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2. Introduction and Preliminaries:- In 1999, Molodtsov [10]proposed a completely new
approach,which is called soft set theory for modeling uncertainly. Then Maji et al.(2003)[8]
introduced several operations on soft sets .Aktas and Cagman (2007) [1] compared soft set
with fuzzy sets and rough sets. Resently studies on soft vector spaces and soft normed linear
space have been intiated by Das and Samanta [ 3, 4, 5 ] and later on studied by Yazar et
al[19]. Maji et al[9 ],Chen [2] introduced a new definition of soft set theory.
we introduced soft contractive mapping on soft Banach space and section 1 study some of its
properties.In section 2 preliminary results are given.In section 3 show that concept of soft
Banach space and Related theorem proved.
Definition 2.1:- Let X be an initial universe set and E be a set of parameters. A pair (F,E) is
called a soft set over X if and only if X is a mapping from E into the set of all subsets of the
set X i.e. F:E=P(X) is the power set of X.
Definition 2.2:- The intersection of two sets (A,D) and (B,C) over X is the soft set
(F,G),where
C=DnNC and ¥=e C, H(g)= A(g) N B(#).This is denoted by (A,D) n(B,C)= (F,G).
Definition 2.3:- The union of two sets (A,D) and (B,C) over X is the soft set,where C= Al
B and ¥¢ C,

Alz) if 2eD —C
H(g)=¢ Bz} if zeC—D

Alz)UEB(z) if seD N C
This relationship is denoted by (A,D)U (B,C)= (F,G).
Definition 2.4:- The soft set (A,D) over X is said to be a null soft set denoted by @ if for all
ge D, A )= @( null set).
Definition 2.5:- A soft set (A,D) over X is said to be an absolute soft set, if for all g€ D,
Als1=X.
Definition 2.6:- The difference (F,E) of two soft sets (F,E) and (F,E) over X denoted by
(F,E)/(F,E),is defined as F(e)= A(e)/B(e)for all e E
Definition 2.7:- The complement of a soft set (A,D) is denoted by (4, I} and is defined by
(A, DN =( A% D7 where A% D = 5{X) mapping given by A°( &) = A&}, ¥ e D.
Definition 2.8:- Let it be the set of real number and B ) be the collection of all nonempty
bounded subsets of jt and E taken set of parameters. Then a mapping A:E—* B(jt) is called a
soft real set. It is denoted by (A,E). If specifically (A,E) is a singleton soft set , then
identififying (A,E) with the corresponding soft element , it will be called a soft real number
and denoted ¥, 5,1 etc. 0, T are the soft real number where 0(e)=0, I(e)=1 for all e¢
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E,respectively.
Definition 2.9:- for two soft real numbers
I. F=5if fe)=5(e), forall ec E.

II. =5 if ¥(e) =5 (¢), forall e E.
II. 7 =<F5 if ¥(¢)= 5 (e), forall e E.

IV. 7=75 if ¥(e)= 5 (e), forall e E.

Definition 2.10:- A soft set over X is said to be a soft point if there is exactly one e E, such
that P(e)= {x} for some xe X and P(e) =@ , ¥z € E\{e}. It will be denoted by X;.
Definition 2.11:-  Two soft point X3 , 37 are said to be equal if e=e and P(e)=P(e) i.c. x=y.
Thus %; # ¥ & x#Yorese.
Definition 2.12:- A mapping d: SP(X ) * SP(X) =R(E) ,is said to be a soft metric on the
soft set X if d satisfies the following condition:
M1)  d(%,.5, )E0 forallZ 7 € £,
(M2) d (%, ,¥_ )=0 ifandonlyif%; =3, ,
M3)  d (%, 5, )F d(F,.5%,) for all%, 7, € £,
(M4) d (%2, )= d (%, 5, )+ d (5, 5 ) forall %3 7, &, € X
The soft set £ with a soft metric d on £ is called a soft metric space and denoted by
(X, dE).
Definition 2.13:- (Cauchy Sequence): A sequence{ X;_ }, of soft point in( X, dE)is
considered as a Cauchy Sequence in X if corresponding to every & = T, 3 m N such that
d(Fy %y ) = 8,4 Zmie. d(Fy %y, ) > Dasij = .
Definition 2.14:- (Complete Metric Space): A soft metric space (X, d, E) is called complete,
if every Cauchy Sequence in X converges to some point of X.
Definition 2.15:- Let X be the absolute soft vecter space i.e X; =x, ¥4 € 4. Then a mapping
Il II:SE=R(A)  is said to be soft norm on the soft vector space X if ||. || satisfies the following
condition.
1. 12l =0, forall e X.

