

D D(h )ϕ ⊂  

then the b.f. eoh(f,g) ≡  (h
1/2

f, h
1/2

g) (f, g ∈ Dϕ) is unambiguously defined. We shall say that a positive b.f. a 

reduces to an operator if a self-adjoint operator h�0 affiliated with M exists such that a=eoh.  

 

The next important step in constructing a non-commutative integration theory is the 

Construction of the scale of spaces Lp (1 p )≤ ≤ ∞ .  

Let M be a semifinite von Neumann algebra, τ a f.n.s. trace on M and ϕ=τ(h.) a f.n.s. locally measurable weight 

on M. Let Lp(τ) be the Banach space of measurable operators, p-th power integrable with respect to τ with the 

norm 

 
p 1/ p

pp
s [ ( s )] , s L ( ), 1 p .

τ
= τ ∈ τ ≤ < +∞  

For p ,= +∞  as usual, we set L ( ) M, x x (x M).∞ ∞
τ = = ∈  For every p 1 and [0,1]≥ α ∈ . We put  

 
1/ p / p (1 ) / p

pm {x M | h .x.h L ( )}α −α
α = ∈ ∈ τ  

 
/ p (1 ) / p 1/ p

p, p
x h .x.h (x m )

τα −α
αα

≡ ∈  

(here the product of operators is meant in the strong sense). These definitions are unambiguous (independent of 

the choice of τ). The space
p,L ( )α ϕ is, by definition, the Banach space completion of 

1/ pmα  in the norm
p, .

.
α

 

2.4 Theorem: Let p > 1 and let the f.n.s. weight ϕ be locally measurable. For every α∈[0,1], the Banach space 

p,L ( )α ϕ  is isometrically isomorphic to the space Lp(τ). 

Under the additional assumption of regularity of ϕ (i.e., local measurability of h
-l
), 

these spaces admit realizations by locally measurable operators. Namely, let ℒ be the *-algebra of locally 

measurable operators with respect to M. Then the lineal                   {s ∈ℒ|h
α/p

.s.h
(1-α)/p∈ Lp(τ)} in ℒ equipped 

with the norm 
/ p (1 ) / p p 1/ p

p,
s [| (h .s.h | )]α −α

α
≡ τ  is a Banach space isomorphic to 

p,L ( )α ϕ .  

 

In this section we construct the scale of Lp(ϕ) spaces (1 p )≤ ≤ ∞  with respect to a f.n.s. weight ϕ on a von 

Neumann algebra M. These spaces are realized by operators. This is achieved by extending the original algebra 

M, and the Hilbert space where M originally acted is altered, as well. In the construction of the scale, the concept 

of an operator-valued weight is used. 

The extended positive part of the von Neumann algebra M (denoted by M̂+
) is, by definition, the set of lower 

semi continuous additive and positively homogeneous mappings m : M [0. ]+ → + ∞
i

. The cone M
+
 can be 

considered as part of M̂+
 if we identify x∈M

 +
 with mx , where 

xm ( ) (x) ( M )+η = η η∈
i

. For 

ˆa M, m M+∈ ∈  we define  

* ˆa ma M+∈ by putting 
* *a ma( ) m(a a ), M ,+η ≡ η η∈

i
 where 

* *a a (.) (a (.)a).η ≡ η  

Every normal weight ψ on M possesses a unique extension (also denoted 

by ψ) to M̂+
, such that  

 ˆ( m) (m), (m n) (m) (n) ( 0;m, n M ),+ψ λ = λψ ψ + = ψ + ψ λ ≥ ∈  
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i im m (m ) (m),↑ ⇒ ψ ↑ ψ  

Where  
im m↑  means that

iw(m ) w(m) for any w M .+↑ ∈
i

 

Now let N be a von Neumann subalgebra of M. An operator-valued weight from M into N, by definition, is an 

additive positively homogeneous mapping T:M
+ 

 → N
 +

 , such that  
* *T(a xa) a T(x)a (x M,a N).= ∈ ∈ The operator-valued weight T is said to be  

-normal  if 
i i ix x (x , x M ) T(x ) T(x),+↑ ∈ ⇒ ↑  

- f a i t h f u l if  T(x*x)=0 ⇒ x=0, 

- semifinite if   nT =
*{x M | T(x x) }∈ < ∞ is ultraweakly dense in M. 

