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Abstract

Our aim of this paper is to obtain some fixed point and common fixed point theorems in Banach space satisfying
different rational contractive conditions.
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1 INTRODUCTION & Preliminaries

Fixed point has become attractive to the authors working in non linear analysis when the study of non-
expansive mappings concerning the existence of the fixed point. Since the non expansive mappings include
contraction as well as contractive mappings. Browder [1] was the first mathematician who studies non —expansive
mapping where he applied the results for proving the existence of solution of certain integral equations. Recently
study of fixed point theorems in Banach spaces is very interesting. In this paper we prove some fixed point theorems
and common fixed point theorems in Banach spaces. Our results are generalization and extension of various known
results.

First we recall some known definitions and results which are helpful for proving our results.
Definition 1.1 Let Sand T are self maps of a Banach space X. If w = Sx = Tx for some x € X, then x is called a
coincidence point of S and T, and w is called a point of coincidence of Sand T.
Definition 1.2 Let S and T are self maps of a Banach space X, then S and T are said to be weakly compatible if
limy,, o |ISTx, — TSx,|| = 0
whenever {x,} is sequence in X such that
lim,_, o Sx, = limp, o TX, =X
for some x € X.
Definition 1.3 Let S and T are self maps of a Banach space X, then S and T are said to be weakly compatible if
they commute at their coincidence points; i.e. if Tx = Sx for some x € X then TSx = STx.
Definition 1.4 Let ® be the set of real functions
P (ty, ty, ts, ty, t5): [0,00)° — [0, 00)
satisfying the following conditions:

i. ¢ is non increasing in variables t,and ts.

ii. Thereisan h; > 0 and h, > 0 such that h = h;h, < 1 and if u = 0 and v > 0 satisfying
a usoédv,vyuu+v,0)or u<sdplv,uv,u+v,0)
Then we have u < h,v.
and if u > 0,v > 0 satisfy

b. u<ov,v,uy0,u+v)or u<d,uv,0,u+v)
Then we have u < h,v.
c. Ifu > 0issuch that
u < ¢(,0,0,u,u) or u< ¢$(0,u,0,0,u) or u< ¢(0,0,u,u,0)
Thenu = 0.
2 Common Fixed Point Theorems for Self Mappings in Banach spaces
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In this section we prove some common fixed point results for four self mappings satisfying symmetric
rational expression. Our aim of this section is to generalized and extended previous many known results. In fact our

first result of this section is as follows,
Theorem 2.1 Let A,B,S, T be continuous self mappings defined on the Banach space X into itself satisfies the

following conditions:
210 AX) S TX), BX) € SX)
2.1(i1) if one of A(X), B(X),S, (X), T(X) is complete subspace of X.
2.1(iii) The pair {A,S} and {B, T} are weakly compatible.
21Gv) |IAx—Byl]* < « [||Ax—Sy||2 + ||By—Ty||2]
+B [||Ax - Ty||2 + ||By - SX||2]
+vy [||AX— Sx||2 + ||Ax— Ty||2]
+5 [|1By — SxI|* + |1By = Tyl|” |

+1 [||AX—SX||||By—Ty|| + ||Ax—Ty||||By—SX||]

For all x, y €X,(x #y) and for non negative o,f,y,6,n €[0,1) such that 0 < 2a+2B+y+46+1 <
1. Then A, B, S, T have unique common fixed point in X.

Proof For any arbitrary x, in X we define the sequence {x,} and {y,} inX such that

AXyn = TXpne1 = Yon and Bxpniq = SXpnsz = Yonsr (2.1a)
forall n=0,1,2,.....

Ontaking y,n # Yans1

2 2
||YZn 'YZn+1|| = ||AX2n - BX2n+1||

From 6.2.1(iv) we have

[1A%z0 = Bxaneall” < o [[1Axzn = Sxoul|” + [IBXznss — Txzneal|’]
+ B[ 118%o0 = Txzniall” + [1BXznes — Sxinl| |
+ ¥ [1A%z0 = Sxzul|* + [18%50 = Tgneal|” |
+8 [|IBxzns1 = Sxanl|” + [IBxznis = Tanial|” |

||AX2n - SX2n|| ||BX2n+1 - TX2n+1||

+| |Axpp — TX2n+1||||BX2n+1 - SX2n||

||Y2n_YZn+1||2 Sa [||Y2n_YZn—1||2 + ||Y2n+1 _YZn||2]
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+ B{1yzn = Yanll* + 112041 = Yznall]
+vy [||y2n _yZn—1||2 + ||}’2n - 3’2n||2 ]
+6 [||}’2n+1 _}’2n—1||2 + ||}’2n+1 _3’2n||2]

||}’2n - yZn—1|| ||}’2n+1 - }’2n||
+| |yon — y2n||||y2n+1 - 3’2n—1||

28
||y2n - y2n+1|| < (f +_ﬁ +_ 2 ||}’2n - y2n—1||
1-a—-B—26 +1n)