2. IZl=10,ifand only if ¥ = 0

3. |lax || = [a| % |l for all #€" X and for every soft scalar &.

Definition 2.16:- A sequence of soft element {x,, }in a normed linear space (%, ||. Il,A) is said
to be convergent and converges to a soft element X'if ||, —%'|| = 0 as n— c©.This means
for every € =0, choose arbitrary,there exists a natural number =N( € ),such that
0= |lx;,—x|| <& ,whenever n =N .we denoted this by X, #X as n =@ or by
11111,1_hm X, =X is said to be the limit of the sequence X, 51 =00,

Definition 2.17:- Let (%, ||. [[,A) be a soft normed linear space.Then % is said to be complete if
every of Cauchy sequence in X convergents to a soft element of X .Every complete soft
normed linear space is called a soft Banach space.
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Definition 2.18:- A sequence of soft real number {5, } is said to be convergent if for arbitrary
€ = 0, there exists a natural number N such that for all
n=N, |5 =5, = € .we denoted it by lim &, =5

o—+oo,

3. MAIN RESULT
THEORAM 3.1: Let (f, %) be a soft mapping of Banach space X in to itself. If F satisfies
the following contractive conditions.

(f, )% =1, Where [ is the identity mapping ( 3.1.1)

(&= adte) (5= i) N+ || (i o)) (7 Gt )|
WA | (=)l :

| (5= Greatzd) (e el M+ || (5= Godliy)) (7 Gradta )| } .
[RERER |

pll G = @D+ | 5= GaE +wd || (5 -5

For Every 1.5 € SP (¥). Where p, o w2 = O and g + w < 1. Then (f, %) has a soft point, if
4p +3p + a2 < 2. then (f., pJ has a unique soft point.

PROOF: Suppose , in a point in the Banach sapace.

y, = [w:wl]ﬁ
?; (f.¢) F ) and

& = 25-E)
We have
le, =zl = [[{Crwdemd — (raetta) || = [[(Credcm — (e (o) 20) |
< Iegai= > I Nk cond— et |+ e e ) | Gkt et ) |
= pinax oo — ez |l

I(Cs)= e (0] || (0= Crvicsd]) ||+ M {tradesr- radicen) | |(rodcan-crod (3] | }+
les-trat iz |

p { I0C50 — (7.0) GO |+ ||{C7 wd 020 — Crpd i) | }
+ar 103 — (Fowd (0 I

Il = G G I G =23 I i3 Canam 2 o [ ) G0 — G wn
1
I3 GFarenma— cra e |

= Umax
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I #=tred (@) | +||i(llf,¢>:l+1‘)1“'1— £ ||+l tran = || tred -t (7)) }
|5 Ctodn s~ (o e |

pill5 — o) GO + o) — & i+ o |2 (apd+na- 5]

- EIH{zllﬁj L G| ] Gl OB —%5 ||+ 1CFaa) L0 — B3 I LF 0 LR = CF L () ||
=i 5= (e G I

L F=CF g B || 1 GF sl LB A —F N2l Fpd g 0 3 [[] Ll LR =L F gl ||}
Il &3 - (o 32 |

pillFg — O o) G0 N HIGF pdlan) — & 114 % Iifopd &= I}

=u  max { 2 Im-{fedEI + lF el - FelEF , Im—(fe Gl +
2V Efs i Cigd — CF pdi370 11 }

il —OF ) Gd I HIGF plla) — & 11y +% | (F ) Ggd — () I

(A)
CASE I: When
max { 2|15 —OF, @) (350 | +10F wd Ld — CF, el (501 115 —OF, ol (330 || + 20F, el (3 )-(F, wd (57D

= 205 —Of, ol ) | +I0F wita) — (F, ) Gl
Then
lzg— Il = 2 lsm—=t(reliFal + ifelle) - (F el
+PLINED — (A0 1+ 1) Ga) — &l + S 1l — (Fedlg) |

