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Abstract

In this paper, We obtain common fixed point theasémintuitionistic fuzzy metric spaces using Odgaally
weakly compatible maps for integral type inequal®yr results are the intuitionistic fuzzy versmfrsome
fixed point theorems for weakly compatible mappiogdifferent metric spaces.
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Introduction and Preliminaries

The first result on fixed points for contractivepéy mapping was the much celebrated Banach’s cdaiatnac
principle by S. Banach [12] in 1922. In the genesetting of complete metric space, this theorens s the
follows, Theorem 1(Banach’s contraction principle)Let (X, d) be a complete metric space, ©, 1) and f:
X—X be a mapping such that for each x ¥,

d(fx. fv) <c d(x, y) Then f has a unique fixed poing aX, such that for each& X lim,,_, . f®x = a. In 2002,
A. Branciari [1] analyzed the existence of fixedmidor mapping f defined on a complete metric X , d)
satisfying a general contractive condition of imedgype.

Theorem 2(Branciari) Let (X, d) be a complete metric space, (0, 1) and let f: X>X be a mapping such that

for each x, ye X, fodm’mqo[t)dt < cj"ﬂd[x’y:'go(t}dt. Whereg: [0,+0) —[0,+) is a Lebesgue integrable
mapping which is summable on each compact subsf,eb) , non negative, and such that for eacto,
f:go(t)dt, then f has a unique fixed point

a€ X such that for each & X, lim,_,., f™x = a. A fine work has been done by B.E.Rhoades [3]reditey the

result of Brianciari by replacing the condition [1] by the following
N 5 3 (v £y DY Ay f2) ) )
j":w’”"qo(t)dt < f;"‘m{dCx’}"d(x’fx"d(“"”" z }go(t)dt. K.Atanassov [8] introduced and studied the

concept of intuitionistic fuzzy sets as a geneaditm of fuzzy sets. In 2004, J. H. Park [7] dediribe notion of
intuitionistic fuzzy metric space with the help afntinuous t-norms and continuous t-conforms. Rigeim
2006, Alaca et al.[2] using the idea of intuitidiisfuzzy sets, defined the notion of intuitionisfuzzy metric
space with the help of continuous t-norm and camtirs t-Conorms as a generalization of fuzzy mefpiace
due to Kramosil and Michalek [9].Intuitionistic fey set theory has been used to extract informakigpn
reflecting and modeling the hesitancy present @-liée situations. In this paper, we obtain comniixed point
theorems in intuitionistic fuzzy metric spaces gsimccasionally weakly compatible maps for integsgde
inequality. These concepts were originally introeidy K. Menger [8] in study of statistical metspaces. D.
Coker [5], Turkoglu [6], S. Manro [11] studied imf@mon fixed point theorems in intuitionistic fuzmyetric
spaces. Zadeh [13] An introduction to intuitiordsiiizzy topological spaces

Definition 1.1[10]. A binary operation *: [0, 1¥ [0, 1] = [0, 1] is a continuous t-norm if it satisfies the
following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3)a*1=aforall &0, 1],

(4) a*b=c*dwhenever & cand b=d for all a, b, ¢, & [0, 1],

Two typical examples of continuous t-norm are a= &b and a * b = min (a, b).

Definition 1.2[10]. A binary operatior®: [0, 1] = [0, 1] = [0, 1] is a continuous t-norm if it satisfies the
following conditions:

(1) ¢ is associative and commutative,

(2) ¢ is continuous,
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(3) a¢l = afor all & [0, 1],
(4) a¢b=c< dwhenever & c and b=d for all a, b, ¢, & [0, 1],
Two typical examples of continuous t-norm arg d = ab and & b = min (a, b).
Alaca et al. [2] using the idea of intuitionistigzizy sets, defined the notion of intuitionistic Zyzmetric space
with the help of continuous t-norm and continuow®norms as a generalization of fuzzy metric sphoe to
Kramosil and Michalek [9] as :
Definition 1.3[1]. A 5-tuple (X, M, N,*, ) is said to be an intuitionistic fuzzy metric spatX is an arbitrary
set,* is a continuous t-norn¥; is a continuous t-co norm and M,N are fuzzy set¥ dx [0, oo) satisfying the
following conditions:
(i) M(x,y,t)+N(x,y,t) <1forallx,y €Xandt = 0;
(i) M(x,y,0)=0 forallx,y €X;
(i) M(x,v.,t)=1forallx,y€EXandt= 0if and only if x =y;
(iv) M(x,v.,t) =M(y,x,t) forallx,y EXandt=>0;
(V) M(x,y,t)*M(y,z,5) <M(x,z,t +s)forallx,yEX ands,t > 0;
(Vi) forallx,y € X, M(x,y. .):[0,0) - [0,1] is left continumis;
(vii) Im,_oM(x,y,t)=1forallx,y EXandt > U;
(viif) N(x,y,0) =1 forallx,y €X;
(ixX) M(x,y,t) =1 forallx, v € X and t > 0if and only if x = y;
(X) N(x,y,t) =N(y,x,t) forallx,y EXandt > U;
(xi) N(x,v.t) % N(v,2,5) =N(x,z,t+s)forallx, yvEXands,t = U;
(xii) forallx,y € X,N(x,y, .):[0,00) - [0,1] is right continuous;

(xiii) lim, o N(x,y,t) =0 forallx,y EXandt> 0.

Then (M, N) is called an intuitionistic fuzzy metigpace on X. The functions M(x, y, t) and N(xt)ydenote the
degree of nearness and the degree of non-neareiwgsdm x and y w.r.t. t respectively.

Remark 1.1 Every fuzzy metric spacéx .M, =) is an intuitionistic fuzzy metric space of the rfor
(X .M,1—-M, %) such that t-norm = and t-co norm ¢ are  associated as
xdy= 1—([1—x}*(l—y))foraflx,ye}{.

Remark 1.2 In intuitionistic fuzzy metric spadgX ,M,N, *4) M(x,v, =) is non-decreasing ar¥i(x, vy, ¢)

is non-increasing for ak,y € X.

Alaca, Turkoglu and Yildiz [2] introduced the follang notions:

Definition 1.4[2].Let (X, M, N, =, $) be an intuitionistic fuzzy metric space. Then

(a) a sequencéx, ] in X is called Cauchy-sequence if, for all t >r@eP > 0lim,,_,. M( Xy p %, ,t) =1
andlimy, . N(Xp4p . Xy .t) = 0,

(b) a sequencEx, ] in X is said to be convergent to a pointe X if , for all t = 0,
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lim, . M(x,,x,t)= 1and lim,_.N(x,,x,t)=0.

Definition 1.5[1].An intuitionistic fuzzy metric space (X, M, M,, ¢) is said to be complete if and only if every
Cauchy sequence in X is convergent.

Definition 1.6[2]. A pair of self mapping€f.g) of a metric space is said to be weakly compatibléey
commute at the coincidence points ifg. = gu for some u € X, thenfgu = gfu.

Definition 1.7[2].Let (X, M, N,=,$) be an intuitionistic fuzzy metric spagéand g be self maps on X. A
point x in X is called a coincidence point pfnd g iff fx = gx.

Definition 1.8[2]. A pair of self mappingsf,g) intuitionistic fuzzy metric space is said to be akiy
compatible if they commute at the coincidence i fu = gu for some u € X, thenfgu = gfu.

Definition 1.9[3]. A pair of self mapping4f.g) intuitionistic fuzzy metric space is said to becasionally
weakly compatible iff there is a point x in X whidh coincidence point of they commute at the caleoce
pointsf and g at whichf and g commute.

Lemma 1.1[3]Let (X, M, N, =, $) be an intuitionistic fuzzy metric spacgnnd g be self maps on X and
fand g have a unique point of coincidense,= fx = gx, then w is the unique common fixed point of
fandg

Lemma 1.2[1].Let (X, M, N, =, $) be an intuitionistic fuzzy metric space afar all x, v € X,t = U and if for
anumberk € (0,1) such thatM (x,y ,kt) = M(y ,x,t) and N(x,y ,kt) < N(y,x,t)thenx = y.