_(a+pt2o+y)
Let us denote m =k,

since 0 < 2a+ 28 +y + 46 +n < 1which gives

_(a+p+28+y)
0< m—k< 1 and that

||y2n_y2n+1|| Sk||yZn_yZn—1||

Similarly we can show that
||J’2n - J’Zn—1|| < k? ||)’2n—1 - y2n—2||
Processing the same way we can write,
||J’2n _J’Zn—1|| <km" ||YU _Y1||
for any integer m we have
||}’2n - y2n+m|| < ||J’2n - J’2n+1|| + ||J’2n+1 - )’2n+2|| +

s ees see s ses + ||y2n+m_1 - y2n+m||

||YZn_}’2n+m|| < kn-||3’0_3’1|| + kn+1-||)’0_3’1|| +
............+ kn+m.||yo _y1||
1Van = Vonaml| < K1+ K+ K2+ + k™. [y — w1l

||YZn_}’2n+m|| < %“3’0_3’1”
asn — oo gives that

|IYZn - y2n+m|| - 0

Thus {y,,} isa Cauchy sequence in X. Since T'(X) is complete subspace of X then the subsequence y,, = Tx3,41
is Cauchy sequence in T'(X) which converges to the some point say u in X. Let v € T~u then Tv = u. Since {y,,}
is converges to u and hence {y,,41} also converges to same point u .
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weset x = x,,and y =v in 2.1(iv)
lAx,, — BYl|" < « [||Ax2n — Sxoul|” + [1Bv — Tv||2]
+ B |14x, = TvI|" + |1BY = Sx50l[°]
+ v [[14%n = Sxanl|* + |14z = Tol[” |
+6 [[1Bv = Sxaul|” + [|Boznss — Tol[” |

||Ax2n — Sx2n||||Bv — Tv||
+ ||Ax2n — Tv||||Bv — Sx2n||

asn — o ||u—Bv||2 < (@+p+y + <$+r))||u—Bv||2
This is a contradiction, implies that Bv = u also B(X) € S(X) so Bv =u implies that u € S(X).
Let w € S7Y(X) thenw=u setting x =w and y = x4, in 6.2.1(iv) we get
2 2 2
||AW_Bx2n+1|| <a [||AW-SW|| + ||Bx2n+1_Tx2n+1|| ]
2 2
+pB [||AW - Tx2n+1|| + ||Bx2n+1 _SW|| ]

+vy [||AW—SW||2 + ||AW—Tx2n+1||2]

+6 [lle2n+1 _5W||2 + ||Bx2n+1 - Tx2n+1||2]
||AW - SW||||Bx2n+1 - Tx2n+1||
+||AW - Tx2n+1||||Bx2n+1 - SW||
as n — o ||AW—u||2 < B +y + 5+77)||Aw—u||2
Thisisa contradiction, implies that, Aw = u this means Aw = Sw = Bv = Tv = u.
since Bv = Tv = u so by weak compatibility of (B,T) it follows that, BTv = TBv and sowe get
Bu = BTv = TBv = Tu.

Since Aw = Sw = u so by weak compatibility of (4,S) it follows that SAw = ASw and So we get

Au = ASw = SAw = Su.

Thus from 6.2.1(iv) we have

||Aw— Bu||2 <a [||AW—SW||2+ ||ABu—Tu||2]
+,8[||AW—Tu||2+||Bu—Sw||2]

+ v [[law = swi|* + |14w — Tul|" |
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+6 [||Bu—5w||2 + ||Bu—Tu||2]

[ [|Aw — Swl|||Bu — Tul|
+||Aw—Tu||||Bu—Sw||

llu— Bul]® < (@+ B + &)|lu— Bul|’
which contradiction
implies that Bu = u.
Similarly we can show Au = wu by using 6.2.1(iv). Therefore

u= Au = Bu = Su = Tu

Hence the point u is common fixed point of A, B, S, T.
If we assume that S(X) is complete then the argument analogue to the previous completeness argument proves the
theorem. If A(X) is complete then u € A(X) c T(X). similarly if B(X) is complete then u € B(X) < S(X). This

complete prove of the theorem.

