Computer Engineering and Intelligent Systems www.iiste.org

ISSN 2222-1719 (Paper) ISSN 2222-2863 (Online) JJ—.!I,1
Vol.4, No.9, 2013 Ils E

Fixed Point Theorems in Random Fuzzy Metric Space Through

Rational Expression
R.P. Dubey’ Ramakant Bhardwaj2, Neeta Tiwari ', Ankur Tiwari
*C.V. Raman University, Bilaspur (C.G.)
’Dept. of Mathematics Truba institute of Engineering & IT Bhopal (MP) India
Abstract
In the present paper we will find some fixed point theorems in random fuzzy metric space, random fuzzy 2-
metric space and random fuzzy 3-metric space through rational expression.Also we will find the results for
integral type mappings.
2.1 Introduction
In 1965, the concept of fuzzy set was introduced by Zadeh [39]. After him many authors have developed the
theory of fuzzy sets and applications. Especially, Deng [9], Erceg [11], Kaleva and Seikkala [26]. Kramosil and
Michalek [28] have introduced the concept of fuzzy metric spaces by generalizing the definition of probabilistic
metric space. Many authors have also studied the fixed point theory in these fuzzy metric spaces are [1], [7],
[13],[19], [21], [24], [25], [32] and for fuzzy mappings [2], [3], [4], [5], [22], [31].
In 1994, George and Veeramani [18] modified the definition of fuzzy metric spaces given by Kramosil and
Michalek [28] in order to obtain Hausdroff topology in such spaces. Gregori and Sapena [20] in 2002 extended
Banach fixed point theorem to fuzzy contraction mappings on complete fuzzy metric space in the sense of
George and Veeramani [18]. It is remarkable that Sharma, Sharma and Iseki [34] studied for the first time
contraction type mappings in 2-metric space. Wenzhi [38] and many others initiated the study of Probabilistic 2-
metric spaces. As we know that 2-metric space is a real valued function of a point triples on a set X, whose
abstract properties were suggested by the area of function in Euclidean spaces.
Now it is natural to expect 3-metric space which is suggested by the volume function. The method of introducing
this is naturally different from 2-metric space theory from algebraic topology.
The concept of Fuzzy-random-variable was introduced as an analogous notion to random variable in order to

extend statistical analysis to situations when the outcomes of some random experiment are fuzzy sets. But in
contrary to the classical statistical methods no unique definition has been established before the work of Volker
[37]. He presented set theoretical concept of fuzzy-random-variables using the method of general topology and
drawing on results from topological measure theory and the theory of analytic spaces. No results in fixed point
are introduced in random fuzzy spaces. In [17] paper authors Gupta, Dhagat, Shrivastava introduced the fuzzy
random spaces and proved common fixed point theorem.

In the present paper we will find some fixed point theorems in random fuzzy metric space, random fuzzy 2-
metric space and random fuzzy 3-metric space through rational expression.Also we will find the results for
integral type mappings.

To start the main result we need some basic definitions.

2.2 Preliminaries:
2.2.1 Definitions
Definition2.2.1.1: (Kramosil and Michalek 1975)

A binary operation *: [0,1]x[0,1] — [0,1] is a t-norm if it satisfies the following conditions :

(i) *(la)=a, *(0,0)=0
(i) *(a,b) = *(b,a)

(ii) #(c,d) > *(a,b) wheneverc>aandd>b
(iit) *#(*(a,b) ,c) = *(a, *(b,c) ) where a,b, c,de [0,1]

Definition 2.2.1.2: (Kramosil and Michalek 1975)
The 3-tuple (X,M, *) is said to be a fuzzy metric space if X is an arbitrary set * is a continuous t-norm and M is
a fuzzy set on X* x [0,00) satisfying the following conditions:

@) M(xy,0)=0
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(i) M(x,y,t)=1forallt>0iffx =y,

(iit) M(x,y,t) = M(y.x.1)

(iv) M(x,y,t) * M(y,z,8) £ M(x,z,t +s),

v) M(x,y, .) :[0,00[—[0,1] is left-continuous,

Where x,y,z € Xand t, s> 0.

In order to introduce a Hausdroff topology on the fuzzy metric space, in (Kramosil and Michalek 1975) the
following definition was introduced.

Definition 2.2.1.3: (George and Veermani 1994)

The 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm and M is
a fuzzy set on X* x]0,00[ satisfying the following conditions :

(1) Mxyt)>0

(i) M(x,y,t)=1 iffx=y,

(iit) M(x,y,t) = M(y.xt) ,

(iv) M(x,y,t) * M(y,z,8) £ M(x,z,t +5),
(v) M(x,y,.):]0,00[—[0,1] is continuous,

Where x,y,z € Xand t, s> 0.

Definition 2.2.1.4: (George and Veermani 1994)

In a metric space (X, d) the 3-tuple (X, Md,*) where Md(x, y, t) =t/ (t + d(x, y)) and a*b = ab is a fuzzy metric
space. This Md is called the standard fuzzy metric space induced by d.

Definition 2.2.1.5: (Gregori and Sepene 2002)

Let (X, M,*) be a fuzzy metric space. A mapping f: X— X is fuzzy contractive if there exists 0 <k < 1 such
that

1 il
——— 1< -1
M (Fx).f(.0) <k (M(:r,y,i:] )
Foreachx,ye Xandt>0.
Definition 2.2.1.6: (Gregori and Sepene 2002)
Let (X, M, *) be a fuzzy metric space . We will say that the sequence {x,} in X is fuzzy contractive if there

exists k € (0, 1) such that
i} 1

— ——1<k(-———1) forallt>0,ncN.

M{xp41.2n40.0) (Xpdin1.T)
We recall that a sequence {x,} in a metric space (X, d) is said to be contractive if there exist 0 <k < 1 such that d
(Xp+1, XN4p) < kd (Xy, Xp41) for all n € N.
Definition 2.2.1.7: (Kumar and Chugh 2001)
Let (X, 1) be a topological space. Let f and g be mappings from a topological space (X, t) into itself. The
mappings f and g are said to be compatible if the following conditions are satisfied:

(i) fx=gx,x e XImplies fgx = gfx,
(i1) The continuity of fat a point x in X implies lim gfx,=fx whenever {x,} is a sequence in X such
that lim gx,=lim fx,=fx for some x in X.

Definition 2.2.1.8 : A binary operation * : [0,1] x [0,1] x [0,1]—[0,1] is called a continuous t-norm if ([0,1], *) is
an abelian topological monoid with unit 1 such that a;* b;* ¢;< ay* by* ¢, whenever a;< a,, b;< b,, ¢;< ¢, for all
aj, a5, by, by and ¢y, ¢, are in [0,1].
Definition 2.2.1.9 : The 3-tuple (X,M,*) is called a fuzzy 2-metric space if X is an arbitrary set, * is a continuous
t-norm and M is a fuzzy set in X? x [0,00) satisfying the following conditions for all X, y, z, u € X and t, t,, t; >
0.
(FM’-1) M(x,y, z, 0) =0,
(FM’-2) M(x,y, z,t) = 1, t > 0 and when at least two of the three points are equal,
(FM’-3) M(x,y,7,t)=M(X, 2, y, t) = M(y, 7, X, ),

(Symmetry about three variables)
(FM’-4) M(X,y, z, t;+tytt3) > M(X, ¥, u, t1)*M(X, u, z, t,)* M(u, y, z, t3)

(This corresponds to tetrahedron inequality in 2-metric space)

15



Computer Engineering and Intelligent Systems www.iiste.org

ISSN 2222-1719 (Paper) ISSN 2222-2863 (Online) JﬂLfl
Vol.4, No.9, 2013 Ils E

The function value M(x, y, z, t) may be interpreted as the probability that the area of triangle is less than t.
(FM’-5) M(x, Y, z, .): [0, 1)—>[0,1] is left continuous.
Definition 2.2.1.10: Let (X, M,*) is a fuzzy 2-metric space:

(1) A sequence {x,} in fuzzy 2-metric space X is said to be convergent to a point x € X, if
lim, . M(x,, X at)=1
forallae X and t> 0.

