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Abstract

This paper presents a new design for a Multi-rotor Unmanned Air Vehicle (UAV). The design is based on
the requirement of highly stable hover capability other than typical requirements of vertical takeoff and
landing (VTOL), forward and sidewise motions etc. Initially a typical Tri-rotor hovercraft is selected for
modeling and analysis. Then design modifications are done to improve the hover stability, with special
emphasis on compensating air drag moments that exist at steady state hover. The modified structure is
modeled and dynamic equations are derived for it. These equations are analyzed to verify that our structural
modifications have the intended stability improvement effect during steady state hover.

Keywords: Multi-rotor Crafts, T-Copter, Rotational Matrix, Pseudo Inertial Matrix, Coriolis Acceleration,
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1. Introduction

The term UAV is used interchangeably with terms Auto Pilots or Self Piloted air craft’s. UAVs are
Unmanned Air Vehicles that can perform autonomous maneuvers hence are auto pilot based. They have got
applications in military perspective as well as in civilian purposes. They are used for various functions such
as surveillance, helicopter path inspection, disaster monitoring and land sliding observation, data and image
acquisition of targets etc. (Salazar 2005, Jaimes 2008, Dong etc 2010 and Penghui 2010).This is the era of
research and development of mini flying robot that may also act as a prototype for the controller design of
bigger rotor crafts. Multi Rotor crafts have a lot of advantages over air planes and helicopter; they do not
have swash plate and do not need any runway. Changing the speeds of motors with respect to each other,
results in changing the flight direction of Multi rotors. They employ fixed pitch propellers, so are much
cheaper and easy to control (Soumelidis 2008, Oosedo 2010 and Lee 2011). This research paper comprises
of our work corresponding to tri rotor UAV Structure selection. There are various configurations possible as
shown in figure 1. We have chosen the Tee structure, known as T-Copter. It has its own merit of somewhat
decoupled dynamics in six degree of freedom as compared to other possible structures; moreover it is a
challenging system to be modeled and controlled (Salazar 2005). we would show that replacing the tail
rotor servo, which is used in most of the existing T-copter designs (Salazar 2005, Jaimes 2008, Dong 2010
and Penghui 2010), with air drag counter moment assembly has resulted in a much more simple model and
precise control on the hover making the yaw control decoupled and independent.

2. T-Copter Dynamic Modeling

Structure of a typical tri-rotor hovercraft is shown in figure 2. It has two main rotors namely A and B and
one tail rotor C. Roll @, pitch@ and yawl are defined in figure 3. In this typical configuration, tail rotor
is at a tilt angle & which is adjustable by some sort of servo mechanism (Salazar 2005). This is usually
done to have a component of force F; in E|E,-plane to compensate for net air drag moment in hovercraft
body as explained in sections to follow. But this configuration has a severe drawback that it results in an
acceleration of the body even in steady state. So first of all we would model structure of figure 2, then we
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will modify the structure so that we eliminate this effect, resulting in stable hover.

2.1 Symbols and Terms

Various symbols and terms used in the structure T-Copter in figure 2 and in its modeling equations, as
described ahead, are enlisted below.

R =Real Space, ¢ =roll, #=Pitch, y =yaw, M=mass of each rotor, @ =angular velocity
m=mass of entire Hovercraft Structure, I € R™ =Pseudo inertial matrix, R € R*’ =Rotational matrix
p (E] E,E, ) =Body Frame of Reference, A (EX E L E. ) =Inertial Frame of Reference
C.G. =center of gravity of Hovercraft body

&(x,y,z) € R’ =position of C.Gin A

17(p,0,y) € R’ =Angular displacement vector of hovercraft body

¢ =lengths of respective sides of hovercraft body

F e R’=force vector in ﬂ , reR’ =torque vector, F,=Force vector of the i rotor

Q e R’ =parasitic moment term in system dynamics

C e R’ =parasitic acceleration term in system dynamics

2.2 Newton-Eulers equations

Newton-Euler’s equations govern the dynamics of general multi rotor hovercrafts (Atul 1996, Francis 1998
and Barrientos 2009). These equations describe the dynamics of body in inertial frame of reference. These
equations are as follows,

dzf
m i =R F, —mg Ezw +(C3xl(wb’a)i’rj)
t 3x1
2 0
d'n
g =T +@3xl(a)b’a)i’rj)

Where: & =[xyz] , n=[¢ 0 y] andE.=[0 0 1]

In the following sub sections we explain various terms within these equations, develop these equations for
typical T-Copter. Then we would modify this structure so that resulting dynamic equations of modified
structure are simple and well controllable.