2. Main results

Theorem 2.1.Let (X, M, N, =, %) be an intuitionistic fuzzy metric space with daobus t-norm * and
continuous t-co norng. Let P, Q, S and T be self mappings of X. Letgh&s (P, S) and (Q, T) be owc. If there
exist ke (0, 1) such that

M (Sx, Ty,t),M(Qy, Sx,t),M (Sx,Px,t), M(Qy,Ty,1),

M (Px,Qy , k) min M(Px,Ty,t)_(m
_[ J(t)dt > j Qy.Ty, -
0 0
And
N(Sx, Ty,t), N(Qy, Sx,t), N(Sx,Px, t),N(Qy,Ty,1),
N (Px,Qy , kt) max N(W.Tyﬁ),(%
_[0 J(t)dt < Io YTy, -

forallx,y € X and t = 0. Then, there is a unique fixed point of P, Q, 8 @n

Proof: As thepair (P, S) and (Q, T) are occasionally weakly catilgpe, so there are points y £ X such that
Px = 5x and @y = T'y. we claim that’x = ¢y by (2.1), we have,

M (Px, Qy,t), M(Qy, Px,t),M (Px,Px,t), M(Qy,Qy.t),
min 1+ M(Px,Px,t)
JM (Px.Qy , kD) MPX QY01 TemQyay.y

; Z(t)dt = IO Z (t)dt
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M(Qy7 Qy7t)’ M(Qy’Qy’t)iM (nyQy’ t)’ M(Qy’Qy’t)i
i M (Qy,Qy,t
jo Z (t)dt = j 7 (t)dt
M(Qy,Qy,1t)
> j Z (t)dt
0
and
N(Px, Qy,t), N(Qy, Px,t), N(Px,Px,t),N(Qy,Qy,1t),
N(Px,Px,t
N (Px,Qy , kt) max{N(Px. Qy.t).(w }
I J(t)dt < I e J (t)dt
0 0
N(Qy, Qy, 1), N(?y,Qy,t),) N(Qy,Qy, t),N(Qy.,Qy,1),
max N(Qy,Qy,t
N (Qy.Qy , ki) N(Qy, QV")-(W
J- ¢ (t)dt < _[ Z (t)dt
0 0
N(Qy, Qy,t)
< JO Z (t)dt

Therefore ,hy lemma 1.7, Px =y i.e Px = Sx = Qy = Ty. Suppose that, there is another peiatich
that ¥z = 5z then by inequality (2.1), we hawe = 5z = @y = I'v soFx = Fz andw = Fx = 5x is the unique
point of P and S. By lemma 1i%,is the only common fixed point of P and S. Sinfylathere is a unique point
zin X such thatz = @z = Tz. We now show that = w. By (2.1)

Z (t)dt

M (w,z , kt) M (Pw,Qz, kt)
| ¢ = [

0
{M(SN,TZ 1), M(Qz, Sw,t),M (Sw,Pw, t), M(QzTz1),
min

M(Pw, Tz, t).[M(SN’ Pw, 1) }
M(QzTzt)
> j ) Z (t)dt

M(w, z,t),M(z,w,t),M (w,w,t), M(z,z1),
min{M(W Zt)(M(W,W,t) }
T M(z,zt)
= IO ¢ (t)dt

Jtmin{M(W, z,H),M(zw,t),1, 1M(w, zt) }

M(w, z,t)
. Z(t)dt = IO Z (t)dt

And
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N (w,z, kt) N (Pw,Qz, kt)
_[0 Z(t)dt :I Z (t)dt
N(Sw,Tz,t), M(Qz, Sw,t), N(Sw,Pw, t),N(QzTzt),
max N(PW, Tzt) N(Sw,Pw,t)
J‘ U N(QzTz )
< Z (t)dt
0
N(w, z,t), N(z,w,t),N(w,w, t),N(z,z,t),
max{N(W 21) N(w,w,t) }
U N(zzt)
= j . Z (t)dt

J»max{ N(w, zt),N@zw,t), 1 IN(w, zt) }

N(w, z,1)
0 J(t)dt = .[0 J(t)dt

T'herefore ,by lemma 1.2, w = z Hencez is a common fixed point of P, Q, S and T. For ueitess, let u be
another common fixed point of P, Q, S and T. Thgii2hl)