= w {2005 = 0Fowd G0 G wlland — 570l + 13 — (fwd (0 1§
+p {5 =0l GR) I +I0F wilg) — &l % | & — (Fpdiag) |l

= U { 3 —(fwd DI + Il elled -7l +p { I —(f el F) Il +
ITF, wilid — 53 ||}+ = |l = f.eds) |l

=) IFE-edE + o g eilad -3l + P o s —{felEFE I+
NCF il — & 1l )+ % | & — (Fpdiag) |l

< (3u+ D) 5 — el G0 e u | (redlEd = = (F+ D &) || +p 5 — () (50 |
+ 0, el — 5 My + % | & — F i) Il
= (3u+ Byl —0F ) 50 1l +(§+P+%)II£} — (Foedle) |l

..................... (B)
Also,
lad -l =25 —g—all =I{fip) + 05— U e) G — &l
=1 {fip) (2D — LUF, o) G|
. {Ilh?ﬁ CF @) LR | 1775 = LGP (g | =+ 1% - ';,FwimJllllﬂ ';,fwl:.fpll
iy T#5- 721

[l P (N Ry N T N M ]| 1 L 2 | }+
- gl

gl =0 wd ) [ +HliFs = () Gl 4 w Il 5 —57 |
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Il 25 - ) B30 L = O G0 |+ 83— S | O ) + 83— (apiiiza |

RS, -Citrenm| ’

I #2—0r e 0 Il — Ched (70 I+ i — Cd G | cCred +-03 - 50| .

= S0 e w00 51

pill e~ o) G +iF3 — .0 G+ @ | @ -2 (fwd) + D 71|
o sisg {2 15— LR I — S qd G 1|+ 1175 — S G IS — CFad 20|
= lle— CF 2 :

2IER Ll G LI — g CRR I+ 1T — g G I — L il |l }

le— (Fad 25 1

+eill a0 ) G |+ = 0f @) G+ 1l — (FLpdla) |

= pmax {2157 = (F. o) Gd 4+ g — 07 o) G L 2l — O el G0 1+ 157 — (7, 01 )
tp (=l I 5 —(F ) D I -l —Cdlad 1) (©)

CASE I When

max {2 157 — (F. ) Gahll+ leq — (F. ) G0 WL 20l — (e G0 1+ 157 — (£ ) G0}
=25 =) Gl + 55— (F ) G7)

Then
Il — 5 |l = w0 2 - G+ s - e Gl ) +
2y — CF, el G [N 3y — OF el G50 |l }+% |y —CF qdiag) |l

<u {215 =) G+ 5 =57 1} + 0 {15 —CF @G0 I+ 155 — (7 ) G 1)

+ o g — el |

suf{dlFE =) G+ ls -5 I+ 15 — (el D 11} + 2 {lE—0F el |
+ 157 =0l (0 I+ Nl = Ol gl |l

=u {3l —f o G Ilﬁllﬁ—[f,:p]fgll} +o Il —(F il |
+ |15 —f wi (570 II+§ Il 53 —CF adC] |l
=+ B IFE -l G +Erp+2) 15 = (Fpdla) |

Now by equations (B) and (D)

Nz - ll =l = [+l - |l

= (Bu+p) 15 =0 el Gl +(§+p4—‘:)||£:1 — (el |l
+Cutp) I =l G+ Erp+2) 5 — (7ol |

=23u+p) 15 —Cred G Il +2&+p+2) 5y — (7.9l

z22u+p) I —=(F el G + mr2p+a) |5 = (Foedls) |l
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Also

Iz —wll = [1{f ) Gl — 2% — 2l =lif,p) Gi)—2% — 2|l
= 2l f ) G0 — 37l

So

2l o) Gl = 3l =208+ o) 13 — A el G I+ 2o+ w) lld — (Fopdle) I

L +2P +i
2

16 e) B30 = 5l = (3u+p) 155 —(Fd 50 I 4 ) 155 — (Fredld |
(L-an-p) -l GD I = S22l — (Fpl(a)
I —Gred G = 208 — (e |

Since
dp+3p +w <2

CASE II :- When
max { 2|57 —Of, ol 5 |+ wllad — OF @l 0, 157 —OF ol G 1+ 201 Efs pd Cad — UF ) G0 I