2.2.1. Force Vector F

Forces on the structure in £ frame are shown in figure 4 in E.FEs-plane. So the force vector comes out to
. T
be, F=[0 Fjsina F+F,+F,cosa]

2.2.2 Rotational Matrix

Force vector F in Newton-Euler’s equations is described with respect to body frame of reference £ . In order
to translate this vector in inertial frame of reference, a transformation matrix is needed, which is known as
rotational matrix. Since body can perform three rotations with respect to inertial frame of reference, we have
a possible of six rotational matrices Rgoy, Rypo, Rosw, Rovs, Rygo, Ryos .Out of the six of these possible
transformation matrices; we select the standard one namely Rye¢s and denote it by R. This rotational matrix
is given by,
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cosé@cosy siny cos @ —siné
R =] cosysinfdsing—sinycosg sinysinfdsing+cosy cosg cosdsing
cosy sin@sing+siny cosg siny sindsing—cosy cos¢ cosfcos@

2.2.3 Parasitic forces vector C

This vector includes the effects of centripetal and centrifugal acceleration of the structure and propellers. It
also includes Coriolis acceleration terms.

2.2.4 Pseudo Inertial Matrix

Pseudo inertial matrix is a diagonal matrix of form,

L. Is moment of inertia of T-Copter for rotation around FE1axis. Iien is moment of inertia of T-Copter for
rotation around E axis. lyawis moment of inertia of T-Copter for rotation around £’ axis. Our structure is
made up of cylindrical shells of radius “R”. For a cylindrical shell of figure 5 with 9T =mass of the shell, the
principle moment of inertia are given by,

I, =M(@Gr*+207)/16)-md", 1, =M(Br’+20°)/6)-Md*, I_=3r"

zz

2.2.3.1. Moment of Inertia of T Structure

Now we derive the moment of inertia of the T structure of figure 6 during roll, pitch and yaw. The moment of
inertia of the T structure during Roll i.e. rotation across E1 axis, as shown in figure 7.A, is denoted by /e, 7 .
Using the results of multi body dynamics, it is sum of moment of inertia of shell 1 around E1 axis /g1, s1 and
shell 2 around E1 axis /1, s2 .

[EI,T = {IE],SI} + {IEI,SZ}

If m; and my, are masses of shelll and shell2 then we get the following expression using parallel axis
theorem,

[EI,T = {151.51} +{[E|,sz} = {mSIRZ} +{m52R2 /2+m r /3}

5272
The moment of inertia of the T structure during pitch i.e. rotation across E2 axis, as shown in figure 7.B, is
denoted by 7, , .

IEZ,T = {[EZ,S]} + {[EZ,SZ} = {’/nSlR2 / 2 + mS] (lj + lls) / (3(11 + 14))} + {mjsz + [mjzljj}
The moment of inertia of the T structure during yaw i.e. rotation across E3 axis, as shown in figure 7.C, is
denoted by /5 .

Ly, ={, {1, =1, = {mS]RZ [2+m, (I’ +L)/ (B, +1, ))} + {mssz [2+m. I’ /3+ [mszlf]}

2.2.3.2. Moment of Inertia of Motors

Motors are assumed to be solid cylinder of length /mor , radius Rmo: and masses mmo: . During roll the
situation is shown in figure 8.A. Moment of inertia of three motors during roll are given below,

2 2 2 2 2
1 Mot,roll — mMotRMot /4+ mMmle /3, 1 Mot2,roll — mMotRMot /4+ mMmle /3+ [mMotZZ ]
2 2 2
1M0t3,roll =m,,R,, /4+ mMothot /3+ [mMotZZS]
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During pitch the situation is shown in figure 8.B. Moment of inertia of three motors during pitch are given
below,

2 2 2 2 2 2
Mot1, pitch = mMutRMu/ / 4 + mMo/ZMut / 3 + [mMo/ZB ]’ IMU!Z.piIch = mMmRMu! / 4 + mMnlle / 3 + [mMull4 ]
2 2 2
Mot 3, pitch = mMot RMor / 4 + mMorlMot / 3 + [mMor l4 ]

During yaw the situation is shown in figure 8.C. Moment of inertia of three motors during yaw are given
below,

1 =m, R, /2+[m,I 11

Mot1, yaw Mot l} Mot2,yaw

=m, R, /2+[m, 0" ]1

Mot~ y

= r’?’\/{nl}e/\/lul2 / 2 + [mMmfj]

Mot 2, yaw

2.2.3.3. Moment of Inertia of the Control Unit Rack

Control unit rack holds the batteries, sensors and electronics boards etc. It is assumed to be in the form of a
parallelepiped as shown in the figure 9. Its mass, including all parts placed in it, is mrack . During roll, pitch
and yaw, moment of inertia of rack are given to be.