Uniqueness Letusassume that z is another fixed point of 4, B, S, T in X different fromu. i.e. u # zthen
2 2
||u —Z|| = ||Au —BZ||
from 2.1(iv) we get

2 2
||u—Z|| < (ﬁ+y+6+n)|lu—zl|
which contradiction the hypothesis .
Hence u is unique common fixed point of 4,B,S,T in X.

Before giving our second result of this section we Let R* denote the set of non negative real numbers and F
a family of all mappings ¢ : (R*)®> — R* such that ¢ is upper semi continuous, non decreasing in each coordinate
variable and, for any ¢ (t,, t,, t3, ty, ts) < kt.

Theorem 2.2 Let A,B,S,T be continuous self mappings defined on the Banach space X into itself satisfies the
following conditions:

22() AX)<S TX), BX)S SX)

2.2(ii) The pair {A,S} and {B,T} are weakly compatible.
llax = syl|* + [1By = TyI[",
||Ax — Ty||2 + ||By — Sx||2,

2.2(il)  d*(Ax,By) < ¢ | |lAx — Sx||* + |lAx — Tyl|%,
1By = sxI|* + |1By = TyI|,

||Sx — Ty||2

Forallx, y € X,(x #y)and ¢ € ®. Then 4, B, S, T have unique common fixed point in X.
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Proof For any arbitrary x, in X we define the sequence {x,} and {y,} inX such that

Axyn = TXap41 = Yon and BXoni1 = SXonia = YVonaa (6.2.2a)

forall n=10,1,2,.....

Ontaking v,, # Yons41

||J’2n ')’2n+1||2 = ||szn - Bx2n+1||2
From 2.2(iii) we have
1A%20 = Sxanl|” + [1BXznss = Tanaal|”
1450 = Tznaal|” + [1Bxones = Sxznl]”
14520 = Bxonaall” < @1 |Axon = Siaull” + [14%20 = Txzniall’,
||Bx2n+1 - Sx2n||2 + ||Bx2n+1 - Tx2n+1||2;

||Sx2n - sz;z+1||2

||y2n _yZn—1||2 + ||}’2n+1 _}’2n||2' \
||y2n - )’2n||2 + ||y2n+1 - }’Zn—1||2' |
|

||y2n '3’2n+1||2 < ¢ ||}’2n _Y2n—1||2 + ||YZn _YZn||21

|

|

k“}’mn _yZn—1||2 + ||}’2n+1 _y2n||2:)
||J’zn _yZn—1||2

from the property of ¢ we have
2 2
||y2n_y2n+1|| <k ||y2n _yZn—lll
similarly we can show that

||}’2n - }’2n+1|| < k? ||}’2n—1 _Y2n—2|| < kn“)’o _J’1||
processing the same way we can write,

for any integer m we have
||YZn - y2n+m|| < ||3’2n - J’2n+1|| + ||3’2n+1 - )’2n+2|| +

CETT TR TP + ||y2n+m_1 - y2n+m||

||y2n_y2n+m|| < kn-“)’o _)’1|| + kn+1-||Y0 _Y1|| +
* ass ass aas + kn+m. ||y0 - y1||
1¥Van = Vonaml| < K1+ K+ K2+ + k™. [y — vl

||YZn_3’2n+m|| < k__n||3’0_3’1||
1-k

asn — oo gives that

62


http://www.iiste.org/

Computer Engineering and Intelligent Systems www.iiste.org
ISSN 2222-1719 (Paper) ISSN 2222-2863 (Online) lLi,l
Vol.5, No.1, 2014 ||S E

||y2n - y2n+m|| - 0

Thus {y,,} isa Cauchy sequence in X. Since T(X) is complete subspace of X then the subsequence y,, = TXxzp41
is Cauchy sequence in T'(X) which converges to the some point say uin X. Let v € T~u then Tv = u. Since {y,,}
is converges to u and hence {y,,,1} also converges to same point u .

Weset x = x,,and vy =v in 2.1(iv)

||Ax2n — Tv||2 + ||Bv — Sx2n||2,

|
lAxz, — Bul|” < ¢l |14%3, = S50 l|” + [1Ax5 = Tl |,
\I

2

||Ax2n — Sx2n||2 + ||Bv — Tv||2, \\
|
|Bv — Sx2n||2 + ||Bx2n+1 - Tv|| '/l

||Sx2n - Tv||2
as n — oo
[lu — Bv||2 < |lu- BV||2

which contradiction

implies that Bv = u also B(X) € S(X) so Bv =u implies that u € S(X).