(2) A sequence {X,} in fuzzy 2-metric space X is called a Cauchy sequence, if
lim, oo M (X Xp, 2, 1) = 1

forallae X andt>0, p>0.

(3) A fuzzy 2-metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.2.1.11: A function M is continuous in fuzzy 2-metric space iff whenever x,—x, y,— vy, then

lim,, oo M(%,, Vo @ 1) = M(X, y, a,t)

forallae X and t> 0.

Definition 2.2.1.12: Two mappings A and S on fuzzy 2-metric space X are weakly commuting iff
M (ASu, SAu, a, t) > M (Au, Su, a, t)

forallu,a € X and t> 0.
Definition 2.2.1.13: A binary operation * : [0,1]* —[0,1] is called a continuous t-norm if ([0,1], *) is an abelian
topological monoid with unit 1 such that a;* by* c;* d;< ay* by* ¢, * dy whenever a;< a,, b1< b,, ¢;< ¢; and d;<
d,for all a;, a,, by, by, ¢y, ¢, and dy, d, are in [0,1].
Definition 2.2.1.14 : The 3-tuple (X, M, *) is called a fuzzy 3-metric space if X is an arbitrary set, * is a
continuous t-norm and M is a fuzzy set in X* x [0,00) satisfying the following conditions : for all x, y, z, w, u €X
and t, th, t3, t4 > 0.
(FM”’-1) M(x,y, z, w,0)=0,
(FM’-2) M(x,y,z, w,t)=1 forall t>0,

(only when the three simplex { X, y, z, w ) degenerate)
(FM”’-3) M(x,Y,2z, W, t) =M(X, W, Z, y,t) = M(y, z, w, X, ) =M (z, W, X, y, t) = ...
(FM’-4) M(X,y,z, W, t] tth + t; + t5) > M(X, ¥, Z, u, t;)*M(X, y, u, W, tp)
*M(x, u, z, W, t3)*M(u, y, Z, W, t4)

(FM”’-5) M(x,y, z, w, .):[0,1)—[0,1] is left continuous.
Definition 2.2.1.15: Let (X, M, *) be a fuzzy 3-metric space:

(1) A sequence {x,} in fuzzy 3-metric space x is said to be convergent to a point x € X, if
lim,_  M(x,,x,abt)=1
foralla,b € Xandt>0.
(2) A sequence {x,} in fuzzy 3-metric space X is called a Cauchy sequence, if
lim, oo M(%p4p,Xp, 2, b, ) =1
foralla,b e Xandt>0,p>0.
(3) A fuzzy 3-metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.2.1.16: A function M is continuous in fuzzy 3-metric space iff whenever x,—x, y,—y
limy, oo M (X, ¥, a, b, ) =M(x,y,a,b,t)
foralla,b € X and t> 0.
Definition 2.2.1.17: Two mappings A and S on fuzzy 3-metric space X are weakly commuting iff
M (ASu, SAu, a, b, t) > M (Au, Su, a, b, t)
forallu,a,b e Xandt>0.
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Definition2.2.1.18: Throughout this chapter, (£,E) denotes a measurable space.§ : £ — X is a measurable
selector. X is any non empty set. * is continuous t-norm, M is a fuzzy set in X% X [0, 00)

A binary operation «[0,1]x[0,1]—[0,1] is called a continuous t-norm if ([0,1],«) is an abelian
Topological monodies with unit 1 such that a « b > ¢ « d whenever
a>candb>d , Foralla,b,c,d, €][0,1]
Example of t-norm are a«b=ab and a «+b =min {a, b}
Definition2.2.1.18 (a): The 3-tuple (X, M, Q ) is called a Random fuzzy metric space, if X is an arbitrary
set,* is a continuous t-norm and M is a fuzzy set in X*x [0,00) satisfying the following conditions: for all
Ex, &y, £zeXands, t>0,
(RFM —1): M (éx,£,0)=0
(RFM =2):M (&x,Ep,t) =1,V i-0,&x=y
(RFM -3): M(fx,fy,t) =M(&Ey,Ex,t)
(RFM —4): M (&x,Ez,t+5) 2 M (Ex,Ey,0)* M (E2,Ep,5)
(RFM -5):M(éx,Ey,Ea) :[O, 1) - [0, 1] is left continuous
In what follows, (X, M, Q,*) will denote a random fuzzy metric space. Note that M (& x, &'y, t) can be thought
of as the degree of nearness between & x and &y with respect to t. We identify x = &y with M (£, & y, 1)
=1forallt>0and M (&x, &y, t) = 0 with oo.In the following example, we know that every metric induces a

fuzzy metric.
Example Let (X, d) be a metric space.

Define a b =a b, or ab =min {a, b}) and for all x, y, € X and t> 0,

t
M (éx,Ey,1) :t+a’(§—x,§y)

Then (X, M, Q  *) is a fuzzy metric space. We call this random fuzzy metric M induced by the metric d the
standard fuzzy metric.

Definition2.2.1.18 (b): Let (X, M, , ) is a random fuzzy metric space.

(i)A sequence { & x,} in X is said to be convergent to a point & x € X,
limM (&x,,Ex,t)=1
n—>0

(i) A sequence { & x,} in X is called a Cauchy sequence if
lgl;M(fop,cfxn,t):l,Vt >=0and p >0
(iii) A random fuzzy metric space in which every Cauchy sequence is convergent is said to be

Complete.

Let (X.M,*) is a fuzzy metric space with the following condition.
(RFM'6) hmM(éxa fyal)zlav‘gxr é:y eX
t—
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. Definition2.2.1.18 (¢): A function M is continuous in fuzzy metric space iff whenever

Ex, = Ex.Ey, - Ey= MM (£x,.£y,.0)—> M(Ex.Ev.1)

Definition2.2.1.18 (d): Two mappings A and S on fuzzy metric space X are weakly commuting iff
M(ASEu, SASu, ) >M (A& u,SEu,t)

Some Basic Results 2.2.1.18 (e):

Lemma (i) [Motivated by 19] for all £x, &y, € X, M(Ex, Ey) is non -decreasing.

Lemma (ii) Let {{y,} be a sequence in a random fuzzy metric space (X, M, Q,*) with the condition

(RFM -6) If there exists a number q € (0,1) such that

My, .. Ev,..9t) 2M(Ey, ., ¢y,,t) ,Vt=0and n=1,2,3......,
then {§ v, } is a cauchy sequencein X.

