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Abstract

The purpose of this paper is to prove a commordfp@nt theorem involving two pairs
of compatible mappings of type (A) using six magg a contractive condition. This
article represents a useful generalization of sdvesultsannounced in the literature.
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1. Introduction

The study of common fixed point of mappings satmgfycontractive type conditions has
been studied by many mathematicians.Seesa(198@dute the concept of weakly
commuting mapping and proved some theorem of colimily by useing the condition
to weakly commutativity, Jungck(1988) gave moreegalized commuting and weakly
commuting maps called compatible maps and use itdmpatibility of two mappings.
After that Jungck Muthy and Cho(1993) made anoffesreralization of weak commuting
mapping by defining the concept of compatible robfype (A).

We proposed to re-analysis the theorems of Aage(2009) on common fixed point
theorem compatibility of type (A)

2.Preliminaries

Definition 2.1. Self maps S and T of metric space (X,d) are gaicbe weakly
commuting pair

iff  d(STx, TSxgd(Sx,Tx) for all x in X.

Definition 2.2. Self maps S and T of a metric space (X,d) are &aige compatible of
type (A) if
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lim d(TSx%,SSx%) =0 and lim d(STx TTx,)=0 as R»co whenever
{Xn}is a

sequence in X such that lim,8Skm Tx, =t as A~ for some t in
X.

Definition 2.3. A function®: [0, o) — [0, «) is said to be a contractive modulusbif(0)
=0 and

® (t)<t fort>0.
3.Main Result

Theorem 3.1. Let S, R, T, U, | and J are self mapping of a plate metric space (X,d)
into itself satisfying the conditions

() SR(X) J(X) , TU(X) O I(X)
(ii) d(SRx,TUyx a d(Ix,dy) 8 [d(Ix,SRx) + d(Jy,TUy)] 4 [d(Ix,TUy)+
d(Jy,SRx)]
for all x,y€ X and o, and y are non-negative reals such that
at+2f+2y<1
(i) One of S,R,T,U,l and J is continuous.

(iv) (SR,I) and (TU.J) are compatible of type (A).TI&R,TU,l,J have a unique
common
fixed point. Further if the pairs &}, (S,) , (R,)), T,U), (T,), (U.J)
are commuting
pairsthen SR,T,U,I and J have a unique common fixed point.

Proof: Let x € X be arbitrary. Choose a point x X such that SRx= Jx.

This can be done since  SR(X)1J(X).

Let x; be a point in X such that TWx Ix,. This can be done since TU(XI])I(X).

In general we can chooseg\X Xon+1, Xon+2 ..., SUCh that SRy =J%n+1 and TUX%n+1= IXon+2
So that we obtain a sequence §RMUX;, SR», TUX; .....

Using condition (ii) we have

d(SRX%n, TUXon+)< a d(l2n,J%en+1) +B [d(IX2n, SR¥er) + d( I%n+1, TUXonen)] +y [d(IX2n,

TUX2n+]) +
d (g1, SRx%n)]
=a d (TUxn.1, SR%n) + B [d(TUXan.1, SR¥%n)+d(SR%n, TUXon+1)] +
Y[d(TUX2n., TUXon+)) + d(SRX%n, SR¥n)]
< a d(TUXz2n-2, SRX%n) + B [d(TUXz2n-1, SR%n) +d(SR%n, TUXon+1)] +
Y [d(TUX2n1,SR%n) + d(SR%n, TUX2n+1)]

= (at+B+y) d (TUXen-1, SR%n) + B+y) (SR¥%en, TUXon+1)
Hence d(SRx, TUxzn+1) < kd(SRX%n, TUXon.1)  Where k=¢+p+y)/ 1-(+y) <1,
Similarly we can show d(SRx TUXzn.1) < K d(SRX%n-2, TUXon-1)
Therefore d (SR¥ , TUxon+1) < k?d(SR¥nz2, TUXon1)

< K" d(SRx, TUx,)

Which implies that the sequence is a Cauchy seguand since (X,d) is complete so the
sequence has a limit point z in X. Hence the sulseces {SRx} ={Ix2n-1}
and {TUxzn.1} ={IX 2n} also converges to the point z in X.
Suppose that the mapping | is continuous. THeg+ 1z and ISRx, — 1z as A~ .
Since the pair (SR,l) is compatible of type (Ap get SRI%,— 1z as r»o.
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Now by (ii)

d(SRD¥en, TUxens) < o d( PXzn, Jener) + B [d( Xan, SRDen) +d( Dones TUxone)] +
. Y [d(l X2n,TUX2n+1) +d(\])§n+1, SRIXZn)]
letting n—o , we get

d(Iz,z)< a d(Iz,z) +p [d(I1z,z) +d(z,2)]H [d(Iz,z) + d(z,I2) ]

=(at+2y) d(Iz,2)
This gives d(lz,z)=0 sinceu+2y<1, Hence Iz=z.
Further d(SRz, TUx+1) < ad(12,J%n+1) +B[d(1Z,SRZ) + d(I%+1, TUX2n+1)] +

v [d(12,TUXzn+1) + d(I%n+1, SRZ)]
Letting J%n+1, TUX2ns1— z @S Ao and 1z=z  we get
d(SRz,z2< a d(z,2) # [d(z,SR2z) + d(z,2)] ¥+ [d(z,2) + d(z,SR2z)
= (B+y) d(SRz,z)

Hence d(SRz,z) =0 i.e SRz=z , sinegef3-y <1. Thus SRz=Iz=z
Since SR(X)J J(X) ,there is a pointan X such that z=SRz=-gz
Now by (ii)
d(z,TUz) = d(SRz,TU 2

