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Abstract-

This paper presents a simplified step by step procedure for the design of H,, controller for a given system. H,,
control synthesis is found to guarantee robustness and good performance. It provides high disturbance rejection,
guaranteeing high stability for any operating conditions. H infinity controller can be designed using various
techniques, but H infinity loop shaping finds wide acceptance since the performance requisites can be
incorporated in the design stage as performance weights. Here this technique has been utilized to address some
simple problems. Simulation results are given in the end to verify the validity of technique.
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1. INTRODUCTION

Considerable advancement has been made in field of H infinity control synthesis since its inception by
Zames. One can find a number of theoretical advantages of the methodology such has high disturbance rejection,
high stability and many more. It has been widely used to address different practical and theoretical problems.

Mixed weight H Infinity controllers provide a closed loop response of the system according to the design
specifications such as model uncertainty, disturbance attenuation at higher frequencies, required bandwidth of
the closed loop plant etc. Practically, H Infinity controllers are of high order which, may lead to large control
effort requirement. Moreover, the design may also depend on specific system and can require its specific
analysis. When H,-optimal control approach is applied to a plant, additional frequency dependent weights are
incorporated in the plant and are selected to show particular stability and performance specifications relevant to
the design objective defined in beginning.
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Figure 1: Classical feedback system structure with single weighting

Various techniques are available in literature for the design of H infinity controller and H infinity loop
shaping is one of the widely accepted among them as the performance requirements can be embedded in the
design stage as performance weights. The classical feedback system structure shown in Fig.1 establishes in
general that weighing various loop signals in a way determined by the design specifications, the plant can be
augmented possibly to produce useful closed loop transfer function tradeoffs. Here, a linear plant model is
augmented with certain weight functions like sensitivity weight function, etc. so that desired performances of
closed loop transfer function of the plant can be assured.

In this paper, we propose a simplified, step by step procedure for automatic weight selection algorithm for
design of controller using H- infinity controller. Furthermore, the paper has been divided in two sections. Section
2 gives the short review of H- infinity controller and further design examples are given in section 3.

2. H INFINITY CONTROL

H,, based robust control is proposed here, which deals with the characteristics such as amplifiers delay or
sensors offset.First proposed by Zames, robust control theory addresses both the performance and stability
criterion of a control system. Considering G (s) and K(s) as the open loop transfer function of the plant and
controller transfer function respectively, this will ensure robustness and good performance of closed loop
system.Controller K(s) can be derived, provided it follows three criterions, which are:
1.1 Stability criterion

If the roots of characteristic equation 1 + & (s) K(s) =0 are in left half side of s plane, then stability is
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ensured.

1.2Performance Criterion

It establishes that the sensitivitys({s} = L/{1 + G{s)& (=) Jis small for all frequencies where disturbances
and set point changes are large.
1.3Robustness criterion

It states that stability and performance should be maintained not only for the nominal model but also for a
set of neighboring plant models that result from unavoidable presence of modeling errors. Robust H.. controllers
are designed to ensure high robustness of linear systems.

Guangzhong Cao, Suxiang Fan, Gang Xu, Arredondo and J. Jugo, ZdzislawGosiewski,
ArkadiuszMystokowski, proposed the detailed design procedure for Hx control of linear system. Generally, the
H. norm of a transfer function, F, is its maximum value over the complete spectrum, and is represented as

IFG) llz=supa(Flje) ) (1)

Here, @is the largest singular value of a transfer function. The aim here is synthesize a controller which will
ensure that the Hoo norm of the plant transfer function is bounded within limits. Various techniques are there for
the design of the H. controllers such as two transfer function method and three transfer function method. The
former one has less computational complexities and so can be preferred over the former one for Hoo controller
synthesis. The formulation of robust control problem is depicted in Fig. 2. Here, ‘w’ is the vector of all
disturbance signals; ‘z’ is the cost signal consisting of all errors. ‘v’ is the vector consisting of measurement
variables and ‘u’ is the vector of all control variables.
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Figure 2: Robust Control Problem

Conventionally, H,, controller synthesis employs two transfer functions which divide a complex control
problem into two separate sections, one dealing with stability, the other dealing with performance. The
sensitivity function, S, and the complementary sensitivity function, T, which is required for the controller
synthesis and are given in (2) and (3).

5= 2
l-l—r.?K{]
T = X 3
T 146K (3)

Sensitivity function is the ratio of output to the disturbance of a system and complementary sensitivity function
is the ratio of output to input of the system.

Now our objective is to find a controller K, which, based on the information in v, generates a control signal
u, which counteracts the influence of w on z, thereby minimizing the closed loop norm w to z. This can be done
by bounding the values of {5} for performance (T }for robustness. Minimizing the norm

ming [IN (K 4)
" SWhere,

=
W.T (5)
WzandW; are the weight functions to be specified by the designer. As we know that the ultimate objective of the
robust control is to minimize the effect of disturbance on output, the sensitivity S and the complementary
function T are to be reduced. To achieve this it is enough to minimize the magnitude of I5land|T! which can be
done so by making

we|
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W.is the performance weighting function which limits the magnitude of the sensitivity function and W;is
the robustness weighting function to limit the magnitude of the complementary sensitivity function Most widely
used technique for selecting the weight functions for the synthesis of the controller is loop shaping technique.