Lemma (iii) [Motivated by 32] If, for all £x, &y € X, t> 0 and for a number q € (0,1),

M(Ex,8y,qt) 2M(Ex,5y,t ), thenSx=Sy

Lemmas 1, 2, 3 of 2.2.1.18 (e): ) hold for random fuzzy 2-metric spaces and random fuzzy 3-metric spaces
also.
Definition2.2.1.18 (f): A binary operation *: [0, 1] x [0,1] x [0,1] — [0,1] is called a continuous t-norm if
([0,1],+) is an abelian topological monodies with unit 1 such thata; « by « ¢; > a, « b, « ¢, whenever

ars a, by > by, ¢15 ¢ for all ay, a,, by, by and ¢y, ¢; are in [0,1].
Definition2.2.1.18 (g): The 3-tuple (X, M, £,*) is called a random fuzzy 2-metric space if X is an arbitrary set,

* is continuous t-norm and M is fuzzy set in X° x [0,0) satisfying the followings
(RFM'—l):M(fx,fy,fz,O)zO

(RFM =2):M (éx,Ey,Ez,0) =L,V 10, x=y

(RFM ' =3): M (fx, fy,t) =M(Ex,Ez,Ey,t) =M (Ey,Ez,Ex,t), symmetry about three var riable
(RFM' -4):M (é‘x, $,82,L, tz,,tl) 2 M(Ex,Sy,Su,t, )¥ M(Ex,8u,8z,t, ) * M (Su, &y, 8z, t5)
(REM' —5):M(Ex,Ey,E2) :[0,1) - [0,1] is left continuous,V Ex, 5y, &z, Eue X, t,t,,t, -0

Definition2.2.1.18 (h): Let (X, M, {1,+) be a random fuzzy 2-metric space. A sequence { & x,} in fuzzy 2-metric

space X is said to be convergent to a point £ x € X,

IimM(éx,,éx,Ea,t)=1, foralléas X and t =0

(2) A sequence { & x,} in random fuzzy 2-metric space X is called a Cauchy sequence, if

lim M (&x

n+p?
n—0 p

éx,,Ca,t)=1, forall Sas X andt, p -0

(3) A random fuzzy 2-metric space in which every Cauchy sequence is convergent is said to be complete.

Definition2.2.1.18 (i): A function M is continuous in random fuzzy 2-metric space, iff whenever
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Forall {a e Xandt>0.
Ex, =>Ex, &y, > &y, then liil;M(fxn,fyn,fa,t)zM(fx, Ey,éa,t),NEag X andt >0
Definition2.2.1.18 (j): Two mappings A and S on random fuzzy 2-metri space X are weakly commuting iff
M(ASéu, SAéu, Ea,t)>M (Aéu, Séu, éa,t),V Eu,Ea s Xand t -0
Definition2.2.1.18 (k): A binary operation *: [0, 1]* — [0, 1] is called a continuous t-norm if
([0, 1], *) is an abelian topological monoid with unit 1 such that
a, *b, *c *d, >a, *b, *c, *d, Whenever a;> a,, by > b, , ¢; > ¢, and d; > d, for all aj, ay, by, by, ¢y, ¢
and d,, d, are in [0,1].
Definition2.2.1.18 (I): The 3-tuple (X, M, Q, *) is called a fuzzy 3-metric space if X is an arbitrary set, * is a
continuous t-norm monoid and M is a fuzzy set in X* x [0, o] satisfying the following conductions:
(RFM" =1): M (éx,E,E2,Ew,0)=0
(RFM" =2): M (éx,Ep,Ez,Ew,t) =1,V 10,
Only when thethreesimplex <x, V,Zz, w> degenerate
(RFM" =3): M (£x,8y,8z,6w,t) = M(Ex,6w,E2,Ep,1) = M (§2,Ew, &x, 8y, )= ———
(RFM" —4): M (§x, Ey,Ez,Ew,t +t, +t3) >M(Ex, 8y, 8z, 8u,t, ) *
M(Ex, Sy, qu,ew,t, ) * M(Sx,qu,5z,ew, 15 ) * M (Su, Sy, 52, 5w,1,)
(RFM" =5):M(éx,Ey,E2,Ew):[0,1) > [0,1]is left continuous,
Véx,Ey,éz,6u,éw e X, t,t,,t,,t, -0
Definition2.2.1.18 (m): Let (X, M, Q,*) be a Random fuzzy 3-metric space:

(1A sequence {EXn} in fuzzy 3-metric space X is said to be convergent to a point Ex € X, if

IimM (&x,,Ex,Ea,Eb,t)=1, forall{a,Ebe X andt =0

(2)A sequence { & x,} in random fuzzy 3-metric space X is called a Cauchy sequence, if

limM(¢x,, ,,¢x,,8a,8b,0)=1, forall$a,Ebe X and t, p -0

(3)A random fuzzy 3-metric space in which every Cauchy sequence is convergent is said to be complete.

Definition2.2.1.18 (n): A function M is continuous in random fuzzy 3-metric space if
£x, —>Ex,Ev, > &y, then lim M(Ex,, £y, Ea,£b,t)= M(Ex,Ev,£a,),¥ £a, &b & X and 10
n—>0

Definition2.2.1.18 (0): Two mappings A and S on random fuzzy 3-metric space X are weakly commuting iff,
M(ASEu, SAéu, Ea, Eb,t) > M (ASu, Séu, Ea, Eb,t) Yu,a,be Xand t -0

2.2.2 Prepositions.

Preposition 2.2.2.1 (Gregori and Sepene 2002)

Let (X, d) be a metric space. The mapping f: X = X is a contractive (a contraction) on the metric space (X, d)
with contractive constant k iff f is fuzzy contractive, with contractive constant k, on the standard fuzzy metric
space (X, Md, *), induced by d.
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Preposition 2.2.2.2 (Gregori and Sepene 2002)

Let (X, M, *) be a complete fuzzy metric space in which fuzzy contractive sequences are Cauchy. Let T: X =
X be a fuzzy contractive mapping being k the contractive constant. Then T has a unique fixed point.

Preposition 2.2.2.3 (Gregori and Sepene 2002)

Let (X, Md, * ) be the standard fuzzy metric space induced by the metric d on X. The sequence {x,} in X is
contractive in (X, d) iff {x,} is fuzzy contractive in (X, Md,*).

Preposition 2.2.2.1 and 2.2.2.3 imply that Preposition 2.2.2.2 is a generalization of Banach fixed point theorem
to fuzzy metric spaces as defined by George and Veermani.

It is to be noted that all the prepositions are true for (RFM)

Now, we state and prove our main theorem as follows,

2.3 Main Results
Theorem 2.3.1: Let (X, £2,M,*) be a complete Random fuzzy metric space in which fuzzy contractive sequences
are Cauchy and T , R and S be mappings from (X,0,M,) into itself §: £l = X is a measurable selector
satisfying the following conditions :
T(X) < R(X) and T(X) < S(X) (2.3.1.1)
- (2.3.12)

1
- 1< -1
M(T(5x).T(Ev).1) 1=k QExEnL) )

with 0 <k <1 and

M(REx, Sty £), M(SEx, REy, £), M(RE, TEx, ©),

M(SExREY,O)M(REXTEXE) M(SExTELOM(SEV.TEvL)
M(RExSEY.L) ! M(REYETY.L)
The pairs T, S and T, R are compatible. R, T and S are w-continuous. (2.3.1.3)
Then R, T and S have a unique common fixed point. (2.3.1.4)
Proof: Let &x, € X be an arbitrary point .Since T(X) < R(X) and T(X) < S(X), we can construct a
sequence {X,} in X such that

Q& x, &y, t) =min

TEx,_; = REX,, = SEx,, (2.3.1.5)
M(R‘(;xﬂlszxn+1nt)JM{SEwaExﬂ+llt)nM(R€xwT‘(;xﬂntjx

Q (B B 11) = MY prsat, Rix oy OMRER, Thrpt)  M(SEE, TEEp OM(SErs Tt 1)
M(RExn, SExn+1.L) ! M(REXn+1,TE¥n+1,L)

