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Differential Approach to Cardioid Distribution
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Abstract

Jeffreys (1961) introduced Cardioid distributiomdarsed it to modeling directional spectra of oceanes.
Here an attempt is made to derive pdf of cardioatieh as a solution of a second order non homogeneou
linear differential equation having constant cagéfnts with certain initial conditions. We also ieer at
new unimodal and symmetric distribution on realelifrom Cardioid model induced by Mobius
transformation called “Cauchy type models”.

Keywords: Circular model, Mobius transformation, Cardioid abldiform distributions, Cauchy type
models.

1. Introduction

Jeffreys (1961) introduced Cardioid distributiomdarsed it to modeling directional spectra of oceanes.
Following Fejer’'s theorem in Fernandez (2006) wayefine a family of circular distributions by

f(&n) :%;7—17;{@ coskd )+h, sinké ) (1.1)
Whenn=1

1 1 .
f(6:1)= §T+7—T(a1 cosf+b, sirf) represents the Cardioid distribution.
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The probability density and distribution functioofsCardioid distribution are respectively given by

1
(6 ;u,p) :51(“ 20 cos@-u ) (1.2)
1 1
where 8, yO[-m, 1) and‘§<,0<—2

1 . . (1.3)
F(9) :2—(¢9+2psm(9—,u)+ 20 smu)

T
In Section 2, we make certain assumptions on arygitconstants in the general solution of a linear
differential equation to get Cardioid distributiamd Section 3 deals with the generation of Caughg t
distributions from Cardioid model induced by Mobtwnsformation/stereographic projection.

2. Cardioid distribution through a Differential equ ation
By making use of certain assumptions on arbitrasgstants in the general solution of a differential
equation we construct the pdf of Cardioid model.
Theorem 2.1:

2
The solution of the initial value problen§7¥+ y= i, y(0)

_1+2pcou P SINU
=— 9% y(0)=
2 y()

2ir T

admits

i) the particular integral which is pdf of Uniform ttiution on Unit Circle and
i) y(B)

distribution

= 2£(1+ 2p coq 6 - ,u)) which is probability density function of Cardioid
Vg

where -77<0, u<m and |p|< 0.5.
Proof: Consider a non homogeneous second order lindaretfitial equation with constant coefficients

2
dy+y:i (2.1)

dé? 2

The Particular Integral of (2.1) admits pdf of cilar uniform distribution

1
Yo =or (2.2)

General solution of the above differential equatida
y(8) =C,cosd + C, sind +%T
(2.3)
where G and G are arbitrary constants.
Under the following initial conditions the abovegmn (2.3) also admits probability density furosti of
Cardioid distribution for
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1+ 2pco , Si

From (2.3),

c, =P  and ¢ -PSNK (2.5)
T T

Hence
y(e):%_[(1+ 2p cosu cod+ P sip sifl)

1
:5'[(14- 20 COS(@‘,U)) . (2.6)

Conveniently we write this equation asf (6) :%T(n 20 cos(@—,u))

3. Cauchy Type Distributions Using Mobius Transformation On Cardioid Distribution

Ahlfors (1966) definedMobius transformation as follows

“The transformation of the form:T(z) :az_-k(:), where a, b, ¢ and d atmmplex constants such that
cz+

ad -bc#0is known as Bilinear transformation or Linear fianal transformation or Mobius

transformation or stereographic projection”.

Minh and Farnum (2003) imposed certain restrictiongparameters a, b, c and d in T(Z) and arrivetieat

following

:CZ+C_:

, with Im(C) #0. (3.1)
z+1

7(2)

Where C=u-ivandC=u+iv.

The Mobius transformation defined by (3.1) is d-kedued for any z on the Unit Circle

X:T(g):uw( sing j:uwtan(ﬁj which is real. (3.2)
1+cosf 2)’

L&
Hence the Mobius transformation defined b’)(z) = Cz 1C maps every point on the Unit circle onto
z+

the real line.
Form (3.2), we have

)
X=u+vtan —
2

3|Page :ﬂ:tan[_j

www.iiste.org v



Computer Engineering and Intelligent Systems
ISSN 2222-1719 (Paper) ISSN 2222-2863 (Online)
Vol 2, No.8, 2011

which maps eery point on the real line onto the Unit Circle aheé mapping is a bijection .

£(x) = g(e(x))m, when v >0

If 6 follows Cardiod Distribution in [, x), then T(8) = x = u+vtan(g]

Theorem 3.1 :

has a 2-parameter linear distribution on the rieal given by

x—u)
()
1 Y

1+2p

) )

Proof :  If 6 follows Cardioid Distribution with2=0 in [-=, 7), thenpdf g(8)is

1
) =—|(1+2p coY
9(0) = -(1+20 cos)
By applying theorem of Minh and Farnum (2003), ve®én

() =9(6(X))———2—— V>0

(5]
:m.i(h 20 00{ 2t (%m
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and

1) f(x)200-w<x<c (sincev> 0)
[ f(x)dx=1.
is a family of distributions on the real line ane aamed by us &auchy type distributions obtained

from the circular model called Cardioid distributimduced by Mobious Transformation.
When p=0 in (3.5), we get

1
m{l{x-uﬂ' (3.6)
V

which is the density function of the 2 — paramet€auchy’s distribution with location parameltand

f(x)=

scale paramet&.When u =0 and v = 1, we get (x) = , which is standard Cauchy

_ 1
14X |
distribution.

4 Graph
We observe that the probability distribution onlrig@e generated by using Mobius Transformation on
Cardioid Model is also Unimodal and symmetricGarp<0.5.
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Graph of pdf of Cauchy Type model
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Figure — 1Graph of pdf of Cauchy Type Model
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