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Abstract

In this theorem we proves a common fixed point theorem for a pair of p-compatible maps of
integral type , further generalization is done by the existence of Banach contraction mapping
in fixed point theorem in modular metric spaces.

Introduction and Preliminaries

Fixed point theorems in modular spaces, generalised the classical banach fixed point
theorem in metric spaces. In [1], Jungck defines the notion of compatible self maps of a

metric space (X, d) as a pair of maps as a pair of maps h, T: X — X such that
for all sequences {x,} in Xwith lim,_,, hx, =lim,_,,Tx, =x€ X,
we have limd(hTx,, Thx,) =0
n—co

Then he proves a common fixed point theorem for pairs of compatible maps and a further
generalization in[5]. The notion of modulat space,is as a generalization of a metric space,was
introduced by NaKano in 1950andredefined and generalized by Musielak and Orlicz in1959.
Here our purpose is to define the notion of p-compatible mappings in modular spaces for
some common fixed point theorems

In the existence of Fixed point theory and a Banach contraction principle occupies a
prominent place in the study of metric spaces, it became a most popular tool in solving
problems in mathematical analysis. fixed point theory has received much attention in metric
spaces endowed with a partial ordering. The study of fixed point of a functions satisfying
certain contractive conditions has been at the center of vigorous research activity, because it
has a wide range of applications in different areas such as, variational, linear inequalities,
optimization and parameterize estimation Problems.

The fixed point theorems in metric spaces are playing a major role to construct methods in
mathematics to solve problems in applied mathematics and sciences.

Let f be a continuous mapping of the closed interval [-1, 1] into itself. Figure suggests that
the graph of f must touch or cross the indicated diagonal, or more precisely, that there must
exist a point X in [-1,1] with the property that f(xo) = Xo.
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The proof is easy. We consider the continuous function F defined on [-1,1] by F(x) = f(x) - x,
and we observe that F (-1) > 0 and that F(1) £.0. It now follows from the Weierstrass
intermediate value theorem that there exists a point xo in [-1, 1] such that F (x,) = 0 or f(x0) =
X0.
It is convenient to describe this phenomenon by means of the following terminology. A
topological space X is called a fixed point space if every continuous mapping f of X into itself
has a fixed point, in the sense that f(x¢) = x¢ for X in X. The remarks in the above paragraph
show that [-1, 1] is a fixed-point space. Furthermore, the closed disc [(x, y): x* + y*£ 1) in the
Euclidean plane R? is also a fixed-point space.
Example : Let f be a mapping f:R — R then a function f(x) = x2 for all x has a fixed point
on|[l,1].i.ec.
at) =4
f(0)=0
In this section we revised a basic definition and proves a common fixed point theorem for
integral type p-compatible maps in metric spaces
Definition 1.1 Let X be an arbitrary vector space over K = (]H‘. or E).
A) A functional p: X — [0, co]is called modular if:
(1) px) =0iffx = 0.
(i) p(ax) = p(x) for a € Kwith [a| = 1, forallx € X.
(iii) plax + By) < p(x) + p(y) if, = 0, + B = 1, forallx,y € X

If (ii1) is replaced by
(iv) plax+ By) < ap(x)+ Bp(y) ifa,B = 0,a+ B = 1,forallx,y €X
Then the modularp is called convex modular.

B) A modular p defines a corresponding modular space ; i.e. the spaceX,, given by:
X, ={x€X; plax) > 0asa — 0}

Definition1.2 Let X, be a modular space.

a) A sequence (Xp)nen in X, is said to be:

i) p-convergent to x If p(x, —x) > 0asn — oo,

ii) p-Cauchy if p(x, — Xp) = 0asn — oo,

b) X, is p-Complete if every p-Cauchy sequence is p-convergent.
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c) A subset B C X, is said to be p-closed if for any sequence (xp)nen © B

and x, - xwe havexeB.

d) A subset B € X, is said to be p-bounded if §,(B) = supp(x —y) < o

for all x,y € B, where 8,(B) is the p-diameter of B.

e) p has a Fatou property if

P(X T }’) = lim infp(xn 22 yn)-

Whenever x, - xandy, = yasn — oo,

f) p is said to satisfy the A, —condition if p(2x,) — 0, whenever p(x,) — 0
asn — o,

Main Section

A common Fixed point Theorem of Integral Type for contractive condition in modular
metric space

Definition 2.1. Let X, be a modular space, where p satisty the A, -condition. Two self

mappings T and h of X, are called p-compatible if (Thx, — hTx,) — 0, Whenever (x,)nen
is a sequence in X, such that hx, — zandTx, — z for some z € X,,.