Now,

M{T'(;xﬂ_l, Tgxw t:l, M{Tﬁxﬂ_l, T'(;x'm t:l, M{T'(;xﬂ+14' Tgxw t:l,
M(TEx,— . TExn D)M(TEx, 4+ 1. TEX,.T)

= min M(TEx, 4, TEx,0) ’
M(TExy 3, T8 O)M (T8, TEXp 4 2.8)
M(TEIWTE-%HJ)

= min {M{T'éxﬂ_jy TExrp t)lM{TExﬂl T‘g—xﬂ+1‘ t)}
We now Claim that M{T'(;xﬂ—lJ Tgx?pt) < M{T'(;xﬂJ Tgxﬂ+11 t)
Otherwise we claim that M(TEx,,_4,TEx,,,t) = M(TEx,,, TEx,, 4, t)
ie Q(&Xp.8xnint) :F{T&HJT&H+1JI:) (2.3.1.6)

1

= Y <kle——m1uwm—— —1 3.1,
T R e s [by 2.3.1.2]
which is a contradiction.
1 1
Henee ! =+ s ) 2317

{TEx,} is a fuzzy contractive sequence in (X, {1, M,*) So {T%x,} is a Cauchy sequence
As X is a complete fuzzy metric space, {T&x,.;} is convergent. So, {T&x,.;} converges to some point z in X.
oo ATEX ), {REX,), {SEx,} converges to z. By w-continuity of R, S and T, there exists a point &u in £X such that
£x, »fu as n—>oo and so lim REx, = lim STx, =lim TEx, _4 =z implies
R&u=Stu=Té{u=%z (2.3.1.8)
Also by compatibility of pairs T, S and T, R and Tu = Ru = Su = z implies
T&z = TREu = RT{u = Rz and Tz = TSEu = STiu = Stz
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We now claim that T¢z = &z.

1 1
e G < S ——
If not M(TE-TWTE-T:-:HJC] 1 - k (M(Tgxﬂ—fl’raﬂij 1)

M(REz,5%u, t), M(S%z, REu,t), M(REz, TEz, 1),

M(5tz REWDM(REZTE=zt) M(SETEz)M(55u.TEut)
M(REz SEwi) : M{REWTEWD)

M(T&2,%2,1), M (T8, £, ), M(T%5,Tiz, ),

M(TEztz)M(TEzTEz L) M(TEzTEz)M(Ez.E2.0)
M(TEzEz.t) ! M(EzEzL)
= min {M(T&z,Ez,t), M(TEz,tz,t),1,1,1}
= M{T';;Z, £z,t)
1

M T L (M(rzxn_i,rarﬂ,cj B 1)
which is a contradiction.
Hence Tiz =&z
So £z is a common fixed point of R, T and S.
Now suppose &v # £z be another fixed point of R, T and

Q (§z, tu, t) = min

= min

M(T5x,, TE-T:-.H 0 <k (M(rzxn 2TExn ) )
M(R¥&v, 5S¢z, t), M(S&v, REz, t), M(REv, TEv, £),

M{SEvREZEM(R gurgu £) M(SEv.TEv,f)M(5Ez.TEzE)

M(REvSEz M(REz.TEz.L)

M(&v, &z, f) M(Ev ﬁz t), M (v, Ev t),

MEvEzo)M(Ev.tvs) MEvLvoM(Eztzc)
M(v.zt) J M(z.zr)

=min {M(&v,&z,t), M(Ev, Ez,t), 1,1}
= M(&v,tz,t)
: 1 <k =

MTE, Tesad) M5y TE0n0)
which is a contradiction. Hence &v = £z.
Thus R, T and S have a unique fixed point.
Theorem 2.3.2: Let (X,0,M,x) be a complete Random fuzzy 2-metric space (RF-2M) in which fuzzy
contractive sequences are Cauchy and T , R and S be mappings from (X,£,M,) into itself §: 1 = Xis a
measurable selector and a(§ )=a > Osatisfying the following conditions :

Q (&v, &u, t) = min

= min

T(X) = R(X) and T(X) = S(X) (23.2.1)
11 1
MT(E).TENEar) 151‘(@(&@&:}_ 1) 2322)

with 0 <k <1 and

M(REx,Sty, ka,£), M (Stx, REy, §a, t), M(REx, TEx, §a, £),
Q(E % Ey’ ga, t) = min M(SEx,REVEa f)M(RELTExEa L)  M(SExTExEa t)M(SEy.TEy Eat)

M(RExSEvEat) ’ M(REY.TEY.5at)
The pairs T, S and T, R are compatible. R, T and S are w-continuous.  (2.3.2.3)
Then R, T and S have a unique common fixed point. 2324

Proof: Let§xy, € X be an arbitrary point of X. Since T(X) = R(X) and T(X) < S(X), we can construct a
sequence { £ x,} in X such that

TEx,_, = REX,, = SEx,, (23.2.5)
Now,
M(REx,, §Ex,.4,8a, t), M(SEx,, REx,,, 1,80, t), M(REx,, Téx,, §a,t),
i) il 1] t 1 X
QX P 1 8L E)MR Y e e BaOM B T B0 M(Stn TE AOM(STE s s T 00
M(REX, 552, 4 5. 50.1) ! M(RE%5 41, T8y 4. 50.0)
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M{T‘éxﬂ—ll TExw Eﬂ; t): M{T‘(;xn—ll Tt—xw Eﬂ; t): M{T‘(;xn+ll T‘g—xﬂ' '(;[I, t),

M(TEx, 1 TExn Ea L) M(TEX 4 4 TEX . 8a.0) M(TE2, g, TEX, 30 0)M (57X, TEX 4 4.50.1)
M(TExp,_ o TEx, Ea.5) ! M(TExn T2+ .50.0)

=min {M{T'(;xn—ll TExy,, 5a, t), M{T'(;xnn T8xp,1.5a, t)}

We now claim that M(TEx,,_4,TEx,, ta,t) < M(Tix,, TEx, .4,8a,t)
Otherwise we claim that M(TEx,_4,TEx,,Ea,t) = M(TEx,,,TEx, 4, Ea,t)
Le. Q (§xn. Exﬂ+::llJEaJ t) =M (T&xp, TExp 1,50, ) (2.3.2.6)

=min

1
_— 1 <kl———1 2322
M T an L S (Mcrsxﬂ,rsxm,mj [by (2.3.2.2)]
which is a contradiction.
1 1
M T =i [ ' [ —— 3.2.
Hence, e rezan L =K (Mcraxﬂ-iftxwam) ) 2.3.27)

- {T ¥x,} is a fuzzy contractive sequence in (X, 0, M,*) (X, M,*). So {T{X,Q,M,*) x,} is a Cauchy sequence in
(3 0, M, =)
As X is a complete Random fuzzy2- metric space, {T &x,.} is convergent. So, {T £ x,.,} converges to some point
£zin X.
S AT Expa ), {REX,), {S Ex,} converges to § z. By w-continuity of R, S and T, there exists a point § u in X such
that £ x, - £ uasn—oo and so In REx, = In Stx, =In TEx,_1 = z implies
Riu=Stu=Tiu=%z (2.3.2.8)

Also by compatibility of pairs T, Sand T, Rand TEu=R {u=S {u = z implies

TEz=TREtu=RTLu=R{zand Ttz=TSfu=STtu=Siz
Therefore, Tiz=Riz=Stz (2.3.2.9)
We now claimthat TEz = z.