As it is already known that the robust controller is designedso as to make the H.; norm of the plant to its
minimum and so achieve this condition three weight functions are added to the plant for loop shaping. Basically,
the weight functions arelead-lag compensators and can modify the frequency response of the system as desired.
To obtain the desired frequency response for the plant, loop shaping is employed with the weight functions.
There are various methods for loop shaping. The parameters of the weight functions are to be varied so as to get
the frequency response of the whole system within desired limits.The block diagram in Fig. 3 describes the
mixed Sensitivity problem.
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Figure 3: Plant model for the synthesis of H.. controller
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Figure 4: General control problem

The generalized plant P(s) is given as,

z, W -W.G
Z | _ 0 w,. w (6)
z, 0 W,G ||u
e 1 -G

Considering the following state space realizations

s|A| B s s| A B, s
G=l1p | W= A v ’
C D ‘ Cks Dks

a possible state space realization for P(s) can be written as
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From (6) and (7) we can write a mixed sensitivity problem as

w.S
P=|W_KS (8)
wT

In case of mixed sensitivity problem our objective is to find a rational function controller K(s) and to make the
closed loop system stable satisfying the following expression

w.S
min ||P|| =min| W _KS |=vy )
w.T
where, P is the transfer function from w to Z i.e
T |=v (10)

T

| = P is the cost function. Applying the minimum gain theorem, we can make the Hynorm of

where,

|TZW| less than unity, i.e,
w,s
| = min| W, KS | <1 (1)
wr
Therefore we can achieve a stabilizing controller K(s) is achieved by solving the algebraic Riccati
equations, thereby, minimizing the cost function y.
As mentioned in the robust control theory the synthesis of the controller requires the selection of two
weight functions. There are various methods available in literature for selection of weights. In most of these
design methods the weighting functions are selected using trial and error and further the Hoo controller is

synthesized by loop shaping technique. But train and error procedure may not end up in a stabilizing controller
and thisis the main draw back in this type of synthesis.

min

TZ w

The weights W,,W;; and W} are the tuning parameters and it typically requires some iterations to obtain
weights which will yield a good controller. That being said, a good starting point is to choose

W :s/M+(nO (12)
s+o,4
W, = const. (13)
s+, /M
=0 (14)
As+ o,

where A < 1 is the maximum allowed steady state offset, cuy is the desired bandwidth and M is the sensitivity
peak (typically A = 0.01 and M = 2). For the controller synthesis, the inverse of W;is an upper bound on the
desired sensitivity loop shape, and Wiz will effectively limit the controller output u which is symmetric to W;
around the line e = wy.Fig shows the two weighting functions for the parameter values A = 0.01(= —40dB), M
=2(= 6dB) and wyg = 1 rad/sec.

3. DESIGN EXAMPLE

3.1 Example 1
Let the plant and nominal model are considered as follows:

10
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85
(s+1)(0.15 +2)’

The weighting functions designed by the algorithm are I} serves to satisfy the control specification for the
sensitivity characteristic and the response characteristic.Here it can be taken as

_s+5
' s+5e-4

Plant =

and

This produces the following controller

(5)= 4976+4.08¢005s° +1.274007s” +1.835¢008s" +1.127009s” +1.752¢009s” +7.917¢008s +3.981¢005

s* +6827s” +7.03920035s° +3.094€007s” +6.211e008s"* +4.799¢009s” +4.212¢009s” +4.209¢006s +1060
With GAMMA=1.2441
The largest singular value Bode plots of the closed-loopsystem are shown in Fig. 5. We note that the

Hzcontroller typically gives arelatively at frequency response since it tries to minimize the peak of the
frequencyresponse.
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Figure 5:The largest singular value plot of the closed-loop
System T,,with aHcontroller
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Figure 6:The frequency responses of S, T,KS and
GKwith K

Robust Hoo controller developed not only operates on the known plant in a stable environment, but alsoprovides
good control for a set of nearby uncertain plants.The system must be robust enough to providegood performance
and stability over the uncertainty. Singular values are a good measure of the systemrobustness. The Fig.6 plots
the singular value plot of the system with H infinity control.
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Figure 7: Step response
3.2 Example 2
The given plant model is,

39
Plant = 3
25s° +7s —4e005
with the weight function as,

W (s) _Ss+ 300
3s+15
s+100

(-0
s+200

Solving with the help of weight functions, we get the controller as,
1.385e015s> +5.016e017s> +5.118e019s +1.25¢021

K(S) =7 3 2
s +7.537e006s” +2.243¢011s° +6.926e014s +3.457e¢015
With GAMMA=0.7785
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Figure 8: The largest singular value plot of the closed-loop

System T, with a H_controller

The largest singular value Bode plots of the closed-loopsystem are shown in Figure 8. We note that the
Hy controller typically gives arelatively at frequency response since it tries to minimize the peak of the
frequencyresponse.
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Figure 9: The frequency responses of S, T, and
GK with K
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Robust Hoo controller developed not only operates on the known plant in a stable environment, but alsoprovides
good control for a set of nearby uncertain plants.The system must be robust enough to providegood performance
and stability over the uncertainty. Singular values are a good measure of the system robustness. The Fig (9) plots
the singular value plot of the system with H infinity control.
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Figure 10: Step response
4. CONCLUSION

A step-wise procedurefor the design of H,, controller has been presented in detail in this paper. It has been
observed from analysis that H,, controller guarantees robustness, good performance in terms of sensitivity and
provides high disturbance rejection, providing high stability for any operating conditions. Simple illustrative
examples have been considered and loop shaping technique has been utilized to solve the problems. Simulation
results presentedhere verify the validity of loop shaping technique.
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