Theorem 2.2 Let X, be a modular space with p-compatible , where p satisfy the A, -
condition. Suppose s,r,q ER" ;s> qand T, h: X, — X, are two p-compatible mappings
such that

T(X,) € h(Xy,)and

_ﬁ‘_h_l +(hxn+1—'1‘xn)

p(q(%lz)) (hxn+1—'1'xn3
Y)dt < «a fu Y u)de + w(®de (1)
For somer € (0,1) ,where ¢ :R* > Rt isa Lebesgue 1ntegrable mapping which is summable
non negative and for all € 0.
=
Jy w(®©dt >0 ©)

If one of h and T is continuous then there exist a unique common fixed point of h and T.

J‘P(S (Tx_Ty)]
0

Proof: Let A € R* be the conjugate of E 1e. 5 + % =1 .Let x be a arbitrary point of X, and

generate
inductively the sequence {Txy}, n€N as follows T(X,) < h(X,).
For each integer n = 1, inequality (1) shows that

h1"=n+1 h1"=n
Pla h
En+1 x11

F(S(Txm—nnl) )) P(o)dt
0

PYt)dt = « f
0
h —h
( h:":n+1 xﬂ)*‘ (hxpy1—Txp)
xn+1 xn

xn+1 xn) (hxp41—Txp)

+B f (e pDde
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[
< (a+B) _L I:'(S(%))lb(t)dt

_ F(s(l’;';;f::::)) o
0

By induction

J-p(s('rxn+1—Txn)]l|J(t)dt < M J-up(q(Tx- x)) W()dt 3)

0
Taking the limit as n— oo yields
p(s(Txn+1_Txn])
lim f P(t)dt <0
" Jo (4)
Now we can show that {Tx,} , nEN is p=cauchy. If not , then ,there exist an €> 0 and two
sequences of integer {{‘n (k)}, {m(k}}}, with n(k) = m(k) = k such that

s (q (T Txm(k))) 2 V k=123 oo 5)
We can assume that
P (q (Txn(k)—1 i Txm(k))) < € (6)

In order to show this , suppose n(k) is the smallest number exceeding m(k) for which (5)
holds and

Y= {n EN:dm(k)EN:p (q (Txn(k)-1 - Txm(kj)) > Eandn>=m(k) = k}

obviously 2; # ¢ and since X, © N then by the ordering principle , the minimum element of

2. is denoted by n(k)
and clearly (6) holds .
Now,

p(q(nxmgkg_nxngkl))
Y(dt = « f o M0 1)y () de

0

h -
M)+( a0
hxmk Txmk))
(’Lxmm Rax, iy (k)+1 (k)

P n —n,

mk) *n(k) LY
1+(nm A = )(hxm(k]+1 TXmk))

+B j *m(k) "n(k)

0

(Txm(k)-1_T~"‘n(m-1 xm(k)—l_Txn{k)—l)]

ol q ) p[q(T
- J ( T mo—1 Pngiy-1 )1;9&) dt + B j T -1 a1
0 . . 0
X, T e e
p[q( (k) -1 Fni) 1)]

— (a, +-8)f Txm{k)—1 Txn(k)—1
0

fp(S(Txm(k] Tangk) ))

P(t)dt

Y(t)dt

Y(t)de
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-1 Fn(k)—1
=7 mik)—1  “n{k)-1 ‘l,b(t)dt
0

condition and (4), then ,
Txm{k]—l - Txn(kj—1 Txm(k)—i - Txmckj * Txm(k) _Txn(kj—1
Py q =pPl4q

Lemgy—1 Tengy— Lemuo—1 Tengo—s
q qs
Yy (Txm(k)—1 - T&tm(m) LE (Txm(k]_Txn(k)—J
Lemiy-1 Pengir-1

=p ("q(Txm(kJ—l‘Txm(kJ)) +p (S(T"’m{kJ_T"n(kJ—l))

T s

Em(k)-1 nld-1
Using V,- condition and (4), then ,
lim p l]’q (Txm(k)—l - Txm(k))l i
k—oo Txm(k)_l Txm(k)

TXmk)—1"T*n(k)—1

Therefore  limy, [ ! -1 e(t)dt < | BE e(t)dt (7)
Also , by the inequality (5)
We have a contradiction. There fore ,it is a p-cauchy sequence since X, o IS p-complete, then

Txm(k]—l T"‘n(k] -1

there existaw € X p

such that p[s(Tx,, —w)] - 0asn — oo.