Let ϕ be a f.n.s. weight on a von Neumann algebra M and let Σ be the group of modular automorphisms of M. 

With this group is associated a one-parameter group t R(U(t)) ∈  of unitary operators, such 

that
* *

i (x) U(t)xU(t) (x M).σ = ∈ Let R(M, )Σ  be the crossed product of M and Σ . R(M, )Σ   is 

automatically a semifinite von Neumann algebra and M can be considered as a subalgebra of it [more precisely, 

M is isomorphic to a subalgebra of R(M, )Σ ]. With these agreements, a one-parameter group s s R( ) ∈θ is 

defined in R(M, )Σ   (dual action), which is characterized by the equalities (for all s∈R): 

 
ist

s s(x) x (x M), (U(t)) e U(t) t R).−θ = ∈ θ = ∈  

In particular, M is the largest subalgebra of R(M, )Σ   invariant under θ. The equality 

 sTx (x)ds, x R(M, ) ,
+∞ +

−∞
≡ θ ∈ Σ∫  

defines a f.n.s. operator-valued weight from R(M, )Σ   into M. Moreover, R(M, )Σ   possesses a unique f.n.s. 

weight τ such that oT (h.) where h 0ϕ = τ ≥  is a self-adjoint operator affiliated with R(M, )Σ , such that h
it
 

= U(t) . The weight τ satisfies the equality  

s
o s e (s R).−τ θ = τ ∈ The group s s R( ) ∈θ can be naturally extended to an automorphism group of �R(M, ) .

+
Σ  

For every normal semifinite weight ψ we put oTψ = ψɶ . Let hϕ be the Radon--Nikodym derivative of ψɶ  with 

respect to τ, i.e., (h .), where h 0ϕ ϕψ = τ ≥ɶ  is a self-adjoint operator affiliated with R(M, )Σ and 

s

s (h) e h (s R).−θ = ∈  In particular, hϕ is τ-measurable if and only if ψ is bounded. 

Spaces Lp(ϕ) are now defined in the following manner. The space
pL ( ) (1 p )ϕ ≤ < +∞  consists of all τ-

measurable operators affiliated with R(M, )Σ  such that 
s / p

s (h) e (s R).−θ = ∈ The space L ( )∞ ϕ consists of 

all τ-measurable operators affiliated with R(M, )Σ  such that s (h) h (s R)θ = ∈ (By what was said above, 

L ( )∞ ϕ  = M.). It follows from the above construction that 

(a)  
p qL ( )L ( ) {0} if p q,ϕ ϕ = ≠  

(b)  for p<∞, all nonzero operators from
pL ( )ϕ  are unbounded. 

In particular L1(ϕ) consists of all τ-measurable operators affiliated with R(M, )Σ  such that 

s

s 1(h) e h and L ( ) {h | M }.− + +
ψθ = ϕ = ψ∈

i
 On the space L1(ϕ) the linear functional Tr is 

unambiguously defined by the equality Tr(hψ) =ψ(1). This implies the compatibility of Haagerup`s construction.  

2.5 Theorem: The space L1(ϕ) equipped with the norm 
1

h Tr( h )=  is a Banach space isometrically 

isomorphic to M. 