M (z,u, kt) M (Pz,Qu , kt)
[ ¢wa = | 0L
M(Sz,Tu,t), M(Qu, Sz,t),M (Sz,Pz,t), M(Qu,Tu,t),
min{M(PZ T t)( M(Sz,Pz,t) }
" IM(QuTu, )
> I J(t)dt
0
M(z, u,t),M(u, z,t),M (z,2,t), M(u,u,t),
min{M(Z u,1) M(z,z,t) }
I M(uut)
= I J(t)dt
0
min{M(z, u,t),M(u,zt),1, 1M(z u,t) } M(z, u,t)
= | coa=[ " o
0 0
And
N(z,u, kt) N (Pz,Qu , kt)
jo ¢wat = | 7ty

N(Sz,Tu,t), N(Qu, Sz,1),N(Sz,Pz t),N(Qu,Tu,t),
max N(Pz Tu,t) N(Sz,Pzt)
" 71U N(QuTu,t)

< jo }Z(t)dt

N(z u,t),N(u, z,t),N(z,z1),N(u,u,t),
max N(Z ut) N(z,zt)
" UN(uLuLt)
= JO J (t)dt

J~max{ N(z, ut),N(u,zt), 1 IN(zut)}

N(z u,t)
0 J(t)dt = J.O J (t)dt
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Therefore , hy lemma 1.2, z = w._Hencez is unique common fixed point of P, Q, Sand T.

Theorem 2.2. Let (X, M, N, *, ¢) be an intuitionistic fuzzy metric space with= b = min{a ,b} and
a4 b =max{a,b}fora,b€[0,1]. LetP, Q, S and T be self mappings of X. Letghes (P, S)and (Q, T)
be owc. If there exist & (0, 1) such that

M(Sx, Ty, t) M (Qy, Sx,t)[M (Sx,Px, )M (Qy,Ty, 1)U

M (PX.OY . KO min{M(px,Ty,t){mj }
j Z(tydt = j o ¢ (t)dt

0 0
And

N(SX, Ty, t)ON(Qy, Sx,t)ON(Sx,Px, t)ON(Qy,Ty,t)¢

N (Px,Qy , kt) MNP T, ). iimg;?;g

jo Z()dt < jo o ¢(ydt

forallx,y € X and t = 0. Then, there is a unique fixed point of P , Q, 8 @n

Proof: As thepair (P, S) and (Q, T) are occasionally weakly catitghe, so there are points v € X such that
Px = Sx and Qy = Ty. we claim thatPx = Q¥ by (2.2), we have,

M(Px, Qy,H)M(Qy, Px,t)M (Px,Px, t)M (Qy,Qy,t)
1+ M(Px,Px,1)

min M (Px, Qy, 1) WX EXE)
jM(PX’Qy’kt)Z(t)dt : [ { T LMy
0 B 0

D}
Z (t)dt

' M (Qy, Qy,t)IM (Qy,Qy, )M (Qy ,Qy, )M (Qy.Qy, t)0
J.o J(t)dt = J. Qy, 0
M(Qy,Qy,t)
2 _[ Z (t)dt
0
and
N(Px, Qy,t)ON(Qy, Px,t)ON(Px,Px, t)ON(Qy,Qy,t)¢
_[ J(t)dt I Qy, O
0 0
N(Qy, Qy,t)ON(Qy.Qy,t)ON(Qy.,Qy, ) ON(Qy.Qy,t)¢
N (Qy.Qy . kt) MaxX| N(Qy, Qy. b). m
I Z(t)dt < j QY Ot
0 0
N(Qy, Qy.t)
= Io Z (t)dt
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T'herefore ,by lemma 1.2, Fx = (y i.e Fx=5x = Qy = Ty. Suppose that, there is another paiatich
that Pz = 5z then by inequality (2.1), we hawz = 5z = Qy = Ty soPx = Pz andw = Px = 5x is the unique
point of P and S. By lemma 14,is the only common fixed point of P and S. Sinfylathere is a unique point
7 in X such that: = @z = Tz. We now show that = w. By (2.2)

J«M(W,z,kt) J«M (Pw,Qz, kt)