—m_(a +4c)/12, I =m, (b +4c)12+[m I ], =m (@ +b)/12+[m I ]

Rack roll Rack , pitch Rack ,yaw

2.2.3.4. Diagonal Elements of Pseudo Inertial Matrix

Results of multi body dynamics show that moment of inertia T-Copter during roll i.e. o is sum of
moment of inertia of all parts of T-Copter during roll. Same is true for pitch and yaw moment of inertia,
hence,

roll

3

1 IRack,roll s Ipitch = IEZ,T + Z IMoti,pitch + IRack,pitch
i=1

1 +1

oti , yaw Rack ,yaw

IMoti Jroll +
IM

3
= IEI,T + Z
i=1
3
yaw = 1E3,T + Z
i=1
2.2.4. Nominal Torque Vector T

Figure 10 shows forces produced by propellers P, P, and P; on T-Copter body. Since torque is product of
force and moment arm, so from figure 10, nominal torque vector comes out to be,

t=[¢,(F,~F) —((F+E)+(Fcosa —{Fsna|

2.2.5. Parasitic Moment Vector Q

Parasitic moments’ vector contains all those moments that creep into the structure as a by-product of
desirable moments. They are inevitable. Brief introduction of these moments is given in following sub
sections. Expression for Q given by,

Q:Mg +M, +M/ +M._, where,

M, =Gyroscopic moment, M, =Air Drag moment, M  =Frictional moment, M _ =Inertial Counter moment

2.2.5.1. Gyroscopic Moment

Consider figure 11 in which a rotating wheel is subjected to an angular accelerationd¢ / dt . It results in a
gyroscopic moment orthogonal to both angular acceleration vector and angular velocity vector of rotating
wheel. Expression for gyroscopic moment is given by,

M, = lox(dd/df)
Gyroscopic moment is produced due to rotating propellers and rotors. If /.. is moment is inertia of rotor and
propeller then gyroscopic moment vector, as denoted by M 2> is given by,
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M =M, M, 0] =I[(&o+0,-0)d0/dt (o+o,-0)d$/dt O]

Here Megr is gyroscopic moment resulting from roll rate and Mg is gyroscopic moment resulting from pitch
rate.

2.2.5.2. Air Drag Moment

These moments are produces as propellers rotate and drag through air. They are typically taken to be
proportional to propellers’ angular velocity squared, directed counter to direction of rotation of propellers.
Denoting air drag moments by O , we get the net air drag moment of the T-Copter, denoted by M, , to be,

Md =[0 0 Ql +Q2 _Q3:|T

2.2.5.3. Frictional Moments
Frictional moments are proportional to angular velocities. Frictional moment vector ( M r ), is given by,
M,=k,[d¢/dt do/dt dy]d]

Where & ’ =frictional constant

2.2.5.4. Inertial Counter moments

Inertial counter moment is proportional to rate of change of angular velocity of propellers. It acts only in yaw
direction. Net inertial counter moment vector is given by,

M, =10 0 dol/d+de,/dt-de,/dt]

Now the final expression for (Q is given by,

Q=M,+M,+M, +M_,

0+, -
( 1 2 3)0 0 ¢ 0
Q=1, (w1+w2—a)3)¢ + 0 tk ||+, 0 )
0 O+ -0 % a)l+a;2—a)3

2.2.6. Developing Newton-Euler’s Equations

First of all we develop Newton’s Equation,

d'é
m——=RF-mg E +C
dt
R 0 0 C,
d
=>m—|y|=R F sina -mg |0 [+|C,
dt ‘
z F+F +F cosa 1 C,

Letting u_=F + F, + F, cos o and putting value of R vector, we get the results as,
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d*x ) ] ]
WZF: —U, Sln6’+(sml//c0s9)E sina +C_
t
dzy
WZW =1u_CoS 6’Sin¢+(sinl//sin¢9sin¢+cost//cos¢5)F3 sina+<Cy 3)

d’z ) o )
I’I’ZF:uZ c0s 0 cos ¢ — mg + (sin y sin Osin g — cosy cos ) F sina + C_
’ .

