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Abstract

A new type formulation of rough set theory can be developed on a binary relation by association on the elements
of a universe of finite set of objects with the elements of another universe of finite set of properties.. This paper
presents generalization of Pawlak rough set approximation operators on the concept lattices. The notion of rough
set approximation is to approximate an undefinable set or concepts through two definable sets. We analyze these
and from the results one can obtain a better understanding of data analysis using formal concept analysis and
rough set theory.
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1. Introduction

As a generalization of classical rough set theory, the formal concept analysis is aiso a method to model and
manipulate uncertainty, imprecise, incomplete and the vague information. One of the main objective of rough set
theory is the indiscernibility of objects with respect to a set of properties and the induced approximation
operators. The main notions of formal concept analysis are formal concepts and concept lattice in which one can
introduce the notion of concept lattice into rough set theory and the notion of approximation operators into
formal concept analysis. So many work have been done to combine these two theories in a common frame work

([31. [4], [5], [6], [8], [11], [14]).

The notion of formal concept and formal concept lattice can be used into rough set theory and the rough set
approximation operators can be used into formal concept analysis by considering a different type of definability
([12]). The combination of these two theories would produce new tools for data analysis. The formal concept
analysis is based on a formal concept, which is an operator between a set of objects and a set of properties or
attributes. A pair (objects, properties) is known as formal concept in the formal context, in which the objects are
referred to as the extension and the properties as the intension of a formal concept. The extension of a formal
concept can be viewed a definable set of objects but is not exactly equal to that of rough set theory.

Before coming to formal concept analysis we first present the classical (Pawlak) rough set theory.

Let U be a nonempty, finite set of objects called the universe of discourse. Let £ cUxU  be an

equivalence relation on U . An equivalence relation makes a partition or classification on U which are known

as equivalence classes. We denote U / E be the set of all equivalence classes of E (or classification of U )

referred to as categories on concepts of E . The pair (U,E) is termed to as an approximation space. For
an object X €U, the equivalence class containing X is given by : [x]; ={yeU:xEy} denotes a
category in E . The objects in [x], are indistinguishable from X under an equivalence relation £,
the equivalence class [x],, X € U be the smallest nonempty observable, measurable or definable subset of

2Y where 2Ybe the power set of U . The empty set ¢ is considered as a definable set. Any subset

AcU is said to be undefinable if AgU/E and A may be approximated by a pair of efinable sets

named lower and upper approximation of A .
Definition 1.1 ([1],[9],(10]) In an approximation space (U,E) , a pair of approximation operators

E,E:2Y - 2V aredefined by, for ACU
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E(A)=u{YeU/E:Yc A} ={xeU:[x], c 4}
And  E(A)=U{Y eU/E:YNA#¢}={xeU:[x], NA# ¢}
Wesay xe& E(A) ifandonlyif [x], < A, that is, the lower approximation E(A) is the
largest definable set contained in A and x € E(A) if and only if [x], M A# ¢, that is, the upper

approximation E( A) is the least definable set containing A .
Then the set A C U is definable with respect to the equivalence relation E if and only if
E(A) = E(A) and A is rough otherwise.

We find the following properties (see [7] , [10] ) for the below (lower) and above (upper) approximation
operators, for two sets of objects A,BcU

i E(A)cACEM)

i)  EU)=U,E(¢)=4¢

(i)  E(ANB)=E(A)NE(B), E(AUB)=E(4)UEB)
(v) A< B= E(4)c E(B)andE(4) C E(B)

™) E(A)=(E(A),E(4) = (E(4°)°)

o) E(E(A)=E(4)=E(E(4)) , E(E(4)=E(A) = E(E(4))

i)  E(ANB)C E(A)NE(B) , E(AUB)2E(A)UE(B)

Property (i) indicates an undefinable (unmeasurable) set 4 CU lies within its lower and upper
approximation and it equals to the lower and upper approximations when A is definable. Property (iii) states
that the lower approximation operator is distributive over set intersection (M and the upper approximation
operator is distributive over set union'J . By property (iv), the lower and upper approximation operators are
increasing and by property (v), the approximation operators are dual operators with respect to set complement.
Properties (vi) deal with the compositions of lower and upper approximation operators. Property (vii) reflects
that the knowledge included in a distributed knowledge base is less than in the integrated one , that is, dividing
the knowledge base into smaller fragments causes loss of information.