Let w € S7Y(X) thenw=u setting x =w and y = x4, in 6.2.2(iii) we get
/ ||AW - SW||2 + ||Bx2n+1 - Tx2n+1||2, \
| ||AW—Tx2n+1||2 + ||Bx2n+1 _5W||2' |

lAw — Boonutl|” < o] lAw — swi|” + [14w — Txpneal|’,

||Bx2n+1 - SW||2 + ||Bx2n+1 - Tx2n+1||2:

2
||SW—Tx2n+1||
as n — oo, ||Aw—u|| < ||Aw—u||
This is a contradiction, implies that, Aw = u this means Aw = Sw = Bv = Tv = u.

since Bv = Tv = u so by weak compatibility of (B,T) it follows that, BTv = TBv and sowe get
Since Aw = Sw = u so by weak compatibility of (4, S) it follows that SAw = ASw and So we get

Au = ASw = SAw = Su

Thus from 2.2(iii) we have
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/||Aw 5w|| + ||ABu—Tu|| \
[lAw — Tu|| + ||Bu—Sw|| |
2
[lAw — Bul|” < ¢| [lAw — 5w|| + 14w — Tu|| |
||Bu — 5w|| + ||Bu—Tu|| |
\ [ISw — Tu|| /
||u—Bu|| < ||u—Bu||
which contradiction
implies that Bu = u.
Similarly we can show Au = wu by using 6.2.2(iii) . Therefore
u= Au = Bu = Su = Tu.
Hence the point u is common fixed point of A, B, S, T.
If we assume that S(X) is complete then the argument analogue to the previous completeness argument proves the
theorem. If A(X) is complete then u € A(X) < T(X). similarly if B(X) is complete then u € B(X) < S(X). This

complete prove of the theorem.

Uniqueness Let us assume that z is another fixed point of 4, B, S, T in X different fromu. i.e. u # zthen
2 2
||u—z|| = ||Au—BZ||
from 2.2(iii) we get
2 2
llu—zI|" < |lu-zl|
which contradiction the hypothesis . Hence u is unique common fixed point of A4,B,S,T in X.

Theorem 2.3 Let A,B,S, T be continuous self mappings defined on the Banach space X into itself satisfies the
following conditions:

23() AX)<c TX), BX) S SX)
2.3(ii) if one of A(X), B(X),S,(X), T(X)is complete subspace of X.
2.3(iii) The pair {A4,S} and {B,T} are weakly compatible.

(||Ax - Sy||2 + ||By - Ty||2,\

2 2

Ax—T By — S|/,
23(iv) ||Ax - Byl[* < amaxl“ x y||2+|| y xll2 !
LIIAx—lel +|lax =Ty |

2 2
|IBy = SxI|” + |1By = Tyl|
Forall x, y € X,(x # y) and for non negative « € [0,1) . Then A, B, S, T have unique common fixed point in X.
Proof For any arbitrary x, in X we define the sequence {x,} and {y,} inX such that

Axyp = TXony1 = Yon and BXopyq = SXoniz = Yontt (23a)
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forall n=10,1,2,.....

Ontaking v,, # Yons41

||y2n 'y2n+1||2 = ||Ax2n - Bx2n+1||2

From 2.3(iv) we have

||Ax2n - Sx2n||2 + ||Bx2n+1 - Tx2n+1||2,
||Ax2n - Tx2n+1||2 + ||szn+1 - 5x2n||2,

)
|
||Ax2n - Sx2n||2 + ||szn - Tx2n+1||2; |
)

|(
[14%,, — Bx2n+1||2 < amax{
lk )

||Bx2n+1 - Sx2n||2 + ||Bx2n+1 - Tx2n+1||
||}’2n - y2n||2 + ||}’2n+1 - y2n—1||2

||y2n - y2n—1||2 + ||y2n - }’2n||2,
t||}’2n+1 - }’2n—1||2 + ||J’zn+1 - }’2n||2

||J’2n_372n+1||2 < amax

y2n yZTL—l 2n+1 2n )
J

(A = O)|yan = Yoneal]” < |1y = Yanoal|”