0 ¢(t)dt = Z (t)dt

M (Sw,Tz,t)IM(Qz, Sw, t)IM (Sw, Pw, )M (QzTz,t)0
Mind mPw, Tz t)[1+M(S/v,PW,t)
T 1+M(Qz Tz Y)
> j J (t)dt
0
M(w, z,t)M(z, w,t)(M (w,w, t)[M(z,z,t)0
MmN 11w, 2,0 MO
T 1+M(zz )

= IO Z (t)dt

J-min{ M(w, z,t)0M(z, w,t)I0LM (w, z,t) }

M(w, z,t)
. Z(t)dt = IO Z (t)dt

And
N (w,z, kt) N (Pw,Qz, kt)
jo (t)dt = f (bt

N(Sw,Tz,t)ON(Qz, Sw, t)ON(Sw, Pw, t)ON(Qz.Tz, )0

max N(PW, Tz,1) 1+ N(Sw,Pw, t)
U 1+N(Qz Tz )

< IO Z (t)dt

N(w, z,t)ON(z, w,t)ON(w,w, 1)ON(z,z,t)0

N(w, 2,1) 1+ N(w,w,1)
7 1+N(z, 2 Y)

= jo Z (t)dt

j max{ N(w, zt)ON(z,w,t)0 © DN(w, zt) }

max

N(w, z1t)

{(t)dt = j ¢ (t)dt

0 0

Therefore ,by lemma 1.2, w = z Hencez is a common fixed point of P, Q, S and T. For ueitess, let u be
another common fixed point of P, Q, S and T. Thgii2hl)
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M (z,u, kt) M (Pz,Qu , kt)

'[0 Z (t)dt =J‘ Z (t)dt

{M(Sz,Tu,t)[M(Qu, Sz,t)[M (Sz,Pz, t)IZI\/I(Qu,Tu,t)D}
min

M(Pz Tu,t)| -ME2PZO
" 1+ M(QuTu,t)

\

Z(t)dt
J0

M(z, u,t)(M(u, z,t)M (z,z, t)(M(u,u,t)d
min }

M(z,u,t){ 1+M(z,z 1)

1+M(u,u,t)

= ZJ(t)dt
JO

> min{ M(z, u,t)M(u, ) OIM(z,u,t) }

M(z, u,t)
= Z(t)dt = I Z(t)dt
J0 0

And

JN(z,u,kt) JN(PZ,Qu,kt)

¢ (t)dt = ¢(t)dt

N(Sz,Tu,t)ON(Qu, Sz,t)ON(Sz,Pz, 1) ON(Qu,Tu,t)¢
maX{N(Pz Tu,t) [“ N(S2.Pz Y }
"1+ N(QuTu, b)
< J.O Z(t)dt
N(z, u,t)ON(u, z,t)ON(z,z,t)ON(u,u,t)¢
MaX) N(z, u, ) 1+Nzzt)
"1+ N(u,uLt)
- |, Z ()

J- max{ N(z, u,t)ON(u,z,t)0 © DN(z u,t) }

N(z,u,t)
J(t)dt = J J (t)dt
0 (t) 0 (t)
Therefore , hy lemma 1.2, z = w._Hencez is unique common fixed point of P, Q, Sand T.

Theorem 2.3.Let (X, M, N, =, <¢) be an intuitionistic fuzzy metric space with doobus t-norm * and
continuous t-co norrg. Let P, Q, S and T be self mappings of X. Letghes (P, S) and (Q, T) be owc. If there
exist ke (0, 1) such that

M(Sx, Ty, t) (M (Qy, Sx, )M (Sx,Px, t)(M(Qy,Ty,t)
i 1+ M(Sx,Px,t
M (Px,Qy , kt) amn M(PX'Ty't)(hMEQy,T;t;
J J(t)dt = I J (t)dt
0 0
And
N(Sx, Ty,t)ON(Qy, Sx,t) ON(Sx,Px, t)ON(Qy,Ty,t)¢
1+ N(Sx,Px,t
N (Px,Qy , kt) Y maX{N(PX’Ty't)'(h NEQy,T;t; }
IO J(t)dt < IO ¢ (t)dt

forallx,y € X and t = 0 and 0,¢:[0,1]* - [0,1] such tha®(t,t,1,t) = t, @(t,t,0,t).Then, there is a
unique fixed pointof P, Q, Sand T.

Proof: The proof follows on the lines of theorem 2.1
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