= |3 —0F 0d G Il +2 IGF, wllad — CF e G0,
Then

Nz — ll = w {25 —F ol BRI +2 07 pdlen) — 3l 3 — (F ol G0 11}

p Al 33— 0 ) GO HICE ) — &+ - g @) () — &

< u (30155 — 1 e) G0 I+ (e wdd— S e+ 080

+p {15 —0F o) G0 1 +lIGF, el — &3l + % Il — F i) |

= (3w 13 —0Fed G0 I+ nllfF odted — 5 1+ P (3 =0 ol G0 I
+ I0f wd ) — 5 M+ % 1Cf, ) 27 — & I

= (3u+ P 15 —F e G I +(u+P%)II (fop) 5 — &l

CASEII :- By equation (C) When

max {2 157 — (F @) Gl |+ e — (F ) G I 2l — OF el B0 N+ 15 — (F ) 01

=2 g =) G+ N5 — Ul G0
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Then

Il — & |l = oo {0 2ls - G+ - Fel Gl P {
|83 — (FdG) N+ 157 = GF ) G0 Il 3 +% 53 —CF qpdlary ) I

= w{2llEm-ml+ Im—(relE I + Im—C(Ael 0} + P { s —(f el +
15— CFwd G 1+ g = gl |l

s { g = CFopd () 13 15 — (Fwd G0 I} + P {llagy =l led I+ N3 —OF 0l G0 11y
+ 5 g el |

= (3u+ P 5 —{f e GO +(u+1>+§)||;f:1 — (f il |l

Now by equations (E) and (F)

g —a | =1l g —3 [+ 11y — |l

= @B+ B 15— el G+ P+ 2 18 = ()l |
+= @A+ B IFH el G+ @rp+2) g = (Fedla) |
= 23+ F) 157 —(F ol (370 |l +2(|.1+P+%) |23 — (F. il |l

Also

23 — & Il = [10fopd Gl — 230 — Zll =16fe) G — 23+ Fll = 2l (F. ) G — 3l
So

2fm =l =2Eu+m)IFm={fal G I +2 @ +2p+§ Yl = G el |l
=(3u+P) 5 —0F el G0 +(u+2P+% Y& = Fpitsd |l

(l-3u—-0fe Gl -7l = (H+P+%)||£}—(fnp][f1]'||

- - (|.1+P+m? 3 - -
| ':f,l?:':' [}’1]—}1:_ | = m ”Ij_ — [f.tp:'[xﬂ Il

Since

H+P+ )

— <

(L-1p-I

dp + 2P +"“?< 2
On taking

F:%([f,;pjl+ ) then for every i € &

By definition of q. we claim that {£3 } is a Cauchy sequence in £ There fore by the property of completeness
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{ g, v " (£3 ) } converge to same element i "in¥ .
ie. M (gt @)-g°
which implice (g, )™ (£3)=2% " hence Lf. @) (F M) =57 "
ie.xpisa soft point of {f. )
Uniqueness :- If possible let ¥ Bos ¥ ¥ ) be another soft point of Lf, g
Then

Iz ® —®m "I =g ) &G — (5o GR 1

(13 ° = gl G5 T[] 192° — G 3Tl o+ 113~ g G 0 1119,° — o283 M)l
&z -l ’

12 =5 |l = wmax

(132 = gl G T[] 13 % — Gl o+ I~ g G 0 1119,° — 23 M)l }
&7 0-Fi i

+p il 5 "= (g wd (5 " I+ 0= (guwdiEn Dllj+ e 16 P =570

S S 1 e S |
ez o=t

Eumax{

[ St Tl Nt N | 1 P | }
[Eg |

+ofll 8 P— & N +iFg = O+ w Nl £ O =50

= | T {||£:ID—§?1D||,D }+p(o)+m||£:1':'—"?ju||

< (u+e) e =
Since u+=1, therefor £ =3 =0

Hence &3 - ¥
This complete the proof.

THEOREM 3.2:- let K closed and convex subset of a soft Banach space X .Let (g, ¢):K— K,
(f, #):K—K, satisfy the following condition,

(3.2.1) (& %) and (f, %) commute.

(3.2.2) (g @) =Iand (f, ¢)* = ,where I denotes identity mappings.