The norms
p 1/ p

p
h [Tr( h )] (1 p ), h h

∞
≡ ≤ < ∞ ≡  enable us to speak of the scale of the 

Banach spaces pL ( ).
−

ϕ  The Holder inequality  
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 p q1 p q

1 1
hk h k ( 1, h L ( ),k L ( ),p,q [1, ))

p q
≤ + = ∈ ϕ ∈ ϕ ∈ +∞  

is satisfied and the following analog of classical duality holds: if 
p

p [1, ) and q
p 1

∈ +∞ =
−

 then every 

operator 
qh L ( )∈ ϕ defines a functional  

 
*

p p., h L ( ) : x, h Tr(hx) (x L ( )).∈ ϕ ≡ ∈ ϕ  

 Where the mapping h ., h→  is an isometric isomorphism of
qL ( )ϕ onto 

*

pL ( ) .ϕ  

 

Another construction of the spaces 
pL ( )ϕ are realized by closed operators in the Hilbert space where M acts. 

However, these operators are not affiliated with M in general. 

Let ϕ be a f.n.s. weight on a von Neumann algebra M acting in a Hiibert space ℋ and let Γ be the completion 

of ϕn , where
*{x M | (xx ) }ϕ ≡ ∈ ϕ < +∞n is a left ideal in M. To every vector f from the lineal Dϕ we assign 

an operator R(f): Γ → ℋ defined by the formula R(f)≡xf (x∈ ϕn ). This operator is bounded and, by the same 

token, unambigously defined on Γ. For every normal semifinite weight ψ on M', we can define, by the same 

token, a positive b.f. aψ,: 

D(aψ,) ={f∈Dψ |ψ(R (f) R (f)*) < + ∞}, 

aψ(f, g) = (R(f)R(g)*)  (f, g∈D(aψ)). 

This b.f. turns out to be closable, and consequently, there is a self-adjoint operator 
d

0
d

ψ
≥

ϕ
such that aψ(f , f) 

=

2
1/ 2

d
f

d

 ψ
 ϕ 

  (f∈D(aψ)). 

The operator  
d

d

ψ

ϕ
 is called the "spatial" Radon - Nikodym derivative of ψ with respect to ϕ. The space 

pL ( )ϕ  

is now defined as the set of closed operators h acting in ℋ, such that 
p d

h
d

ψ
=

ϕ
 for some 

*M .+ψ ∈  

 

3. Problem of Integration 

 

In the general case it is natural to first answer the question of whether a measure on the projections of von 

Neumann algebra can be extended to a weight. This is the well-known problem of linearity. A positive solution 

for unitarily invariant measures on projections had already been obtained by Murray and von Neumann. (long 

before the general problem of linearity was posed). A program of constructing an integral with respect to such 

measures was realized by Segal (the result mentioned above was in fact obtained by Segal using the method of 

extending a measure on projections to an integral). The next major step is Gleason's famous theorem describing 

all finite measures on the projections of a factor of type In (3 ≤ n ≤ ∞) in a separable Hilbert space ℋ. Namely, 

for every measure m defined on ℒ(ℋ)n
(m(1) < +∞) a unique kernel operator k � 0 acting in ℋ exists such that 

m(p) Tr(kp) (p= ∈ℒn), then the equality (x) Tr(kx)ϕ =  (x∈ℒ) defines an extension of m to a normal 

functional ϕ on ℒ. 

After the efforts of several mathematicians, the problem of linearity has, at the present 

time, an exhaustive solution. Namely, if the von Neumann algebra M does not contain direct summands of type 

I2 then every finite measure on M
n
 can be extended to a normal functional. 

 

Therefore, the problem of integration with respect to measures on projections remains open for unbounded 

measures (m(1) = +∞) . These measures are much more complicated than normal weights and their structure has 

been studied only for the algebra ℒ(ℋ). 
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Here we give a structure theorem for unbounded measures in a somewhat more general form than that in Segal. 

A measure m on the projections of a von Neumann algebra M is said to be semifinite if a family i i I(p ) ∈  of 

mutually orthogonal projections in M exists such that i i

i I

1 p and m(p ) (i I)
∈

= < +∞ ∈∑ . In particular, if I = 

N, then the measure is said to be σ-finite. 

Theorem: Let ℋ be a Hilbert space (dimℋ�3) and m a semifinite measure on ℒ(ℋ)n
. Then a unique densely 

defined positive b.f. t exists such that  

 
o o ITr(t p),if t p ,

m(p)
otherwise.