||}’2n - J’2n+1|| < ﬁ ||YZn - YZn—1||

Let us denote /L =k,
1-a

||y2n - yZn+1||2 <k ||y2n - yZn—lllz

Similarly we can show that

||}’2n - y2n—1|| < k? ||YZn—2 - YZn—1||

Processing the same way we can write,

||}’2n _yZn—1|| <km" ||YO _)’1||

for any integer m we have

||}’2n - y2n+m|| < ||)’2n - J’2n+1|| + ||}’2n+1 - }’2n+2|| +

CETT TR TP + ||y2n+m_1 - y2n+m||

IA

||y2n_y2n+m|| k".||y0—y1|| + kn+1-||}’0‘3’1|| +

T S ||)’o - 3’1||

IA

||y2n_y2n+m|| kn[1+k+k2+"' ......... +km].||yo_y1||

||y2n_y2n+m|| < k_—n||}’0_3’1||
1-k
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asn — oo gives that

||YZn - y2n+m|| - 0

Thus {y,,} isa Cauchy sequence in X. Since T'(X) is complete subspace of X then the subsequence y,, = Tx3,41
is Cauchy sequence in T'(X) which converges to the some point say u in X. Let v € T~ 'u then Tv = u. Since {y,,}
is converges to u and hence {y,,41} also converges to same point u .

weset x = x,,and y =v in 2.3(iv)

||Ax2n — SxZnI|2 + ||Bv - Tv||2,

|( \|
2 2
A -T Bv — ,
||Ax2n—Bv||2 < amax{ (14520 = TVI[” + [ 1B = Sz }
|
J

| [14x,, — Sx2n||2 + ||Axy, — Tv||2,
\1Bv = Sxaul|* + ||Bxznsr — Tol|’

asn - o
llu—Bvl| <  al|lu-Bv|

which contradiction

implies that Bv = u also B(X) € S(X) so Bv =u implies that u € S(X).

Let w € S™Y(X) thenw=u setting x =w and y = x3,4; in 2.3(iv) we get

( ||AW - SW||2 + ||Bx2n+1 - Tx2n+1||2' )

2 2

Aw =T B —swl|’,
||AW—B952n+1||2 < amax 14w x2"+12|| +[1BXznsy Wl| £
L |lAw = swl|” + [1Aw — Txppsal|”, J

||Bx2n+1 - 5W||2 + ||Bx2n+1 - Tx2n+1||2
as n — o
||Aw—u|| < 0(||AW—u||
which contradiction
implies that, Aw = u this means Aw = Sw = Bv = Tv = u.

since Bv = Tv = u so by weak compatibility of (B,T) it follows that, BTv = TBv and sowe get
Since Aw = Sw = u so by weak compatibility of (4, S) it follows that SAw = ASw and So we get

Au = ASw = SAw = Su

Thus from 2.2.3(iv) we have
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|lAw — swl|* + ||ABu — Tul|*,

||Aw—Tu||2+||Bu—SW||2,

||Aw — SW||2 + ||Aw — Tu||2,
U [1Bu = swi|* + ||Bu — Tul|* )

IA
S}
3

||Aw — Bu||2

IA

||u— Bu||2 a||u— Bu||2

which contradiction

implies that Bu = u.

Similarly we can show Au = wu by using 2.3(iv). Therefore
u= Au = Bu = Su = Tu.

Hence the point u is common fixed point of A, B, S, T.

If we assume that S(X) is complete then the argument analogue to the previous completeness argument proves the
theorem. If A(X) is complete then u € A(X) c T(X). similarly if B(X) is complete then u € B(X) < S(X). This
complete prove of the theorem.

Uniqueness Let us assume that z is another fixed point of 4, B, S, T in X different fromu. i.e. u # zthen
2 2
||u—z|| = ||Au—BZ||
from 6.2.3(iv) we get
2 2
||u—z|| < a||u—z||
which contradiction the hypothesis . Hence u is unique common fixed point of 4,B,S,T in X.

3 FIXED POINT THEOREM SATISFYING RATIONAL TYPE CONTRACTION CONDITION IN
PARTIAL ORDERED BANACH SPACES
Fixed point for multivalued functions is a vast chapter of functional analysis. In particular, the function §(4, B) has
been used in many works in this area. Some of these works are noted in Choudhury [2], Fisher [5] and Fisher and
Iseki [6].