Ak T
e B oy <[
fnot ton.mn L =K (M(rzxn_ﬂ,rsrmam) )

M(REz, Stu, %a,t), M(SEz, REu,Ea, t), M(REz, Tz, Ea, t),

Q &z &u,§a, t)=min M(SE2REuEQ,IM(REZTE2ERE) M(SE2TEzE0O)M(SEuTEuERL)
M{REzStutat) * M(REuTEwka.D)

M(T%z,%2,%a,t), M(T%z,82,5a, 1), M(T%z, Tz, 8a, 1),

= min

M(Tz.z,at)M(Tz.Tz.a,t) M(Tz.Tz.ar)M(z.zat)
M(Teziziat) ' M(EzEziar)
=min {M(TEz,%z,Ea,t), M(TEz, £z, Ea,t),1,1,1]}
=M (T%z,52,%a,t)
1 1
S - SN - R ') (A S—— |
M(TEx, TEX 1 EALL) 1= k (M(Tgxﬂ—iari‘;rﬂai‘;mﬂ )
which is a contradiction.
Hence T(z=%z
So £ z is a common fixed point of R, T and S.

Now suppose £ v # & z be another fixed point of R, T and
1 1
Ve——1 <k|————1
M(TEIWTEI:-;HaEE-E) 1 - k (M{T%—xﬂ—i’?aﬂ’gmg
M(Rtv,S5tz,ta,t), M(Stv, Rtz Ea, t), M(Rty, Tty, Ea,t),

QE Vv, §u, &a, t) =min

M(Stv.REzEa ) M(RERTER QL) M(SEvTEvEat)ME(Sz.TEz. Ea L)
M(REv.5Ez.8a,1) ’ M(REzTEz.E0.L)
M(Ev,tz,%a,t), M(Ev,Ez,8a, t), M (G, Tv, Ba, t),

MEvEzia)MEviniat) M(Eniviat)M(Ezz8at)
M(rzat) ’ M(EzEzEar)
=min {M(&v,Ez,Ea,t), M(Ev, k2, 8a,t),1,,1,1}
= M(&v,&z,8a,t)
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1 1

MTT T gan T oK (M(ﬁxﬂ-rrmam) = 1)
This is a contradiction. Hence & v=_E z.
Thus R, T and S have unique common fixed point. This completes our proof.
Theorem 2.3.3: Let (X,0,M,+) be a complete Random fuzzy 3-metric space (RF-3M) in which fuzzy
contractive sequences are Cauchy and T , R and S be mappings from (X,,M,) into itself §: 1 = Xis a
measurable selector and &a ,Eb, > Osatisfying the following conditions :

T(X) c R(X) and T(X) < S(X) (2.33.1)

L (2.33.2)

1
Sl<kl——————1
M(T(5x),T(Ev)Ea.tb.r) Q(ExEn.5athr)
with 0 <k <1 and
M (R%x, 5%y, %a, b, t), M(Stx, REy, Ea, Tb, ), M (REx, TEx, Ea, &b, t),
M(Stx.RE.5a.th ) M(REx TExka tbt)  M(SExTEx.5athr)M(SEy.TEy. Ea.Ebi)

Q& x,&y, §a, t)=min

M(REx,SEv.Ea.Eb) ! M(REy.TEy Ea.Eb.)
The pairs T, S and T, R are compatible. R, T and S are w-continuous.  (2.3.3.3)
Then R, T and S have a unique common fixed point. (2334

Proof: Let&x, € X be an arbitrary point of X. Since T(X) < R(X) and T(X) < S(X), we can construct a
sequence { £ x,} in X such that

TExX,_; = REx,, = SEx,, (2.3.3.5)

M(Rﬁstﬁxnﬂn '(;[I, Ebn t), M(SExﬂJRExﬂ+1‘ Eﬂ; t)JM{REwaEwaaJ '(;b, t):
r ’ £ r t =i [
Q8% n 41,50, 80, t)=min M(SExn REXn 41 £ B OM(REY, TExn B2 Ebt)  M(5Ex, TExn 5o 5b O M(SExn 4. TE¥n + 1.5 5bE)
M(REx, SEx, . Ea.tht) ! M(REXy 49, T8 41, 52ED,E)

M(T8x, 1, TXp, 80, T, €), M(TEX,_ 3, TEX, 80, €D, £), M(TEXy, 1, TEX, §00,3b, 1),

=min

Now,

M(TExp o TE% 05D OOM(TE 4 1 TEXR 50, 50,E) M(TExn o TExn 5a.EbE)M (52 TEx 1 1. 50EDE)
M(T5xp, 1 TExptakh.t) ! M(TExp, TEx, 4 1. EaED.E)

= min {M(T¥x,_,, TEx,, £a,b, t), M(T¥x,, TEx, 1,a, b, 1)}

We now claim that M(TEx,_4,TEx,, ba,tb,t) < M(TEx,,Ttx,,.8a,Eb,t)
Otherwise we claim that M(T&x,_,,TEx,,Ea,tb,t) = M(Ttx,, Ttx,,1.5a,Eb,t)
Le. Q (Exﬂ"éxﬂ+llﬁﬂ::ll '(;b, t) =M{T‘§xﬂ,T§xﬂ+1,'§a, Ebn t) (2-3~3~6)

1
—1 <k —il by (2.3.32
M(TEx TEX 2 1.5 EhuL) 1 - (Ti‘;xmri‘;xn+:l#i‘;a4i‘;bacj [ y ( )]

which is a contradiction.
1

1
Mo e amn T K (Mr:ﬁxﬂ-jmwﬁmau) A 1) 233.7)
o {T Ex,} is a fuzzy contractive sequence in (X, {0, M,=) (X, M,*). So {T(X, {1, M,*) x,} is a Cauchy sequence in
(X, 0, M,*)
As X is a complete Random fuzzy3- metric space, {T £x,.,} is convergent. So, {T £ x,.;} converges to some point
£zin X,
S AT Expa ), {REX,), {S Ex,} converges to § z. By w-continuity of R, S and T, there exists a point § u in X such
that € x, = & uas n—>o and so In REx, = In Stx, =In T¢x,_ =& z implies
Riu=Stu=Tiu=%z (2.3.3.8)
Also by compatibility of pairs T, Sand T, Rand TEu=R Zu=S £ u = z implies
Ttz=TR{u=RTt{u=R&zand T{z=TSEu=ST{u=S¢z
Therefore, Ttz=R§{z=Siz (2.3.39)
We now claim that T £z = z.

1 1
If —1 <k _ gl
N T (Mc:raxﬂ-yrarwﬁmau) )

Q(z5u,ta b=

Hence,
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M(REz,Stu,ta, tb, t), M(SEz,REu, Ea, &b, t), M(REz,Tiz, Ea, Eb, 1),

min M(Stz.REu5ath.O)M(RE2 TSz 5a.5bt) M(S§2.TEz5a 0)M(SEuTEuEath.0)
M{REz,Stuta Ebi) ! M(REWTEWEa Eb.r)

M(T%z,8z2,8a,8b, t), M(Tt2,8z, Ea, Eb, t), M (TEz, T8z, 80, Eb, 1),

M(Tz.zEaEb)M(Tz Tz atht) M(TEzTEz ath t)M(Ez iz alb.L)
M(TEzktztathi) ’ Mgz iz Eakht)
=min {M(T¥zkz Ea, b, t), M(TEz, £z, ta, th, t), 1,1,1}
=M(T%z,z,%a,8b,t)
1
b & < —
M(TEx, TEx, 11 Eakht) 1<k (TExp— 1. TExpEa.Eb.L) 1)
which is a contradiction.