We require some basic definitions to define concept lattice.

Definition 1.2 Let X be a non-empty set of objects and < is a partial order relation on X , that is,

the relation < is reflexive, antisymmetric and transitive.

A partially ordered set or poset (X,<) isaset X together with a partial order relation < on X . A

lattice is a poset (X,<)) in which every two element subset {a, b} of X has a supremum and an intimum
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denotedby aVvb and aAb respectively and we read as  a join b and a meet b , respectively.
A lattice X is said to be complete if every nonempty subset has a least upper bound and a greatest lower
bound.

2. Formal Concept
D U ntsch and Gediga ([2]) promulgated concept lattice based on approximation operators. In addition to this
Yao ([13]) promoted another concept lattice and made a comparison of the roles of different concept lattices in
data analysis. Formal concept analysis focuses on the definability of a set of objects based on a set of properties
and vice versa.

Let U be a finite set of objects and } be a finite set of properties or attributes. The relationships

between objects and properties are described by a binary relation R between U and V' such that
RcUxXV . For the elements x€U and yeV if (x,y)eR  then we say the object x has the

property 'y or the property y is possessed by the object x and at that time we write xRy . From the binary

relation R, an element X €U has the set of properties xR={yeV xRy} cV

And in similar way , a property yelV is possessed by the set of objects
Ry={xeU: xRy} cU

Definition 2.1 A mapping f from the set of objects to the set of properties, f :2" — 2", which is

induced by a relation R, be defined by
f(X)={yeV:XcRy}= (}xR,XeZU

and an inverse mapping f': 2" —2Y be defined by () ={xeU ‘ YcxR,Ye2 =

N Ry

yeY

In particular, for X € U, f({X}) =XR is the set of properties possessed by x and for
yevV, £! ({y}) =Ry be the set of objects having property y. For a set X € 2, f(x) is the maximal

set of properties shared by all objectsin X and for Y €2”, f 71(Y ) is the maximal set of objects that have

all properties in Y .
The triplet (U, V', f) iscalled a formal context. ~ The operator  f* has the following properties :

For X,X,,X,e€2" and Y,Y,,Y, €2" 2(a) X, cX,= f(X)2f(X,) and
hel,=f()2f (1)
2.(b) Xcf'of(x) and Ycfo £7'(y)

2(0) Jof "of (X)= f(X) and fofof (Y)=f7'(Y)
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2(d) FX,UX) = f(X)Nf(X)and [T (Y, 0Y,) =T (X)Nf(Y)

2@ when (X,1)=(fT (XL S0) then X, N X, =¢= f(X)N f(X,) =4

2(f) When X, V)=, f (X)), then xeX<:>xef_l(Y)<:>Yng<:>/\ny

yeY

and veYoyef(X) & XcRy< A xRy

xeX

that is , the set of objects X € 2V is defined based on the set of properties ¥ €2’ and vice versa.

Definition 2.2 : For X €2 and Y €2, the pair (X,Y) is called a formal concept of the context
UV, f) if  X=f"(Y) and Y = f(X). Also it is denoted that X be the extension of the

concept (X,Y) and Y be the intension of the concept. We write X =ex(X,Y)and Y =in(X,Y).
Definition 2.3 : The set of all formal concepts form a complete lattice called a concept lattice and is denoted by
L=LWU,V,)={X,Y): Xe2V.,Ye2VandX = f'(Y),Y = f(X)}

Definition 2.4 : ([12]) For a formal concept lattice L , the family of all extensions and intensions is given by

EX(L)={ex(X,Y):(X,Y)e L}and IN(L)={in(X,Y):(X,Y)eL}

The system FX (L) contains the empty set ¢, the universe of objects U and is closed under

intersection; as well as, the system /N (L) contain the empty set ¢ , the universe of properties V' and
closed under intersection.
Theorem 2.1 : For a formal concept lattice L(U,V,f) and for X,,X,€2” and Y,Y,€2"

we have

0 f(X;NnX,)=f(X))V f(X,)whenever  f(X,)U f(X,)€IN(L) and

i) [TEAL)=fT @)U (T whenever  fT (X)) ST () € EX(L)

The meet and join of the lattice be characterized by the following theorem of concept lattices
Theorem 2.2 : ( [ 3 ], [12]) The formal concept lattice L is a complete lattice in which the meet and join are

given by

/\(XiYi)=(_m X, fof_l(uYiD and i\E/I(Xl.Yi)z(f'lof(gEJIX,.)QIY,.)

iel iel iel

where [ isan index setand forevery i€/ , (X,,Y)) isa formal concept.