We will use the following relation between two non empty subsets of a partially ordered set.
Let (X,d) be a metric space. We denote the class of non empty and bounded subsets of X by B(X). ForA,B €
B(X), function D (4, B) and 6 (A4, B) are defined as follows:

llA=BI|, = inf{|la—bl|: a€Abe B}
||A—B||5= sup{ ||a—b||: a€Abe B}
If A ={a} thenwe write ||A—B||D = ||a—B||Dand ||A—B||6 = ||a—B||6.AIso in addition, if B = { b },
then ||4 — B|| = [la—bl| and [|A - B||, = [la —bl|. Obviously, ||A—BI|, < [|A~BI|,. For all 4,B,C€
B(X), the definition of [|A — B|| yields the following:
14— 51, =118 - 41,
||A—B||6S||A—C||5 +]lc - Bl|
||A—B||8 =0iff A =B ={a}
||A—B||8= diam A

8
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Definition 3(a) Let A and B be two non empty subsets of a partially ordered set (X, <). The relation between A
and B is denoted and defined as follows:

A < B, ifforevery a € A thereexists b € B suchthat a < b.

In 1984, M.S. Khan, M. Swalech and S. Sessa [7] expanded the research of the metric fixed point theory
to a new category by introducing a control function which they called an altering distance function.

We will utilize the following control function which is also referred to a Altering distance function.
Definition.3(b) A function i : [0,00) — [0,00) is called an Altering distance function if the following
properties are satisfied:

i 1 is monotone increasing and continuous,

ii. Y() = 0 ifandonlyift = 0.

The above control function has been utilized in a large number of works in metric fixed point theory.
Some recent references are Choudhury [2], Doric [4], Dutta and Choudhury [3], Naidu [8] and Sastry and Babu [9].
This control function has also been extended and applied to fixed point problems in probabilistic metric spaces, and
fuzzy metric spaces.

The purpose of this chapter is to establish the existence of fixed point if multivalued mappings in partially
ordered metric spaces. The mappings are assumed to satisfy certain inequalities which involved the above mentioned
control functions. Further we have established that in the corresponding singlevalued cases of partial ordered
condition of the metric space can be omitted if the function is continuous.

Theorem 3.1 Let (X,<) be a partially ordered set and suppose that there exists a norm ||.|| in X such that
(X,d) is a Banach space. Let T: X - B(X) be a multivalued mapping such that the following conditions are
satisfied,;

3.1(i) there exists x, € X such that { x,} < Tx, ,

3.1(ii) for x,y € X,x < yimpliesTx < Ty,

3.1(iii) if x,, » x isanon decreasing sequence in X, then x,, < x forall n,

3.1() (7~ T, ) < ap (max {2l Inorply—ray )

1+||x-l| ’ 1+||x=y||

|lx =TI, [ly = Ty”D})
Y (’"“" {ux 1yl Jly - 7]
+y 9 ([lx = yl1])

For all comparable x,y € X where «,f,y € (0,1)suchthat 0 <a + 28+ y < 1landy isan altering distance
function. Then T has a fixed point.
Proof By the assumption 3.1(i) there exists x; € Tx, such that x, < x;. By the assumption 3.1(ii), Tx, <
Tx,. Then there exists x, € Tx, such that x; < x,. Continuing the process we construct a monotone increasing
sequence {x,} in Xsuch that x,,,; € Tx, forall n> 0. Thus we have

Xo =X X1 X X X X3 X...... S Xy N Xpp1 N
If there exists a positive integer N such that xy = xy,4, then xy is a fixed point of T. Hence we shall assume that
Xp #F Xpyq fOralln= 0.
Using the monotone property of 1 and the condition 3.1 (iv), we have for all n > 0,

Y (||xn+1 - xn+2||) <y (||Txn - Txn+1||5 )
|Ixn—TxnI|D.||xn+1—Txn+1||D
1+“xn_xn+1”
“xn_Txn+1”D“xn+1_Txn”D

1+|lxn—2n41l|
LBy (max { ||xn - Txn||D, ||xn+1 - Txn+1||D,}>
||xn — Txnyql |D’ ||xn+1 = Tx,| |D
‘H”)b (||xn - xn+1||)

[1Xn=xn4 1l 1Xns1=2ns2l|
1+“xn_xn+1H

)

¥ (11T, = Toaall,) < @ | max

)

X - X <a max
d’(|| n+l n+2||) ¢, “xn_xn+2wuxn+1_xn+1u

1+“xn_xn+1H
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||xn - xn+1||: ||xn+1 - xn+2||:})
+ max
ﬁlp < {||xn_xn+2||!||xn+1_xn+1||
+y l,b (||xn - xn+1||)

ll) (d(xn+1rxn+2)) <a lp(max {||xn+1 - xn+2||'0})
+ B l,b (max {| |xn - xn+1| |; ||xn+1 - xn+2| |;}>
||xn - xn+2| |, 0