Hence TE¢z=%z
So £ z is a common fixed point of R, T and S.
Now suppose E v # & z be another fixed pomt of R, T and

= min

M(rzxmraxn+1,aa,a:,c3 (Mc:raxﬂ 2TExn §ath.) 1)
M{REU 5%z,%a,¥b, 1), M(Stv, R%z, §a, tb, t), M (RYv, Ttv, ¥a,3b, ),

M(SEv.REzEa Eb.O)M(REvTEvEakbr) M(SEvTErEakb.O)ME(52 TSz 5akh.0)
M(REVSEzEa,Ebr) ! M(REz Tz a.th,)
M (8, &z, 8a, &b, 1), M (8, £z, §a, §b, 1), M (8, §v, 3a, Eb, £),

M(EvEziatb.t)MEviniatbt) M(Eniv.iatbi)M(Ez 5z akb.t)
M(vz5atbt) ! M(Ez.5z5a.5bt)
=min {M(&v,£z,Ea,Eb, t), M(Ev, £z, 8a,tb, ), 1,1,1}
= M(Ev, k2, Eﬂ_ﬁb;t)

1
MG T, L (M(rixﬂ_yfzxﬂ,ﬁmah,c) D 1)

This is a contradiction. Hence £ v =% z.
Thus R, T and S have unique common fixed point. This completes our proof.
2.4 Integral type mapping
Impact of fixed point theory in different branches of mathematics and its applications is immense. In 2002, A.
Branciari [3] analyzed the existence of fixed point for mapping f defined on a complete metric space (X, d)
satisfying a general contractive condition of integral type.
THEOREM 2.4.1: (Branciari)
Let (X, d) be a complete metric space, ¢ €(0, 1) and let f: X—X be a mapping such that for each x, y € X,

jﬂdm’f”)g{t)dts c J':{“’”g{t)dt (2.4.1.1)
where & : [0,+00)—[0,+0) is a lebesgue integrable mapping which is summable on each compact subset of
[0,400), non-negative and such that for each & > 0, f: E(t)dt, then f has a unique fixed point a € X such that for
eachx e X, lim, . f"x=a.

After the paper of Branciari, a lot of research works have been carried out on generalizing

contractive condition of integral type for a different contractive mapping satisfying various known properties.
Theorem 2.4.2: Let (X, d) be a complete metric space and f: X—X such that

J"nd(fxa.f.)f‘) u(t)dt ta J‘nd(xa.fﬂ')"' d(y.f¥) u(t)dt +B I:(-*‘:.Y] u{t)dt-‘r",' J':“H'z{d(mfx)"' d(y.fx)} u{t)dt

Q(E v, Eu, E a, Eb,t) = min

= min

For each x, ye X with non-negative real’s a, f3, y such that 2a. +  +y < 1, where u :[0, +0)—[0, +o0)
is a Lebesgue integrable mapping which is summable , non-negative and such that for each € > 0,
f: u(t)dt >0

Then f has a unique fixed point in X.
There is a gap in the proof of theorem (3.4.2.1) . In fact, the authors [10] used the inequality fnu+bu{t)dt§

J': u(t)dt + j': u(t)dt for 0 < a <b, which is not true in general .The aim of research paper of H. Aydi [23] was
to present in the presence of this inequality an extension of theorem 2.4.2 using altering distances .
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THEOREM 2.4.3: Let (X, M, {2 ¥) be a complete Random Fuzzy metric space in which fuzzy contractive
sequences are Cauchy and T, R and S be mappings from (X, M, £2 *) into itself(42, ) denotes a measurable
space. ¢ : 12 = X is a measurable selector satisfying the following conditions:

T(X)cR(X)and T(X )< S(X)

1 1
- 1< -1
M(T(Ex).T(Ey)e)  — k(Q (Exive) )

with 0 <k <1 and
M(RExSEy.£),M(S¢x,REY. )M (REXTE L),

Qe %2y {M (SExREYCIMIREx TEx) M(SExTEx )M (EE.Y;TE_)J’;E}}
ERAE _ M(RZxSEy.t) ! MREyETyit)
J"o B(t)dt = jo a(t)dt

For every &xty € X, k €(0,1) and each t > 0, Where 8: [0,+o] > [0,+o] is a legesgue

integrable mapping which is summable on each compact subset of [0,+©0], non negative, and such
g

that, V £> 0, [ 'B(t) dt>0

The pairs T, S and T, R are compatible, R, T, S are w-continuous. Then T, R and S have a unique common fixed

point.

Proof: Let £x, € X be an arbitrary point .Since T(X) < R(X) and T(X) = S(X), we can construct a sequence
{Xy} in X such that

fon 1 fo fxﬂ

Now
M{REx,, STxp 44, 0L M(SEx, REx 4 3 8).M(REx, TEx L),
M M (S Ren 1, 0M (Rexn Tixn, t) M(SExn T Exmt)M (522n +1,Txn+ 1.8)
J-Q (Expd Xy q.L) F{t)dt o I M(RExen.Sixn +1.t) M(Rizn+ 1 Tixnt1t) ?{t)dt
=

M(TExp_ 3 TEx L M(TEx,_ o TExp O M(TEx, 4 1 TEx L),
MY M(TExn—1TExn I MITExn+ 1 Téent) MU &en—1TExntIMT s Tixn+ 1.t)
_ J« M{Texn—1.Texnt) M(TExenTExn+1,t) = {t) di
0

= f;ﬂiﬂ {M(T‘fxﬂ—rrixwEJJM(foﬂJT‘ExH-HLJc]} %(t}dt

We now claim that M(TEx,_,,TEx,,t) < M(TEtx,,TEx, . 1.t)
Otherwise we claim that M(TEx,,_4,TEx,,,t) = M(TEx,,, TEx,,, 4, t)

ie ; J‘OQ (Expéxpne4.0) %{f)dt i I:I(fowrfxﬂﬂllﬂj %{t}dt

1
==  mmm ookl =
Hence, T 1<k (M(ﬁxn_rrfxﬂ,z} 1)

{TEx,} is a fuzzy contractive sequence in (X, 0, M,*) So {Tix,} is a Cauchy sequence
As X is a complete fuzzy metric space, {T&x,.;} is convergent. So, {T&x,.;} converges to some point z in X.
© {TExn}, {REX,}, {SEx,} converges to z. By w-continuity of R, S and T, there exists a point §u in £X such that
Exn —&uas n—oo and so lim R{x, = lim S¢x, =lim Ttx,_4= z implies
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Réu=Sfu=Téu=¢z
Also by compatibility of pairs T, S and T, R and Tu = Ru = Su = z implies
T&z = TREu = RTEu = R¥z and T&z = TSEu = STEu = S&z
Therefore, TEz=REz =Stz
We now claim that T¢z = &z.

1

1
e G < S ——
If not M(TE-TWTE-T:-:HJC] 1 - k (M(Tgxﬂ—fl’raﬂij 1)

min

0 (¢ztus) M(5iz.REwt)M(REizTEzt) MISEzTEz0MSiuTEwe)
Z,CULE
jo E(t)dt = J"U

M(RZz,5zu,t) . M(RZwTZu,t) }
E(t)de

{ M(R&z.58ut).M(S¢z REwt).M(REz.TézL),

min

-f

M(T2z22.0MTE2TExt) MITE=T ex,rmcmz,ﬂ}
M(Tézizt) £ Mz, Eze)
E(t)dt

{ M(T&zEz,0)M(TézE2z0),M(TEz,TEz L),

in {M(T¢zZzt)M(T¢z,82t),1,1,1}
:J-:'a.m tziz, fz.dz, %{t)dt

= 1T () ae

1 1
= B ' [ E— 1)
M(TEX, TEX p0.L) 1=k (M(Tixﬂ—yﬁxmﬂ
which is a contradiction.

