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Abstract

Based on the Helmholtz conditions for the existeota Lagrangian, we discuss a new approach to
constants of the motion associated with continigymsmetries of the equations of motion . It is shown
that the constants so determined vanish wheneeesytmmetry group is related to actual invariance of
the Lagrangian (whose existence is guaranteedéyahdity of the Helmholtz conditions) ; in which
case , however , we have available the classicati¢o invariants for constants of the motion .
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1. Introduction

The study of constants of the motion for a dynaigyestem is a subject of utmost importance in
physics. It is well known that a generalized foriiNeether’s Theorem relates a constant of the motio
to any continuous trans-formation of the coordisatad time that leaves the action integral invarian
Any transformation which leaves the equations otiominvariant is called Noether symmetry if it
also conserves the action integral. In this cagedbnventional to have available the classicadtNer
form for constants of the motion. Recently in a rgyproach to constants of the motion [1,2] it has
been demonstrated that they can be determined byemon -Noether symmetries , i.e. by
transformations which leave the equations of motmwariant but do not preserve the action integral
The explicit form of these conserved quantities J8ll be specified below (see Eqn.(9)) from a
knowledge of the symmetry group generator, withreguiring any further integration of the equations
of motion . Our aim in this note is to prove tHa¢ tonstants of the motion so determined must kanis
in case the associated symmetry is Noether. Wethesystate that any Noether symmetry leads only to
classical Noether form for the conserved quantity.

Recall that the Helmholtz conditions for the existe of the Lagrangiaky x. . £) for an equation
of motion with the form
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where the elements of the nonsingular maxri'ﬁxare the integrating factors in the equation
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In the following we use the overdot to denote thehell time derivative,
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In the case there exists a Lagrangigrx,t) for the dynamical system (1), it follows from (dlite
generally that

I
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where D is the determinant of the matrix whose eleis ara/vij . This observation leads automatically
to the conserved quantity [3]
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for any (non - Noether) symmetry ofa dynamicatsy‘swith a Lagrangian , where

E=n (xxt) +n (xxt) (10)

generates the symmetry of the given dynamical sy$1§. The conservation @f may be demonstrated
by making use of a conservation law found by Hojrfigrand generalized by Gonzalez - Gascon [2] .

According to Hojman’s theorem ,let the functighix. . t) determine a symmetry generator E for (1) ;
if a functionilx, %, £) can be found such that the quantity

oF 2
Q=—T1+7 11
6)(' by ( )
vanishes, then a constant of the motion is given by
o=E(In)+ @L @L
8x 6x
©=0 (12)

In view of (8) , we may choose=D, and therefore the conditiaR=0 can always be satisfied for a
dynamical system with Lagrangian leading to (9). Wi now prove thatp vanishes if the associated
symmetry is a symmetry of the Lagrangian systent. @aof will make heavy use of the Helmholtz
conditions (2) - (5) which are necessary and sefficfor the existence of Lagrangian for a dynamnica
system given by (2).
Given a constant of the motidhx, =, £}, the necessary and sufficient conditions for @&mg related to
symmetry of the Lagrangian are [5]

I_ Im_0C

=0
axm

C=0 (13)
Here we are considering invariance of (1) under thinitesimal coordinate transformation

xI —>x| :xl +snI (x,xt)

(¢ is a small parameter ) agddenotes the inverse matrix\o, i.e. the matrix of integrating factors for
the Helmholtz conditions . Without restricting oeirges to any specific choice of mﬁ. in the system

of equation (2)-(5) , it can be proved th§t|=(w|mFm)
oF
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The result in (15) is the general condition for timyariance [4] of (1) under the infinitesimal
transformation considered with the symmetry gemeraE given by (10),(13) and (14).
From (13) and (14) it is straightforward to verihat
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Adding (16) and (17) we are led to
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This demonstrates thatvanishes because it turns out that given the amsaf2) and (3) the tensor in
the square brackets is symmetric under the exchahgeand | ( for each m), while the tensor in the
parenthesis is antisymmetric under that exchange .
In this note we have considered the applicatiofelinholtz conditions to the analysis of conserved
guantities which are associated with the continigyusmetries of dynamical systems with Lagrangian.
We have shown that the conserved quantity vanigheshever the symmetry group for a dynamical
system is related to actual invariance of the adtivegral. In that case we utilize the classicaktier
invariants.
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