<ad(lz,d 3) +B [d(1z,SRz) + d(J 2TUz)] +y [d(1z,TU z) +d(Jz, SRZz)]

=ad(z,z) +p [ d(z,z) +d(z,TUg)] + y [d(z,TU z) + d(z,2) ]

=(B+y) d(z,TU 2) _
Hence d(z,TUp =0i.e TU 2 =z =J7 , since & B+y <1, Take y =z for > 1
Then TUy— Tzy =z and Jy— J z=z as AR>w
Since the pair (TU,J) is compatible of type (A)e get
Lim d( TUJw,, JJy) =0 as rroo  implies d(TUz,Jz)=0 since Jyz for all = 1. Hence
TUz=Jz.
Now d(z,TUz) = d(SRz,TUz)

< o d(lz,Jz) +p [d(1z,SRz) + d( Jz,TUz)] ¥ [d(lz, TUz) + d( Jz,
SRz

=a d(z,TUz) +B [ d(z,z) +d( TUz,TUZ)]+ [d(z,TUZ) + d(TUz,2) ]
=(at+2y) d( z, TUZ)
Sincea+2y<1, we get TUz=z, hence z=TUz=Jz therefore z isrmmom fixed point of
SR,TU,I,J when the continuity of | is assumed .
Now suppose that SR is continuous théR $,—SRz , SRI¥,— SRz as f>x .
By condition (ii) ,we have
d(SRXan, TUXzn+1) < & d( ISR%n Ien+2) + B [d( ISR%en , SRXan) + d( ens1, TUXansr) +
_ _ YIA( ISRXen, TUXzn+1) + d( Dns1, SRXz0)]

letting n—oo and using the compatibility of type (A) of the pgdR,l), we get
d(SRz,z< ad(SRz,z) B [d(SRz,SRz) +d(z,2)]#+[d(SRz,z) +d(z,SRz)]

=(at+2y) d(SRz,2)
Sincea+2y<1 we get SRz=z. But SR(X) J(X) there is a point p in X such that
z=SRz=Jp ,Now by (ii)
d(S'Rxzn, TUP) < o d(ISR%n , Ip) B [d(ISRXen, SRX2n) +d(Ip, TUP)] +

_ ¥[d( ISR , TUp)+d(Jp, SRxzr)

letting n—o we have
d(z,TUp) =d(SRz,TUp)

<ad(z,z) $[d(z,z) +d(z,TUp)] #[d(z, TUp)+ d(z,2)]

| =(B+y) d(z,TUp)

Sincep+y<1, we get TUp=z.Thus z=Jp=TUp.
Let yy=p then TUy — TUp=z and Jy— TUp =z
Since (TU,J) is compatible of type (A), we have
Lim d(TUJdy, ,JJy) =0 as r»w
This gives TUJp=JTUp or TUz=Jz
Further
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d(SRxn, TUZ) < ad(Ix2n,Jz) B[d(IX2n,SRZ) +d(Jz,TUZ)] ¥ [d(IX2n, TUZ)+d(JZ,SR%y)]
Letting n—oo, we get
d(z, TUz)<ad(z,TUz) 4 [d(z,z) +d(TUz,TUz)] #%[d(z,TUz) +d(TUz,z)]
=(@+2y) d(z,TUz)
Since & a+2y <1 we get z=TUz
Again we have TU(XY I(X) there is a point q in X such that z=TUz=Iq
Now  d(SRq,2) =d(SRq,TUz) < o  d(lgq,J2) B [d(lg,SRQ) +
d(Jz, TUz)]#[d(lg,TUz)+d(Jz,SRQ)]
=ad(z,z) 8 [d(z,SRq) + d(z,2)]¥ [d(z,TUz) +d(z,SRq)]
| =(p+y) d(z,SRq)
Since & B+y<1 we get SRg=z, take ¥qthen SRy— SRq =z, ly—Iq=z
Since (SR,I) is compatible of type (A) , we get
Lim d( ISRy, , lly,) =0 as p»w
This implies that SRIg=ISRq or SRz=Iz.
Thus we have z=SRz=Iz=Jz=TUz Hence z is a commau fpoint of SR, TU,I and J,
when S is continuous
The proof is similar that z is common fixed poirft 8R,TU,I and J when 1 is
continuous,R and U is continuous.
For uniqueness let z and w be two common fixed tpasnSR,TU,I and J , then by
condition (ii)
d(z,w)= d(SRz,TUw) < ad(lz,Jw) +8[d(Iz,SRz) +d(Jw,TUw)] 4 [d(Iz,TUw)
+d(Jw,SRz)]
=ad(z,w) 48 [d(z,2) +d(w,w)]¥ [d(z,w) +d(w,Z)]
= (a+2y) d(z,w)
Sincea+2y<1 we have z=w.
Again let z be the unique common fixed point oftbtte pairs (SR,I) , (TU,J) then
Sz=S(SRz) = S(RSz) =SR (S2)
Sz=S(12)=1(Sz)
Rz=R(SRz)=(RS)(RS) =(SR)(Rz)
Rz=R(l1z)=I(Rz)
Which shows that Sz and Rz is the common fixedtpafi(SR, 1) yielding thereby
Sz=z=Rz=1z=SRz
In view of uniqueness of the common fixed pointtef pair (SR,1).
Similarly using the commutativity of (T,U), (T,J)}J,J) it can be shown that
Tz=z=Uz=Jz=TUz.Thus z is the unique common fixeshpof S,R,T,U,I and J.
Hence the proof.
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