Hence Téz=¢z
So &z is a common fixed point of R, T and S.

Now suppose £v # £z be another fixed point of R, T and

1 1
O BT < R
M(TExﬂJTExﬂ-G—vE) 1 - k (M(fon—rffxwg 1)

M{REw.SEz,0).M(SEv.REz. ). M{REW.TEVL),
min { M{5tv.REz, )M (REw, TEv,c) M(SEw,TEv, ) M (552, TEz.t)
J‘nQ (Ev.Eut) %(t)dt :J"0 M(REv SE=,t) ! M(RE=,TEst) %{t)dt
M(EvEzo).M(Ev.Ezo).M(EvEue),
mMin § M (5w, 5=, 008 (Er,Ev,t) M(SrEe, )M (5, E=0)
Mwzt) ' Miz.zt)
min {M{(EwEzr),.M(EwrEz), 1.1}
= [reeaEER Ity ar

1 1
—— P < Tl 1
M(TE-TWTEI:-;HJJ 1 - k (M{Taﬂ—i’raﬂ’g )

which is a contradiction. Hence &v = £z.

Thus R, T and S have a unique fixed point.

Theorem 2.4.2: Let (X,0Q,M,x) be a complete Random fuzzy 2-metric space (RF-2M) in which fuzzy
contractive sequences are Cauchy and T , R and S be mappings from (X,£,M,) into itself §: 1 = Xis a
measurable selector and a(§ ) >0 satisfying the following conditions :
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T(X)  R(X) and T(X) = S(X) (2.4.2.1)
2
— _I<kl——1 2422
M(T(5x).T(v)8atr) — \Q(ExEnial) ( )
with 0 <k <1 and
QExEyEar)
E 8(t)dt
M(REx, 55y, 50.0), M(58x, REy. §a.t). M{REx TEx.5a.1),
m‘“{mss,z,aay,aa,rmmax,raz,amr} ucsax,raz,za,r}msay,fay,Em}
:J" M(REx,Sty.Ea.t) ’ M(REy,TEyv.Ea.t) ﬁ'{t)dt
i}

For every &xty € X, k €(0,1) and each t > 0, Where 8: [0,+o0] > [0,+w] is a legesgue
integrable mapping which is summable on each compact subset of [0,+©0], non negative, and such
that, ¥ &> 0, [~ 6(t) dt>0

The pairs T, S and T, R are compatible, R, T, S are w-continuous. Then T, R and S have a unique common fixed
point.

PROOF: Let xpe X be an arbitrary point of X. Since T(X)c R(X) and T(X)c S(X) , we can construct a
sequence {x,} in X such that

Tx,.1 = Rx, = Sx,

Now ,
M(RE2,, 552041, 50,0).M (S5, REXy 4 1, 5. 0.M (R, T2 5a.E),
— UMY pr(SEe RExp 1 a0 M(REey ThxnSar)  M(SEen TEenfa,0M(SExns . TEen+ LEat)
Q5 X 44.501)=) oy MIRExn Sty +1.50.6) L MIRSen+1.T en+ 1506}
i 8(t)dt = [, 8(t)dt

-,

_ pmin {M(TEx,_ 3, T¢x,fa,t)M(TEx, Téx, 1 fat)}
o a(t)dt

{ M(T%n— 1 T 80 M (Tt 1 TS 8 L) M(TE 4 1 TSR Q).

M(TErn — 1. T Sat )M (TExn 4 1.7 Son La.t) M(TEen—1,T5en, Sat )M (ETan TExn + 1;5::;)}
M(TEen—.TExn Eat) " M(TExnTEen +4.50.t) G(f)dt

We now claim that M(TEx,,_4,TEx,, ta,t) < M(Tix,, TEx, .4,8a,t)
Otherwise we claim that M(TEx,_4,TEx,,Ea,t) = M(TEx,,,TEx, 4, Ea,t)

1 1<k (M 1 . 1)
M(TEx, TEX 4. 5a,L) (T8, T2 4 4.52.T)
which is a contradiction

ie., [by (2.4.2.2)]

1 1
— sk 1)
M{Tx,Tx,,.a.t) (Txp Txpy 4 4.04.L)
This is a contradiction.

1

1
N WP N S
Hence, Hence, M(TEx, TExneniat) 1 —k(ucrfxn_i,ffxﬂfmﬂ

{T&x,} is a fuzzy contractive sequence in (X, M,* ). So {Tx,} is a Cauchy sequence in
(X, M,*).

As X is a complete fuzzy metric space, {T&x,_;} is convergent. So, {T&x,.,} converges to some point £z in X.
ST &), {R &), {SEx,} converges to § z. By w-continuity of R, S and T, there exists a point § u in X such
that £ x, - £uasn—o and so In REx,=InStx, =In Ttx,_1=E z implies
Riu=Stu=Tiu=%z (2.4.2.8)
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Also by compatibility of pairs T, Sand T, Rand TEu=R Zu=S {u = z implies
Ttz=TR{u=RTfu=R&zand T{z=TSfu=STiu=S&z

Therefore, Tiz=Ri{z=Sk&z (2.4.2.9)
We now claim that T§z=E z.
1 1
_____ HER u W < A - S
ot S e s L =K (M(ﬁxﬂ-ﬂmaw 1)
M(REzSIulat)M(SEz.REulat)M(REzTEz EaL),
mm{ MiS¢z.REufa t)M(REz Tz fat) M(SizTinfa 0M(SfuTiuiat) }
Q(fzfufar) M(RZzSFuat) " MRFwTEufat)
L e()dr =[ 6(t)dt

min

-

M(Tz&isiat)MITEsTaat) M(TEBJTEH;EHI}M@HE*&‘?“**}}
M(Tizizian) ’ MiEztziat) a(t)dt

{ M(T#ztzfa,),M(Tziz,fat)M(TE2 Tz, Ea,L),

-f

_ [ G2 s a0 MR 2200110 g )

M(Tzma.0M(TzTza,t) MITaTza.0Ml=sa.0 }
MTizizia) =~ MGzizian) 6(t)dt

{M (Téz iz la ) M(TEz iz ia, ) M(TEzTEz Ea L),
in

= [

1 1
e ey
which is a contradiction.
Hence Ttz=%z
So £ z is a common fixed point of R, T and S.
Now suppose & v # £ z be another fixed point of R, T and S
Now suppose § v # & z be another fixed point of R, T and

1 1
[ < M - T— |
M(TEX TEX 14,50 E) 1 - k (M(Ti‘;xn—:l#ri‘;xmgmﬂ )

{ M(REvS¢z.at),M(SIv.REza ), M(REvTEv.Ea L),
min

MiSivRiziat)M(REv,TivEat) M(SEv. TEnda )ME(S=.Tizfa.t)

Livzat QU viuiar)) VST, 2, TEE, }
J‘o H{t)dt :J'o M(R¢vS5Ezfat) M(RZzTEziat) H(t)dt

min
= Io

_ J:nin{M{v,z,a,t)M{v,z,u,tll,Lll,Ll} o (t)dt

Miiwvézfa. M Evindiat) MEv.inda.t)M (E&Ez,fn,:}}
Miv.za,t) ! M(Zz,fz8a.t) a {t) dt

{ M(ZvizianM(iviziat).M(Ev.ivdat),

1 1
B oy <k 1)
M(TExn TEX nrq. 80 L) 1<k (M(T";-Tn—iafi‘;xmgmﬂ
which is a contradiction. Hence &L v =% z.