∈
= 

+∞

S
             (*) 

 

[Here o It p∈S  means that (1) pℋ is contained in the lineal D(t) – the domain of the b.f. t, (2) the b.f. 

ot p(f ,f ) t(pf ,pf ) (f≡ ∈ℋ) is defined by some kernel operator which is identified with this form.] 

 

In particular, if the b.f. t is closed, then the measure can be extended to a normal 

weight on ℒ(ℋ). However, the class of semifinite measures is significantly larger than that of normal semifinite 

weights on ℒ(ℋ). We would like to note that it is not at all true that all positive b.f.'s t define semifinite 

measures by means of equality (*). A condition characterizing the b.f.'s defining σ-finite measures has been 

obtained by G.D.Lugovaya. The same condition characterizes the b.f.'s defining semifinite measures. We note 

the remarkable peculiarity of the measures being studied. If m is a semifinite measure on ℒn
, then among the 

normal weights whose restrictions to ℒn
 are majorized by m, there is a largest normal (necessarily semifinite) 

weight ϕ, called the regular component of m. If ϕ|ℒn
 ≠ m, then ϕ(1) = +∞ and ϕ automatically cannot be the 

additive summand of m. 

4. Conclusion 

 

 On the basis of the above results on the structure of unbounded measures it is possible to introduce the space L1 

for a large class of unbounded measures on the projections of ℒn
 and realize its predual by an appropriate von 

Neumann algebra.We shall say that a semifinite measure m: ℒn
 → [0, +∞] is absolutely faithful if the regular 

component weight ϕ of m is faithful. For the positive b.f. t associated with m, we denote by 
tK +

 the cone of 

operators x of finite rank in the Hilbert space ℋ, such that the range (x) D(t).ℜ ⊂  Let 
r

t tK (K )  be the 

linear (real linear) hull of 
tK +

. The results imply that m can be extended to a linear functional (also denoted by 

m) on Kt. On 
r

tK  we define the convex functional [compare with (1)]. 

 { }1 2 1 2 i tm
x x inf m(x ) m(x ) | x x x ,x K .+→ = + = − ∈  

For an absolutely f a i t h f u l measure,
m

. is a norm. We denote by L1(m)
r
 the Banach space completion of 

r

tK   

in the norm 
m

. . For the formulation of the result on the realization of the space L1(m)
r
 , we need the following 

analog of the GNS construction. 

Let nm be a left ideal [in the algebra ℒ(ℋ)] of operators x of finite rank, such that 
*

tx x K .+∈  Then the equality 

 
*

m(x | y) m(y x) (x, y n )≡ ∈  

defines a scalar product on nm. Let ฑ be a Hilbert space completion of nm with respect to this scalar product. The 

mapping m :π  ℒ(ℋ)→ ℒ(ฑ) defined by the equality  

 m (a)x ax (aπ ≡ ∈  ℒ(ℋ),  x∈nm) 

is a morphism of von Neumann algebras. Moreover πm is isometry.The equality 

 
* ' ' '

m(y x)(a ) (a x | y) (aβ ≡ ∈ π (ℒ(ℋ
'

*) ; x,y∈nm) 
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uniquely defines a linear mapping t m: Kβ → π (ℒ(ℋ)’ such that 
r

tm
(a) a (a K ).β = ∈  

 

Theorem: Let m: ℒ(ℋ)n
 → [0, +∞] be an absolutely faithful measure. Then the Banach space L1(m)r is 

isometric ally isomorphic to the space of m (π ℒ(ℋ
r

*) . 

 

Finally, we define the Banach space L1(m) as the completion of Kt, with respect to norm 

ta (a) (a K ).→ β ∈  Then L1(m) is the complexification of the real Banach space L1(m)
r
     

Coinciding norms and it is isometrically isomorphic to the space m (π ℒ(ℋ
'

*) .      
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