(3.2.3)

|13 @jff;.:l — (g, @j[f’;,:l” = Hmax
{Ilif,:plli-x“;._j—fg;:pl Ea, MINCF e G 1= d (3 DI £ (25— Lo (3 MINLE i 1-Caaed (250

1 (5 =0l (50
17 s = o) (2 MINCF ) (s 1= (o) (i N HICE w0 1= Lol (i INF el (i J—Eg,:pJ(.f;_)II}

ICf el (a3, 1= U el (3 0

+ I { ICF (%0 — (g @) (011 + I0F @) (32 ) — (a2 (30l }
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+el|Cf, @) (30— OF, @) (350
Forevery X,¥€ X. pt+ e +n + p = 0 and there exist at leaJst one soft point¥£=X. such that
(g )27 )= (f @) (X5 )= 5
futher if [pe+ ey << 1.
Then %, is the unique soft point of (f, ¢) and(g. ).
PROOYF:-
From (3.2.1) and (3.2.2) if follows that [(g, @J(f @J]* =I and (3.2.2) and (3.2.3) imply
(g, @I, @)* (%) — (g @)(F @)® Ghlll = |
= pmax || fael(r el (a5 ) -la.e)(f el G | | Gredirel® (o 1= (a.e)f el isn )| +
€7 et i =Ll (e i | | e e G )Ll (el i )|
17l () ® (s 1=L ) ) 2 (a0l
| CF e C o) (i =Ll Foa)® La )| | i Fiaed ® (3 1= L) ) * (30, 0|+
|| (et 7 ed (i I=Canpd (el (i || 7 e d e ® (i 1Tl ) * L )|
0 e Cf v =il (fae )2 030, }

El

+p {ICF, @) (F, @)2(%,) — (g, @) (F, @12 (%0 |+ I0F @) (F 0230 — (g @) (fae) 2 (37, 0 1)
+ellf, @) (f ) (%) — (F el (F ) (#0

Now we put { f,e@)(x; ) =2, and { f.e)(¥;,) = #;, then we get

(g @) f o) (Z0— (g e)(fie) (3]l <

l¢25, 1= aipd (8 1001 |[(os, I=Caneohl 7i [ 1) n )= Canapd g Ciia, 101Gy, = (g e, 0|

= gmnazx | - A :
||(§;_)—(g,cp:mf,cpnccﬁj_)Jnlln:sr;_)—cg,cpncf,:pnicﬁ;_n||+ncﬁ;_J—cg,cpnmcpnctﬁl:unnch—tngtf,:p:lctﬁmll}
5]
+o {020 — Caie) OF, @) (L2 00+ 08 0 — (g @) OF o) (08, 101
+eo||(Z; ) — (& )]l
We have

(g.@)(f.e)® =1 (g @)(f.@) hasatleast one fixed point,say %2 in K,i.e
(3.2.4)
(gl (Fol(E)=%
and (g @) (g @)(F @) (E)=(a, @) (23
(3.2.5) (F @) (ZD=(g @) (x])

NOW
(g @) (Z—(ED] =g ¢) (= (g.¢)® G| =|lae) EH-(ge)lae) &
= pmax(|[(Ff.9) (E)—(a0) ED||(Fe)le @) (&)~ (g e)ae) &)+
If . (#5-(g.edlgied #30II e)ge) @3)-lg.e) &30
16F ) (#230-Lf ) (gpd (23] ’
G (w5 -tgip) @00 0) @5)-(gpdlgae) (&5)[+
£ ) (gipd 250 Tg.pdlg.@) (NG ) lg0) @35 lii"p.]||}
1) (&5 0-(f ) (ged (53]
+o {|(fe) (B —(ae) ED|+[|(Feiiae) GEH—(aelae GH
+l|(F, @) (&) —(f.¢) (ae) &

‘ o) @i~fae) E0ll ED- 2D Hltawe) 2= 230l @2-law) 50|

=
< pomax| Itaer G-
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g2t -Cgel il 25— Rl (g.edias— s nlll lifi]—(gﬂ;a}[fijll}
N g eicesn- @l o
+o{|(g @) (E-(ae) ED|+ || & — GOl +ellee) &- ED|