Theorem 2.4.3: Let (X,£,M,x) be a complete Random fuzzy 3-metric space (RF-3M) in which fuzzy
contractive sequences are Cauchy and T , R and S be mappings from (X, {1, M,=) into itself §: 2 = Xis a
measurable selector and &a ,Eb, > Osatisfying the following conditions :

T(X) c R(X) and T(X) < S(X) (2.43.1)
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i il
S1I<kl——r—F——7——1 2.4.3.2
M(T(Ex).T()5athn) — (Q(ER‘J EvEatbr) ) (2:4.3.2)
with 0 <k <1 and
M(RExSEy £ a.3b,6) M(SExREY. 5 b2) MIREX TEx Za£b.),
{M(Efxﬁfy fafhtIM(RExTixta.th, t} M(SixTixtatbtIM(SEy.TEy.fa.bh, t}}
J-U QE xd ypiar)) 8(t)dt = J~ M(REx5Zy.Za.sbit) MIREy.Tiy.Eaibi) a(t)dt

For every &xty € X, k €(0,1) and each t > 0, Where 8: [0,+o0] > [0,+w] is a legesgue
integrable mapping which is summable on each compact subset of [0,+©0], non negative, and such

that, ¥ &> 0, [~ 0(t) dt>0

The pairs T, S and T, R are compatible, R, T, S are w-continuous. Then T, R and S have a unique common fixed
point.

Proof: Let£x, € X be an arbitrary point of X. Since T(X) < R(X) and T(X) < S(X), we can construct a
sequence { £ x,} in X such that

Tgxn 1~ RExﬂ };xﬂ (2-4-3.5)
Now,
M(RExp 58 x40, 8 0B, M(SE2, REXp 4.8 0). M(REX . TEX . E A ED.L),
T MSEen RE xnt 1.80.EbOM (Rezn TExntathr)  M(SExn TExntatbIM (Sien s 1TExn+ 1.8a.5b1)
J«Q(fxﬂ,fxﬂﬂ,fu,:fb,t] ﬂ{t)dt - J« M(REzn.SExn+1.5a.ibt) M(RExn+1,TExn+ 1.5a,Ehit) H{t)dt
L] L]

M(Téxp— 1. TExn fadbiL).M(TExy_ 1 TExp S0 B L)M(TE x4 1, T p @ ébuL),
MU M (T fan 1, TExnda,Eb0MTExn s 1. T xndadh: £) MUT g1, TExn 202 bt )M (ST TExnt 150,Eb)
- J' M(Téxn—1.TExnfatbht) M(TéxnTixnt+1.fa.8bt) B{t)dt
0

_pmin {M(TExy g TEx Eafb),M(TEx, TExy 1 1 £ @ Eb.E)}
=1 8(t)dt

N We now claim that M(TEx,_41,TEx,, ba,tb, ) < M(TEx,,,Ttx,,4,5a,5b,t)
Otherwise we claim that M(Téx,_y,Téx,,¢a,&b,t) = M(Téx,, Téx, 1,.8a,Eb,t)

ie., J'Q (§xpdxns pEadbr)) H{t)dt J"M(Tffxn Txpt.da4BL)) B{t)dt
1

—1<k(5 ! ~1)
M(TE-TWTE-THHEE HJ, E) {TE'T‘H’TEI‘!H- 14&1‘5]3’5]
This is a contradiction.
1

M(TEX, TE%nr.Ealbt) 1=k (M(T‘r;xﬂ_i,f'{.rﬂ,‘r;mﬁh,c) A 1) (2.4.3.7)

2 {T &x,} is a fuzzy contractive sequence in (X, 0, M,=) (X, M,*). So {T(X,Q,M,x) x,} is a Cauchy sequence in
(X, 0,M,*)
As X is a complete Random fuzzy3- metric space, {T &x,.;} is convergent. So, {T £ x,.,} converges to some point
£zin X.

AT E X}, {REX,), {SEx,} converges to § z. By w-continuity of R, S and T, there exists a point § u in X such
that € x, - £ uasn—w and so In REx, = In Stx, =In Tfx,_, =& z implies

Rtu=Stu=TEiu=Ez (2.4.3.8)
Also by compatibility of pairs T, Sand T, Rand TEu=R {u=S {u=E§ z implies
Ttz=TRt{u=RTfu=Rizand T{z=TS{u=STtu=Siz

Therefore, Téz=R&Ez=S&z
We now claim that TEz=E z.

[by (2.4.3.2)]

Hence,
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If not 1 1 <k (M — 1)

M(TEX, TEX 4 4.E0,EDLE) - (T5%p—1.TExn 5a5bE)

MRz, Sfufalb ) M(SEzREwEa,ib,t),M(REz Tz Ea,Eb,t),

—_——m., m"{ M(S2zREutatht)M(REzTEntabe) M(SEa TEda b )M(STuT futa b, r}}
2 Uy d _ M(Riz.Sruia.bbt) M(RiwTEu Ea.sbht)
J"o e(t)dt —J"U a(t)de¢

M(Tzzfafb )M Tz T fabht) MT {2 TEzbatbe)M (Faiafalb ﬂ}
MTEzteiaibt) M(fzizdasbit) B (t)dt

{ M(Té¢z.bz.fafbt).M(TEz.tz.ta b ). M(TEzTEz Ea tb.L),
min

_ J:'niﬂ M(TEzizia lb.)M(Téz iz, a i, 1)11,1} H(t)dt

— L;“(T:_E’z,:fz,fﬂ..é’b,ﬂ H(t)dt

1

—1<k (w = 1)
M(TEx,, TExy 14 EaEh.L) (T8xn—41.TEX . 5a.8b.1)
which is a contradiction.

Hence TEz=%z
So § z is a common fixed point of R, T and S.
Now suppose E v # & z be another fixed pomt of R, T and

M(TEI-WTEIH-I—FEEF&JQ (M(T iTE'T Eh
M(R:fv Sz, :fa,rfb t)L.M(Sfv.REz.éa tb )M (REvTEvsa fbL),
mm{ M(S¢v.REziatbOMREvTiv.Eatbt) M(.‘.i'Ev,‘f‘ﬂ-,fn,Eb,t]ME(Ez,TEz,Ea,Eb,t]}
J"Q('f viud adbt) g (Mt =f M(REv.52z,2a,2bE) : M(REzTintaibi) a(t)dt
o 0

M(gv.izfasbe)M Ee fv gt ht) M(Fugv fasba)M tfmfzfﬂfm}
M(v.z.Fafbt) ! Mifziziatbt) H{t)dt

M(Eviziafb).M(Eviziaib )M {viviaib.),
miﬂ{
=

R R T T

= j‘f(f"’a‘f&fﬂffbﬂ H(t)dt

: —1<k (M — 1)
M(TEx, TEX 4 4.8 Eh.L) (TExp— 1. TEx,.Ea.th.T)
This is a contradiction. Hence & v=_E z.
Thus R, T and S have unique common fixed point. This completes our proof.
Acknowledgement: Authors are thankful to MPCST for the project No. 2556.” Application of Fixed point theory
in Pure and Applied Mathematics”. This is research cum review article authors are thankful to those authors
whose references are used.
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