+y 1!’ (||xn - xn+1||)
There arise two four cases.

||xn - xn+1||v ||xn+1 - xn+2||'

Case — 1 if we take max {
||xn _xn+2||'0

} = ||xn_xn+1||

then,

Y (||xn+1 - xn+2||) <L 1/)(“xn - xn+1||)

1-a-B
} = ||xn+1 _xn+2||

||xn - xn+1||» ||xn+1 - xn+2||'

Case - 2, if we take max {
||xn - xn+2||» 0

then,

Y (||xn+1 - xn+2||) < % 1/)(“xn - xn+1||)

||xn_xn+1||;||xn+1_xn+2||'} _ ||x —x ||
||xn _xn+2||»0 " e
Y (||xn+1 - xn+2||) < 1'[_?[:23 1/’(||xn _xn+1||)
||xn - xn+1||: ||xn+1 - xn+2||:
||xn _xn+2||:0
Y (||xn+1 - xn+2||) < L 1/’(||xn _xn+1||)

1-a

Since 0 < a + 2B +y < 1inboth cases, this implies
ll} (||xn+1 - xn+2||) <k ll}(llxn - xn+1||)

14 Bty Bty _v
1-a-B’1-a-B’1-a-p’1-a)’
Therefore, |xp41 — Xn42l| < |I%n — %n4ql| for alln > 0and {||x, — xn441|} is monotone decreasing sequence
of non negative real numbers. Hence there exists an r = 0 such that,
||xn—xn+1||—> r as n— . 3.1(a)
Taking the limitas n — oo in 6.3.1(iv)and using the continuity of i, e have

Y() < ky ()

Case - 3, if we take max {

Case - 4, if we take max { } = 0 then,

where k = max {

which is a contradiction unless r = 0.
Hence,
lim, o ||xn—xn+1|| =0 3.1(b)
Next we show that {x,} is a Cauchy sequence. If otherwise, there exists an e > 0 for which we can find two
sequences of positive integers {m(k)} and { n(k)} such that for all positive integers k, n(k) > m(k) > kand

||xm(k) —xn(k>|| €.
Assume that n(k) is the smallest such positive integer we get, n(k) > m(k) > k

||xm(k) - xn(k)|| =
and

||xm(k) - xn(k>—1|| <€
Now,

€< ||xm<k> - xn(k>||

< ||xm(k) - xn(k)—1|| + ||xn(k)—1 - x"(k)”
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that is,

€= ||xm(k.) —xn(k)|| Se+ ||xn(k)—1 —xn(k)||
Taking the limitas k — oo in the above inequality and 6.3.1(b)we have

lim,o ||xm(k) - xn(k)|| =€ 3.1(c)
Again,
||xm(k) - xn(k)|| = ||xm(k.) - xm(k)+1||
+ ||xm(k)+1 - xn(k)+1|| + ||xn(k)+1 - xn(k)||
and,

||xm(k)+1 - xn(k)+1|| = ||xm(k)+1 - xm(k)||

+ ||xm(k) - xn(k)|| + ||xn(k) - xn(k)+1||
Taking the limitas k — oo in the above inequality and 6.3.1(b) and 6.3.1(c) we have,
limp o ||xm(k)+1 - xn(k)+1|| =€ 3.1(d)
Again,
||xm(k) - xn(k)|| = ||xm(k) - xn(k)+1|| + ||xn(k)+1 - xn(k)||
and,
||xm(k) - xn(k)+1|| = ||xm(k) - xn(k)|| + ||xn(k) - xn(k)+1||
Taking the limit as k — oo in the above inequality and 3.1(b)and 3.1(c) we have,
limy e ||xm(k) - xn(k)+1|| =€ 3.1(e)
Similarly we have that
limy e ||xn(k) - xm(k)+1|| =€ 3.1(f)
For each positive integer k, {x;,x)} and {x, )} are comparable. Then using the monotone property of {r and the
condition (iv), we have

