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Abstract

The aim of this paper is to prove some common fixed point theorems for weakly compatible mappings in
Generalized cone metric space.
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1.Introduction:

The concept of D-metric space was introduced by Dhage (Dhage, 1992). It was shown that certain theorems
involving Dhage’s D -metric space are flawed and most of the results claimed by Dhage and others are invalid.
These errors were pointed out by Mustafa and Sims (Mustafa and Sims, 2006), among others. They also introduced
a valid generalized space structure, which they call G -metric spaces.

Huang and Xian (Huang and Xian, 2007) introduced the notion of cone metric space by replacing real numbers with
an ordering Banach space and obtained some fixed point theorem. Afterwards some common fixed point theorems
in cone metric spaces are studied by Abbas , Jungck and Rhoades (Abbas and Jungck, 2008, Abbas and Rhoades,
2008). Recently, Rezapour and Hamlbarani (Rezapour and Hamlbarani, 2008) omitted the assumption of normality
in cone metric space, which is a milestone in developing fixed point theory in cone metric space.

Jungck (Jungck, 1996) defined a pair self mappings to be weakly compatible if they commute at their coincidence
point. In 2009, J.O.Olaleru (Olaleru, 2009) proved some common fixed point theorems in cone metric spaces for
weakly compatible mappings. More recently Ismat Beg et. al (Beg et.al, 2010) introduced the concept of G-cone
metric space by replacing the set of real numbers by an ordered Banach space, proved convergence properties of
sequences and proved some common fixed point theorems in this space.

In this paper, we prove common fixed point theorems for two self mappings satisfying the concept of weak
compatibility in G-cone metric spaces which generalizes the result of Ismat Beg et.al.

2.Preliminaries:

Let E be areal Banach space. A subset P of E is called a cone if and only if:

(@) P is closed, non empty and P # {0};

(b)a,b € R,a,b =2 0, x,y € P=>ax + by € P; More generally if a,b,c € R
,a,b,c= 0,x,y,2€ P = ax + by + cz € P;

© P n(=P) = {0}

Givenacone P c E, we define a partial ordering < with respectto P by x < yifandonlyify —x € P.Acone
P is called normal if there is a number K > 0 such that forall x,y € E,
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0 <x < yimplies|x|| < K ||yl

The least positive number satisfying the above inequality is called the normal constant of P, while x <« y stands for
y — x € intP (interior of P):

Rezapour and Hamlbarani (Rezapour and Hamlbarani, 2008) proved that there are no normal cones with normal
constants K < 1 and for each k > 1 there are cones with normal constants K > k:

Definition 2.1(Beg et. al, 2010): Let X be a nonempty set. Suppose a mapping G : X X X X X — E satisfies:
G)Gxy,2)=0ifx =y =z

(Gy) 0 < G(x,x,y); whenever x # y, forallx; y € X,

(G3) G(x,x,¥) < G(x,y,z); whenevery # z,

(Gy) G(x,y,z) = G(x,2,v) = G(y,x,z) = --- (Symmetric in all three variables),

(Gs) G(x,y,2) <G(x,a,a) + G(a,y,z)forall x,y,z,a € X.

Then G is called a generalized cone metric on X, and X is called a generalized cone metric space or more specifically
a G — cone metric space.

The concept of a G — cone metric space is more general than that of a G —metric spaces and cone metric spaces.

Definition 2.2 (Beg et. al, 2010) : A G — cone metric space X is symmetric if
G(x,y,y) =Gy, x,x)forall x,y € X.
Following are examples of symmetric and non symmetric G —cone metric spaces respectively.

Example 2.3: Let (X, d) be a cone metric space. Define G : X XX XX - FE by G(x,y,z) = d(x,y) + d(y,z) +
d(z,x).

Example 2: LetX = {a,b},E = R3,P = {(x,y,2) €EE:x,y,z=>0.Define G : XXX XX > E by
G(a,a,a) = (0,0,0) = G(b,b,b),
G(a,b,b) =(0,1,1) = G(b,a,b) = G(b,b,a),
G(b,a,a) =(0,1,0) = G(a,b,a) = G(a,a,b)
Note that X is nonsymmetric G —cone metric space as G(a, a,b) # G(a, b, b).