< pmax{ (g @) (E)— (E1)].00+p{0) + wl|(a @) (&H— &)
<(p+w) |(ge) EI— &
There for
(e @) (BN~ (D] = e+ ) (o) (B~ ED)
Since ft + v+ 77+ p =< 1,it follow
la.g) (= (%) ie
(%1 is the soft point of (g, @) (%31 = (f, @)(x]) therefor,we have
(frel(EF0 = (&)
ie. %} is the common soft point of (g ) and (f, ).
Uniqueness:-Now we shall prove that £ is the unigness common soft point of (g ¢) and
(f, @).If possible let #¥ be another soft point of (g, @) and (f, &)
Now by using (3.2.1),(3.2.2)(3.2.3) and (3.2.4) ,(3.2.5)
We have
|28 — 72| = (e 9)? (E — (g @) G-Il @) () (3 — (g, @) (a0) (D)
= pmax {]| (£.0) (g, 92250 ~(g. @) (.0 @5 | 7.9 (g.0d (330 -Lg.0) () 0 1+

g )5 0) (#5)-Lg.@d (FLp) O F e gl - (g pd g @ (0|
g, df ) (253 Lg. 0 @l | '
10 03 (g 0d (251 i0d apd (ZRI 1 0) (g (230~ Cg 0 ) g @l (730 |+
|6 @il @) (73~ (g. el @ GG @) g edis - (g ) (g ) (a5 \
16F 02 Cgpd (250~ Capd (f @) (721
+ o {|[if, ) gl (20) — (g @) (s @)D | + |0F ) (g, ) (303 — (g 03 {g @) 30|}
+allt £ wdig pliEd) — (g @i o) (50

Iz -Gl -l Hi=di- el el |eD-EDiled-clHled-ehilled -l
g~ ‘ ez~
+o {lED = EDI+ D - Dl +elEh -Gl
= pomaxf [|[(£7) — (32)]| 04+ p(0} + || (E1) — (52))
< (u+ow)  [(ZD -
Since gt + v+ i+ 2 == 1 it follow that
(%) = D)
Proving the uniqueness of %, the proof of the theorem 2 is complete.
THEOREM 3.3:- Let k be closed and convert subset of a soft Banach space X .Let{ g, ¢

and (f, @Jand{h o) be three mapping of X in to it self such that
(3.3.1)

= jomax{

(ave) (fre)= (Fe) (ae), (fie)(hel= (he)(fie) and
(g.¢) (he)= (he) (g0
(3.3.2) (@e) =1, (f.¢)*=1 (h @) *=1, where I denotes the identity mapping.
(3.3.3)
N o) Cragpd U =L aup) Ly WS i) O d Ui 1—Laued (0 M|+

2 2 ICF et (e 1= (i AICF aed () (30 1=Ta,ed L ]
- =
(g (%) — (@ @) (301l = pt max { 10707t )~ (e, 1 '
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[ F ) gLty )= g (s M Fid O gLy 1=Cg.e)(af )|+
Nl e 103w 1= Canea i, A F e ks ) (3 1= La, el
i e diars =0 Fad (0l

+p {ICF, @Ik ) (%) — (g @) (G0l + 1 (F el Choe) () — (g @l (3011

+f-'-"”|: fi ‘I":”:hi ‘I":I[E}';:I 7 (fJ ‘?:‘-":I(jj};:l ”
For every X,¥€ K and g, e, p =0 such that+e + p < 2. Then there exist at least one soft
point %{=X.such that (g @)(%f )= (f @)(h ¢)(Z]) and (g @)(f @I(Z5 )=(k @)(Z] )
futher if (j¢+ w+ p) < 1. Then EJ{' is the common soft point of(g, ) (f, ) and(h, ¢).
Proof:- From (3.3.1) and (3.3.2) if follows that [{g ¢J{(f @)(k @)]* =] ,where I is the
identity mapping, from (3.3.2) and (3.3.3)
We have

(g @)l @) (fe)lfie) (H)—(ge)lhe)fie)fie) (=
(g @) f, @) (hellfie) (%)—(ge)fie)ihe)fie) (Hl=

= pmax || (el kel 7.6 (@) - (o) (el el fe) 30| el lrel el 1-lae) (Fael el fe) (5 )]+

07 el Ol 1o, ) F ) Traed (i) T | || O o) el ® (il i 1= (o) Fap) Dapd () (31

167 ) Dt 2 Faae iy 1=z Fated (e a0y M| | o) O d® (i (i D= (i) ot (i) () (i 1| 4
() () (35 0~ L g apd () U U7 e i, I Gl i) (i 0= ied i) D) (i) ()| |
[0 ) e} (fapdias, 1=CFapd D) 20 Fapd (8 0|