Definition2.5: Let L(U,V,f) be a formal concept lattice and for two formal concepts

(X,,Y),(X,.,Y,)e L,(X,,Y,)be asub-concept of (X,, Y, ) denoted by (X, Y;) < (X,,Y,) ifand only if
X, < X, orequivalentlyifand onlyif Y, C ¥,.
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Definition 2.6: Let L(U,V, ) bea concept lattice and AU . The description of A be defined by

D(A)={X c A:(X,Y)e LAV(X,,Y,)e L[X, C Aand(X,Y) < (X,,Y,)= X = X,]}

Example 1: Let U ={1,2,3,4,5,6} be the universe of objects and V ={a,b,c,d,e} be the universe of

properties.
Table for formal  concept be
a. Headache | b. Lose motion ¢. Vomiting d. Fever e. Unconciousness

1.Cholecystities X
2.Appendices X X X
3.Typhoid X X X
4Malaria X X X X
5.Swainflu X X X X
6. Tuberculosis X X X

For the disease typhoid, the symptoms be headache, vomiting and fever and so on.

From the table the formal concept lattice

L={($.{a,b,c,d,e}),({5}.1b,c.d,e}), {4}, {a,c.d, e}),

({2,3},1b,d, e}),({3.4} . {a,c,d}),(14.5}, {c,d, e}), (15,6}, 1b, ¢, d}),

({2,4,5},1d, €}),({2,5,6}, {b,d},({1,2,5,6},{b}),({3,4,5,6}, {c, d}),({2.,3,4,5,6},1d}), ({1,2,3,4,5,6},4) }
For 4={2,4,5} cU we have D(A)=1{{2,5},{4,5}} . Consider two formal concepts ({2,5},{b,d,e})
and ({4,5},{c.d.,e}) . Their join is the formal concept given by

flof (2,50 W {4,5)),{b,d, e} N {c,d, e} = ({2,4,5),{d,e}) and their meet be the formal concept
(12,5} n {4.,5}), fof "'({b,d e} v {c.d,e}) = ({5}, {b,c,d,e})

A formal concept consists of a definable set of objects and a definable set of properties. The concept lattice
is a family of all the ordered pairs of requisite objects and the corresponding definite properties. Given an
arbitrary set of objects, it may not be the extension of a formal concept. As a result of the set can be viewed as an
undefinable set of objects. In the theory of rough set, such a set of objects can be approximated by definable set
of objects.

3. Approximation Operators in Formal Concepts

Here we wish to approximate a set of objects A € 2Y by the extensions of a pair of formal concepts in the

concept lattice L .

Definition 3.1 Let L(U,V,f) be a formal concept lattice. For a subset of objects 4 U , the lower

approximation of A be defined by :
apr(A) =ex(AN{(X,Y) e L: X € D(A4)}

And the upper approximation of A be defined by :
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apr(A)=ex(A{(X,Y)eL:Ac X})
The set ACU is rough with respect to the operator apr if and only if ﬂ(A)iapTr(A) ;

otherwise A is exact with respect to the operator apr.

In general X ¢ EX(L) whenever (X,Y) e L. The concept lattice is not a complemented lattice. The

approximation operators apr and apr are not dual operators. It is seen that an intersection of extensions
is an extension of a concept, but the union of extensions may not be the extension of the formal concept.

The lower approximation of a set 4 € 2" is the extension of the formal concept (apr(A), f(apr(A)))

and the upper approximation is the extension of the formal concept (E”(A), f (E”(A))) .

For the net of objects A, B e U

. apr(d)c A,Ac apr(A)

2. apr(p)=¢,apr(U)=U

3. apr(¢) = p,apr(U)=U

4. Ac B= apr(A4) capr(B)

a

apr (apr(A)) = apr(A) = apr (apr (4))
7. apr(apr(A4) = apr(A) = apr (apr (A4))
Example 2. For 4 = {3,5} in the example 1 ~apr(4)={5}  and apTr(A) ={3,4,5,6} . Thus the

set AU isrough with respect to the approximation operator apr .