If T is continuous, then T2x,, — Tz and Thx,, — Tz. Since p(hTx,-Th x,))— 0, then by p-
compatibility , hT x,, = Tz.

We now prove that w is a fixed point of T, we have

Taking asn — oo,
TW—W)]

pls(Tw-w)] ola(Foar
f P()dt < 'rf e w(t)de
0 0
Which implies that
pls(Tw—w)]
j P()de< 0
0

Using inequality (2), pls(Tw —w)] - 0 and Tw = w.
Moreover T(X,)< h(X,) and thus

3 a point v such that w = Tw = hv then, the inequality,
as n — co,we have

p2ls(Tw—Tv)] Tw—m:)]
)

"[‘i’(ﬁ
P(t)de iirj wn PY(t)dt
And thus ’

w—hv

pls(w—Tv)] p[q(m)]
f Y()dt <r f Y(o)dt
5 0
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elaw—w)]
<r f Y(t)dt
0

Resulting inw =Tv = hv and hw = hTv = Thvy = Tw = w, now suppose that w and wy
are two common fixed point of T and h Then we have,

pls(w—wy)]=0
Hence w = w; is a common fixed point of T and h.

Remark 2.3 Ifs=qors=q=1,then theorem is not true.
Next The following theorem is another version of Theorem 2.2 when q =s by summing the
restrictions that T, h: B — B, where B is a p-closed and p-bounded subset of X,,.

Theorem 2.4. Let X, be a p-complete modular space, where p satisfy the A, -condition and
B is a p-closed and p-bounded subset of X,. Suppose T, h: B — B are two p-compatible
mappings such that T(X,)C h(X,) and

() + enraren
o hx—hy i 1+ it +1-Tx
ey wyar < af:((“”"”’))w(r)dr + B, )l

6]
Forall x,y € B, where s,r € R* withr € (0,1) and 1 : Rt —» R™ is a Lebesgue integrable
mapping which is summable , non negative and

an1ﬁ(t)dt >0 for all

€=0 (2)
If one of h and T is continuous then there exist a unique common fixed point of h and T.
Proof : Letx € B, andm,n € N, then

p(s(nxﬂm_hxm

p(s(Txn+m _Txm)) )
f h'5"v".|'1+'r.ra ham ) _lp (1’) dt
0

Y(t)dt < a:j

0

h —h

—hRtm  tm -

(nx nx )‘l' (Wxznemer—Txzn4m)
Xn+m *m

P i —h
X X
SL"‘ (W)(MMerJr 1~ TX2n4+m)
+ﬂ n+m ' xXm
0

P(t)de

[7]

T. -T.
(M)J, R .o B 1 S
T.

- P T-xn+m—1 Tz
Xnim-—1 "®m-a T. i Txpg
st )) Fnimel M1 ) (Txyn 4m—TXzn+m)

= a,L ‘l,b(t)dt—i—ﬁL & *m—1 Y(t)dt

(Txn +m—1_Txm—1

< (@+ph) L ﬂ(g Txmm_ﬂ”m_l))w(r)dt

Further proceeding as we get,
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Since B is p-bounded then,
P (S(Txn+m _Txm])

lim Y)de < 0
TLITL —*C0D 0
Which implies that  limy oo P (s (Txmm — Txm)) -0

Therefore by the A, -condition
(T xp)n€ N is a p-cauchy, since X, is a p-complete and B is p-closed, then there exist

aw € B such that lim,,_,,, p(s(Tx, —w)) = 0

If T is continuous ,then T2x,, = Tw and Thx, — Tw, since p( hTx,, — Thx,) — Othen by
p compatiblity , hTx, - Tw

Therefore we proves w is a fixed point of Tas hw=Tw=w .

Finally , let w and v are two arbitrary common fixed points of T and h. then
(Tw—Tv)))

pls(w—7)) p(S( Tw Tv
fﬂ Y(o)dt = L

)
)
0

Which implies that p(s(w —v)) = 0 and hence w = v.

Y(t)de

=

In the next section , the existence of a common fixed point of integral type for a quasi-
contraction map in modular spaces is presented.