+ el {
{H; @J{fi '?‘-":I [hu @j[f: @j[j’l]”

+ll( £, @) (k@) *(f, @) (530 — O @) (R 9 (F, @) (7,

2 prmax el (E J-(ael(fael e (fe) G M7 eI (i, I-Cael L e el faed G550+
(G 7l (5 1L gaip) U e ) Uiyeed P aed (3 MINCF e d (00 1= g ) U g Ulice ) U ) (2501
NC faapd Gty 0=l g, 0l
N0 F ) Lin )=o) (Fapd U ) CF ] Gy MINCF e d (g 1—Caued ) () Cfagd (35 0|1+
N0 e 10 =g d U fFaip) U ) CF ) (s, M d 03, 1=Cauip) (F ap) O UF i) 0a5 0 !
(1= el (3 0
+p {IiF ity 1 — g @) (f. @) Thopd U, @d(8 24 0F. @i ) — (g, wllf. o) ol (F odiF01]
+e||(f, @) (%) — O @) (3l
Now if we put (f, )(%; ) = z; and (f.@)(x, ) =9, ,

4

(g, @) (Fe)(h ) (£,)- (g @) f el(h @) (5]
= pmaz{l|l(Z,) — (ge)(f, @) (el (Z)I0E, ) — (g, @) (f @) Ch @) (F, ] 1+
|8 i-lauiChwi(fae) (i |10 1=laellfel (relis |

10 £ el (i 1= Fap i, |
1025 J=Cgupd Of it @l JIIICE; =gl f o) Tl |+
[0 3= Cg.@iCf o) Chagd(o JINGE, I=Tg.p) (Fpd Chopd(E 0 |
NCF ol (5, =L wpd G

+ o {1020 — g, wdfop) ChoadlEy Dl 108 ) — (g wldiF. @) ChodCa, 011}

A
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+eml|(2, ) — (5]
We have [ (g¢)ifi@lihel] > =1 and p+eo+p=< 2. We infer that
(g @)(f @)k @) hasatleast onesoft point say %7 in here exist at least one soft
point in K
such that
(3.3.4)

(0, @)(£.@)(h @)(55 =77 ) and

(frel(hel(fio) (g e)(h ol(x] ) = (f e)(h @)(X] )

(3.3.5)
(g @) (5 ) = (Ff o) @)(%5 )
also
(k@) [ 0) (g @)k @) (57 )] = (h @)(X] ) and there for

(3.3.6)
Ch @) (fi) (25 ) = (h @) (7
Now by using (3.3.1),(3.3.2),(3.3.3) and (3.3.4),(3.3.5),(3.3.6) we have
ICh ) (8 )= (35 3|1 =lICe ) (F (55 ) Can)®(55 )| =
g @) (Fe) (35 )- (g ) (a0 (E5 )|
< pmax (|| @) (ripd(f.p) (&5 1-(g.@l(f.@)(&5 MIifel el gl (#] J-(apllg.el( )+

IG5 odih, ) (s o) @5 )-(g.dlg.dE] ) |ICF.0dinp)(gawd (&5 )-Tg.wdlr.edEf
CF el d 3-(f (23 3l '
lizuedimelirel (@ )-lamwl(re)(&S Mireline)lie) (£ -loel(gells )|+
| e tredlael)iah I-tawd (fwital || (el tupiirel (2] 1-laelirel @ i !
(7 aerie? 1=Cruedc2 ol
+ p {IICF, W Ch, @) (. @ (28 ) — (g, @) (F ) (28 11+
Il I PN b

+l|(f, @) (X7 ) — O, @) (25 Dl
< jomax M) )-Graaf MG )-(af N Hlmereg y-2f R 1=l )]
ltreicad -2 ) ’
Itred (28 ) trad(22 Mlred (25 )-(25 I+ls 1-e? ol 1-ireiizh JII}
[(raiia? 1—22 3