4. Dependency

Definition 4.1: A formal concept A =(X{,Y()eL is called a rough ( or undefinable or unmeasurable)
concept in L if and only if apr(A) # E(A). The boundary region of A be defined by
LBN(A)=((X3 — X3, f(X3 = X;)) where apr(A)=(X,,Y;) and apr(A)=(X3 Y3)eL

It is note that X; —X, may not be an element of EX (L) and  f(X;—X,) may not be an

element of IN(L) .
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Definition 4.2: A concept lattice L(U,V,f,) is derivable from the lattice ~ L,(U,V, f,) ifall
the elements of ~ EX (L,) can be defined in terms of some elements of EX (L,) .

The lattice [, depends on the concept lattice L, denoted by L,(U.V,f,)= L,(U,V,f) if
L, is derivable from L, that is equivalent to say, if  for each
(X . fi(X0))=(X,.Y,) € L, then (£, (¥,).Y,) € L k=123....n

Example 4 : Let U ={1,2,3,4,5,6} and V ={a,b,c,d,e} and f, 2V 527 Let L,(U,V,f,)bea

concept lattice given by

L,:
a b c d e

1 X
2 X X X
3 X X X
4 X X X X
5 X X X X
6 X X X

So that

EX (L,) = {¢.{4} {5} (2.5} {3.4}, {4.5],

{5,64}, {2,5,6}, {2,4.,5},

{1,2,5,64, {3,4,5,6}, {2,3,4,5,6}, {1,2,3,4,5,6}}
When the symptoms be {b,c,d } the diagnosis of Doctor LTWO be the diseases 5 and 6.

Let L,(U,V, f,) beanother concept lattice, f, : 2 v 27 given by

b a b c d e
1 X
2 X X X
3 X X X
4 X X X X
5 X X X X
6 X X

52



Computer Engineering and Intelligent Systems www.iiste.org
ISSN 2222-1719 (Paper) ISSN 2222-2863 (Online) gLy
Vol 3, No.8, 2012 IISTE

EX (L) ={¢,{4}.15},{3.4},{4,5},{1,2,5},{2,4,5},{3,4.5,6},{1,2,3,4,5,6} }
For the Doctor LONE, when the symptom be {b,c,d}, no disease will be found from the diagnosis.

Clearty  L,=L, . as ({L25}.{b})eL, then we get (f;'({6}).16})=({1,2.5.6}.(b})e L,
But for ({5,6},{b,c,d} e L,  we do notget (fl_l ({b,c,d}), {b,c, d})e Ly
Hence the concept lattice L, depends upon the concept lattice L, ,but not conversely.

Proposition: Let L /(U,V,f,), L,(U,V,f,) and L;(U,V,f,) be three concept lattices then

L,=L and L= L, imply L, =L,
Proof: we have, from hypothesis, for,

(X, (X)) =X, V) el

(f{l(Yk),Yk)eLz for each X e EX (L), and (f{l(Yk),Yk):(Zk,Yk):(Zk,fz(Zk))eLz
then (f;l(Yk),Yk)e L3 for each Zy =f,'(Yi)e EX(Ly);

Thus L, = L,, Hence the proposition.
If Li#L, and L,# L, then L and L, areindependent. Now we define the intersection
of two concept lattices L (U,V, f;) and L,(U,V, f,) byL,(U,V, f,) where
EX(L,)=EX(L)NEX(L,) IN(L,)=IN(L))NIN(L,) = f,(EX(L))NEX (L)) .In the

L4 :Ll ﬂL2 = {(¢,{a,b,c,d,e}),({4},{a,c,d,e}),({S},{a,c,d,e}),
Example- 4, ({4},{a,c,d,e}),({2,5},{b,d, e}),({3,4} ,{a,c,d}),({4,5},({2,4,5} ,{d,e}),
({3,4,5,6},{c,d}),({2,3,4,5,6}),{d}),({1,2,3,4,5,6},9)

clearly L,(U,V, f,) isaconcept lattice . We note here that L, = L, and L, = L,.

5. Conclusion

In general, rough set theory is to approximate undefinable sets or concepts through the definable sets. The notion
of rough set approximation is produced here into formal concept analysis. Approximation operators are defined
on lattice theoretic operators for a better understanding of data analysis.
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