3. A common fixed point theorem of integral type for quasi-contraction maps

In this section we study for quasi-contraction maps of integral type for this By definition
Definition 3.1. Two self mappings T, h : X, — X, of a modular space X, are (s, q, t)
generalized contraction of integral type. If there exists 0 < g < 1 and s, g€ Rt withs > g
such that

fnp(S(Tx_Ty)]w(t)dr = t J‘Jn(my)w(t)dt for all x, yE Xp:
Where,

m(x,y) = max {p(l(hx —hy)), p(l(hx — T)), p(Lhy — Ty)), [pU(M_Tﬂ):p("(w—m)}}

And ¢ : Rt - R is a Lebesgue integrable mapping which is summable, non-negative and
=
Jo w(@®dt >0 forall €= 0.

We now shows in the main theorem in this section.
Theorem 3.2. Let X, be a p-complete modular space , where p satisfies the A; —condition.

Suppose T and H are (s, g, t)-generalized contraction of integral type self maps of X, and

T(X,) € h(X,). If one of h and T is continuous, then there exists a unique common fixed
point of hand T.
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Proof. Let us choose s > 2q and also A € R be the conjugate ofg ; 1.e.
q,1_
S 1. Then,s > 2q

Implies that Ag < s.
Let x be an arbitrary point of X, and generate inductively the sequence (T x,) n€ Nas follows

T xp = hxyyq and T(X,)) € h(X,). Thus we have,

p(S(Txﬂ+1 _Txn]) a(xp4q —%n)
J PY(t)dt < rf P(t)dt
0 0
Where,
p(q(hxns —hxy)), p(q(Txy — hxy)), p(q(RXps1 — Txpe1))))
[p(q(hxnﬂ 2 W )) + p(q(hxn —Txpy4q ))]
a(xps1 — Xp) = max 2 ’
[p(q(?";&.f.q.1 ~=ftey )) ok P(Q(hxnﬂ —Txy ))]
1+ [p(a(Tx, — hxn))|[p(q(hxpss — Tx))] )
Then
[9]
P(Q(hxnﬂ S h, )), P(q (hxps1 — Txp4q )),
[0 i p(Q(hxn i Txn+1 ))]
alxpsr — xXp) =max 2 !
[p(Q'(hxn+1 T hxn )) 5 0]
1+0

alxpsr — xp) =max {P(Q(hxnﬂ —hxy ));P(G‘(hxnﬂ
[P(q (hxy, —Txp4q ))]}

—Txp4q )),

Moreover, by
pla(hxy —Txps1)) = p(@(Txp-1 — Txp41))

q qs
=p (Aj (Teprs —Tn) + ~ (Txn = Txny ))

=p (,'{q (T, — T, ) + s(Txp — Txpy ))
=p (S(Txn+1 = Txn) - g S(Tx'n - Txn—l ))

Then, a (an — xn) =p (s (Txn i . ))

And

jp(S(TxﬂJrl _Txn])
0

p(s(Txp —Txn_q))

Y()det < rf w(t)de
0
Continuing this process , we have,

p(s(Txﬂ_'_l _Txn])
)

pls(Tx —x))

PY(t)dt = 'r”f Y(t)dt
1]
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Taking the limit as n— oo results in limn p (s ('}'"xM g - )) =0.

Now, suppose g < s' < 2l. since p is an increasing function , then it may be written as

p (s' (Txn - )) =p (s (}";&.f.,_,1 o i - )), whenever s’ < 21 < s.Taking the limit from
both the sides of this inequality shows that lim n

p (s' (Txn - )) =0, forl < s" < 2l thus we have

limnp (s (Txn—Tan )) =0 foranys > q.

We now show that (T x,,) n€ N is a p —Cauchy. If not, then using the same argument as in the
proof of theorem 2.2 there exists an €= 0 and two subsequences {m(k)} and {n(k)} and
{n(k)} >{m(k)j= k

Such that p (s (Txm(k) - Txn(k) )) =€

As preceeding theorem 2.2 Using the A, —condition (T x,) n€ N is a p —Cauchy. Since X,, is
a p-complete, then there exists a w € X, such that

o (s (Txn —z)) — 0 as n— oo, Also taking a limit as n— oo, w is a fixed point of T.

Moreover, If h is continuous instead of T, by a similar proof as above , hw = Tw = w. Now,
for uniqueness let w and v be two arbitrary fixed points of T and h. then,

m(w,v) = max {p(q(w g v)) 0.0 [P(Q (w — v)) + p(q T w))]}

2
Therefore

p(s(w-v)) pla(w-v))
f (Ddt < r f w(e)de
0

0
Which implies that w = v.
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