+o {llCh @)z ) —(ho@) (x5 3+ 1025 0 — (x5 3} +ellCh @)(x5 5 — (x5l

< pomax {|(£5 ) — (h, @)(22 1,03+ £(0) +erll (b @) (55 ) — (%2 )1
= (et o)l Ch @) (27 ) — (25
Since jt + m + g = 1.it follows that
Ch@)(%7 )= (37
i.e. ¥¥ is the soft point of (4, ¢). Thus we have from (3.3.5)

(fie)(x7 )= (g el(X] )
Again

ICa @) o) (2 )= (Z2) =|(e @) (5 )- (g 00?5 )|
= ||Ca, &) (%5 )- (g, 9) (@ @)(%F )|
< pmaz{ [(f, @) Ch e)(Z5 ) — (g )25 I o) he)lg @) (x5 ) — (g.e)(g @) (x] Il +

ICF, @lCh, @) (%5 1 — (g ollg o) (X5 TN el (h el @) (X5 ) — (g el (%0 )]
ICF, @20k 9ICEE ) — (F, @) (h @) (g, 9)(EF )|
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lif.edlngd(a] )-lg.eial Mirei(e] J-lg.@llg.eliz] )|+
| elrellg. el )izs 1-lge) (g.@)tes )l e)lhe)lg.plia] )- (g wiia] ]||
(7.0 (o) 122 1 (o) Ug) (g pd22 |

+ o {I(F, @) (h @) (%5 ) — (g @) (0 + I(F, @) (h @)(g. ) (] ) — (g o)(g.@)(z] ]I}
+el|(f, @) (h @) (25 ) — (F, @) (o) (g ) (F5 0

leaed(=l ) -(aedlal M2 J=ls M Hawdas -5 il 1-lawi3
[E=RSTE J-(x | :

liaw)(s )-taelzl Mliawei (& )-(55 II||+|||:x1 =5 IS i-lawdiah JII}
[tauitss y-cz3

+po {ll(g @I (X5 1 — (g @) (X5 3+ N0ET 3= (70} +ellCg @ (25 3 — (25l

= [ TaX

< pomax {(|(£2 ) — (g @) (%8 31,03+ £(0) +ell (g @)(£L J— (%2 7]
= (p+ wllie @) (57 ) — (27 )
Which is contradiction.
Since it + w + p = 1. Hence it follows that
(g @) (X7 )= (2} ]
(g 9)(Z3 ) = (fip) (37 )
There for (g, ¢) (%7 ) = (f, @) (x5 ) =(h¢) (5] ) = (&7 )
i.e. ¢ is the common soft point of (g, ¢ (f, @) and (A, ).
Now to confirm the uniqueness of x§ .Let ¥7 be another common soft point of

(g @) (f @) and (h o).
By (3.3.1),(3.3.2),(3.3.3) and (3.3.4),(3.3.5),(3.3.6)

122 5 — (32 31 = ||Cg @)? (3£ - (g )?(58 )| =
(g @) (g.e)(%2 )- (g @) (g @) (55 )]

T T o
(i edthpdlged(a 1-lgpdlg.ed (@] el thellgel (7] )-la.edlge(3 )+
1670 0) (gl )L 0dg ) (7 I el (g )] 1-Lg. el gl (2] )|
1CF @) ) (gpd (29 3=CF )@l (72 0l

(£ ) o) () W, )=Cgnpd(guipdl &S |Gl o) giolal J-(g.wdlg.el(3] )|+
l6f 2 pdlg @) 77 3 (g 0d gl (75 G 03 f pdig ) (7 1- g pdig.edia] 3l )
1CF 03 () (o) (2 1= Cf o) Cropd (f e d (52 3|

]

+ el {

ICF, @) (k) (gl (X5 ) — (g) (g ) (Z] 1| +

NCF el ellg @) (3 ) — (g @)(g.e)(7] )

}

+en||(F, o) Ch o) (g, @)EX;. = e (h o) (g o) (37

628 )=l MG )-8 M Hleas -8 ol y— ‘III
Ilcx -0

IG5 )-8 G ]-(ﬁ;‘f fl||+|||::rr;'3 1178 s -t :nll}
e

+o {02 o — x5 3l + NCFD ) —(FF O resll(x25 0 — (50

ICx7 ) — (35 0l = (e+ e 1025 ) — (35 )l

T T o
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Which is contradiction.
Since g+ + g =2 1. Hence it follows that

(%3 )= (337

Proving the uniqueness of X5
This complete of the proof of the theorem.
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