Y (||xm(k)+1 - xn(k)+1||) <y (||Txm(k) - Txn(k)||6)

f||xm(k)-Txm(k)||D-||xn(k)-Txn(k)||D 1\ \\

1+ | —Xno || ’ %
(| Tx —Tx | ) <a max
l)b | m(k) n(k)| 5 lpk { ||xm(k)_Txn(k)||D-||xn(k)_Txm(k)||D )

|ty =Xnaio |

By ||xm(k> - Txm(k)||D : ||xn(k> — Tatngp| |D'
max
||xm(k) - Txn(k)||D : ||xn(k) - Txm(k)||D

tyy (l %m0 = Xno| |)
By using (iv) and on taking limit as k — oo in the above inequality and 6.3.1(b) and using the continuity of i we
have,
Y(e) < ki (e)
which is contradiction by virtue of a property of .
Hence { x,,} is a Cauchy sequence. From the completeness of X, there existsa z € X such that
X, Z as n— o 3.1(g)
By the assumption (iii), x,, < z, forall n.
Then by the monotone property of i and the condition (iv), we have

¥ (Ienss = T2I) < 9 (1T =TI )
By using (iv) and on taking limit as k — oo in the above inequality from 6.3.1(b)and 6.3.1(f) and using the
continuity of i we have,
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P (||Z — TZ||6) < kl,b(||z — TZ||D) < ky (||Z — TZ||5>,
which implies that, ||z - Tz||5 = 0 orthat {z} = Tz .Moreover, z is a fixed point of T.
Corollary 3.2 Let (X, <) be a partially ordered set and suppose that there exists a norm ||. || in X such that (X, d)
is a Banach space. Let T : X — B(X) be a multivalued mapping such that the following conditions are satisfied,;
3.2(i) there exists x4 € X such that { xo} < Tx,,
3.2(ii) for x,y € X,x < y implies Tx < Ty,
3.2(iii) if x, —» x is a non decreasing sequence in X, then x,, < x for all n,

3.2(iv) |ITx — Ty||5 < a max {“x_Tx”D'“y_Ty”D “x_Ty”D'“y_Tx”D}

)

1+|lx =y 1+[lx=yl|
lx — Tx|| ,|ly = Tyl
+£ max | |D | Y Y |D
|lx = Tyl| . |ly = TxI|
+y |lx = yl|

For all comparable x,y € X where a,8,y € (0,1) suchthat 0 <a + 28+ y < 1. ThenT has a fixed point.
Proof On taking i be an identity function in Theorem 6.3.1, and then the above result is true and noting to prove.
The following corollary is a special case of Theorem 3.1 when T is a singlevalued mapping.

Corollary 3.3 Let (X, <) be a partially ordered set and suppose that there exists a norm [|. || in X such that (X, d)
is a Banach space. Let T : X — X be a mapping such that the following conditions are satisfied;

3.3(i) there exists x, € X suchthat { x,} < Tx, ,

3.3(ii) for x,y € X,x < y impliesTx < Ty,

3.3(iii) if x, = x is a non decreasing sequence in X, then x,, < x for all n,

[lc=Tx|| | ly=T1|
1+||x=y||
[lx=Tyl| - |ly=Txl|
14| lx—yl|

-T , -T
15 [ [Tl

|lx =TI, [ly = TxI|

+r 9 (|lx = yl])
For all comparable x,y € X where «,B,y € (0,1) such that 0 <a + 28 +y <1land ¥ is an altering distance
function. Then T has a fixed point.
In the following theorem we replace condition 2.3(iii) of the above corollary by requiring T to be continuous.
Theorem 3.4 Let (X, <) be a partially ordered set and suppose that there exists a norm ||. || in X such that (X, d) is
a Banach space. Let T : X — X be a mapping such that the following conditions are satisfied;
3.4(i) there exists x, € X such that { xo} < Tx_0,

3.4(i) for x,y € X,x < yimpliesTx < Ty,
[1x=TxI|p,.|ly=Tyl|
1+Hx—yH
[1x=Tyl| - |ly=TxI|
1+||x—yl|

)

|Ix =Tyl [ly = TxI|
+y U (|Ix=yl|)
For all comparable x,y € X where a,B,y € (0,1)suchthat 0 <a + 28 +y < 1and y is an altering distance
function. Then T has a fixed point.
Proof: We can treat T as a multivalued mapping in which case Tx is a singleton set for every x € X. Then we
consider the same sequence {x, } as in the proof of Theorem 3.1, Arguing exactly as in the proof of Theorem 3.1,
we have that { x,,} is a Cauchy sequence and lim,,_,,, (x,) = z. Then the continuity of T implies that,
z = limy_ o (Xp41) = limy L, T(X,) = Tz
and this proves that z is a fixed point of T.
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