Now we develop Euler’s Equation,
d’n 'n n ) e’n
I—1=1+Q =>=—=1"7+1"'Q =>—=1"74+1"'"Q =>—S=1"7+1"Q
ar’ 0 dar’ 0 dr’ 0 ar’

Putting the values we get,

-1

d2 ¢ ]¢ 0 0 Zz(Fz _FI) Im//Q
? =0 I@ 0 _fl(F; +Fz)+£3F; cosa Ipm QH

v 0 0 ) —( F,sina Iw Q
Or,
d 1
dt¢ [Ez(F F)]+Imll(@¢

4

‘;ta ! [ —0,(F, + F)+(,Fcosa]+l,,Q, ?
iltz/ —[~(,Fysina]+ yan

u/

Near to stabilityi.e.¢ =0; 8 =0; d¢/dt =0; d6/dt =0; dy / dt =0 and neglecting transient disturbance

terms, Equation 2 becomes,

e-[o 0 g+0,-0]=[0 0 0.]

Equation set 3 becomes,

2 2 2
d'x ) d’z

m——sml//l*;sma, mF—cosy/F sin, M—sx

t

=u_—mg—-cosyF, sina 5)
dr’ drr - ’

Equation set 4 becomes,

d2¢ 0(F,—F)|, ﬁ=i —E(F+F)+£Fcosa,dz—w I —0,Fysina |+ 1,
2 (U5 ) T E30

dr* 1¢ 1, a1,

(6)
Now it is evident from Equation set (5) and (6) that tail rotor tilt angle (¢ ,that was introduced to compensate
for Onet in equation set (6) has made accelerations in X, y and z directions dependent upon ¥/ in a
non-linear fashion and has made the model much complicated to control even near to the steady state
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condition. Even at steady state, T-copter body would accelerate in xy-plane, a fact evident from equation set
(5). Hence results in failure to achieve stable hover.

2.2.7. Design Modification for Stable Hover

Since Qrer has comparatively very small magnitude, we can counter balance it by a small counter air drag
couple by two small motors’ set M:,1 and M:,> as shown in the figure 12, and turn « =0. Two propellers of
counter air drag couple motor assembly are chosen to be of opposite pitch so they rotate in opposite direction
with equal speed. This would balance out their gyroscopic moments and air drag moments all the time.
Moment of inertia for this counter air drag couple motor assembly can easily be calculated during roll, pitch
and yaw by the procedure described above. Moment of inertia of this assembly can then be added in
respective diagonal elements of Pseudo inertial matrix.

2.2.8. Developing Newton-Euler’s Equations for Modified T-Copter Structure

If the distance between motors M:,1 and M:,2> is ¢ in figure 12 then moment produced by them has the
magnitude £ [, which is counter to air drag moment. So Equation set (3) becomes,

d’x ) d’y ) d’z
mdt2 =-u_sinf+C_, m?=u2c05951n¢+(ﬁy, mﬁzuzcosé?cosgé—mgHCZ (7)

And equation set (4) becomes

d’0 1

dar 1,

d’¢ 1
W?ZE[%(Fz _F1)]+@¢a

dy _ 1
[0+ )+ 6R]Q, b =r[-tF]+0, ®
74

An immense simplification in the structure dynamics is evident from equation sets (7) and (8) as compared to
equation sets (3) and (4). Most of the nonlinearities of previous model are eliminated. Linear accelerations
have been made decoupled from yaw angle as clear from equation set (7).Now we observe the behaviour near
to steady state i.e. ¢=0; 6 =0; dgp/dt=0; d0/dt =0; dy /dt =0

Neglecting transient disturbance terms, equation set (7) becomes,
m—s =0, m—5-=0, m—s=u —mg 9)

Equation set (8) becomes,

2 2
dt p o,

¢ 1 o 1 d’y 1

g KRl B LGRSO AR M S A (10)

So we see that our structural modification has resulted in an extremely stable model near to steady
state which is evident from equation sets (9), (10) as compared to equation set (5) and (6).

5. Conclusion

In typical Tri-rotor Hovercrafts, air drag moments of propellers are compensated by tilting the tail rotor
through an angle, by using some sort of servo mechanism. Such arrangement results in an unstable steady
state hover and much more complicated system dynamics. If tail rotor servo mechanism is replace by a cheap
counter air drag couple motors’ assembly, we get immensely simple system dynamics and completely stable
steady state hover.
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A. T structure during roll B. T structure during pitch C.T structure during yaw

Figure 7. T structure during three angular rotations in space

A. Motors during roll B. Motors during pitch C. Motors during yaw

Figure 8. Motors during three angular rotations in space

Figure 9. Control unit rack
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Figure 12. Modified T-copter Structure
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