Proposition 2.5(Beg et. al, 2010): Let X be a G — cone metric space, define d;: X X X — E by
de(x,y) = G(x,y,y) + G(y,x,x)
Then (X, d;) is a cone metric space.
It can be noted that G (x,y,y) < gdG (x,¥). If X is a symmetric G — cone metric space, then
dG(xly) = ZG(x,y,y)
forall x,y € X.

Definition 2.6 (Beg et. al, 2010): Let X be a G — cone metric space and {x, } be a sequence in X.We say that {x,} is:

(a) Cauchy sequence if for every ¢ € E with 0 « c, there is N such that for all n,m,l > N, G(x,, xpn, x; ) K c.

(b) Convergent sequence if for every c in E with 0 < c, there is N such that for all m,n > N, G(x,, X, x) < ¢
for some fixed x in X. Here x is called the limit of a sequence {x,} and is denoted by lim,,_,,, x, = x or x,, = x.

A G — cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X.
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Proposition 2.7(Beg et. al, 2010): Let X be a G — cone metric space then the following are equivalent.
(i) {x,}is converges to x.

(i) G (xy, X, x) = 0 @S N — o0,

(iii) G(x,, x,x) = 0as n — oo.

(iv) G(xp, X, x) > 0@S m,n — o0

Lemma 2.8 (Beg et. al, 2010): Let {x,,} be a sequence ina G — cone metric space X and x € X. If {x,,} converges
to x € X, then {x,,} is a Cauchy sequence.

Definition 2.9 (Jungck, 1996): Let f and g be two self-maps defined on a set X then f and g are said to be weakly
compatible if they commute at coincidence points.

3. Main Results:

Theorem3.1: Let X be a complete symmetric G-cone metric space and T, S: X — X be a mapping satisfying one of
the following conditions

G(Tx,Ty,Tz) < aG(Sx,Sy,Sz) + bG(Tx,Tx,Sx) + cG(Ty,Ty,Sy) + dG(Tz,Tz,5z) + eG(Ty, Ty, Sx)

+fG(Tx,Tx,Sy) ..(1)
Or
G(Tx,Ty,Tz) < aG(Sx,Sy,Sz) + bG(Tx,Sx,Sx) + cG(Ty,Sy,Sy) + dG(Tz,5z,5z) + eG(Ty, Sx, Sx)
+fG(Tx,Sy,Sy) . (2

For all x,y,z € X where a,b,c,d,e,f €[0,1) and a+b+c+d+e+ f <1._Suppose T and S are weakly
compatible and T(X) c S(X) s.t. T(X) or S(X) is a complete subspace of X, then the mappings T and S have a
unique common fixed point. Moreover, for any x, € X, the sequence {x,} € X, defined by Sx, = Tx,_, for all n,
converges to the fixed point.

Proof : Suppose that T satisfies condition (1) and (2), then for all x,y € X
G(Tx, Ty, Ty) < aG(Sx,Sy,Sy) + bG(Tx,Tx,Sx) + (c + d)G(Ty,Ty,Sy) + eG(Ty,Ty,Sx) + fG(Tx,Tx,Sy)

.. (3

And

G(Ty,Tx,Tx) < aG(Sy,Sx,Sx) + bG(Ty,Sy,Sy) + (¢ + d)G(Tx, Sx,Sx) + eG(Tx,Sy,Sy) + fG(Ty, Sx,Sx)
.. (4)

Since X is a symmetric G-cone metric space therefore by adding (3) and (4) we have ,

b+c+d
2

b+c+d
2

dg(Ty,Sy) + 2L dg(Ty,sx) + ezidg (Tx,Sy)

2

de(Tx,Ty) < ad;(Sx,Sy) + dg(Tx,Sx) +

Let a = a, b+c+d=ﬂ=y,%=n=6
s>a+f+y+n+6<1
Or
de(Tx, Ty) < ad;(Sx,Sy) + Bd;(Tx,Sx) + yd;(Ty,Sy) + nd;(Ty,Sx) + 6d;(Tx,Sy) ...(5
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If Tx, =Tx,_, for all n € N then {Tx,} is a Cauchy sequence. If Tx, # Tx,_,for all n € N then put x =
Xn+1, Y = Xy in (5), we get

dG (Txn+1' Txn) <
adG (an+1v an) + ﬁdG (Txn+1v an+1) + de (Txn: an) + ndG (Txn; an+1) +
5dG (Txn+1' an)

Using the fact that Sx,, = Tx,,_, for all n, we have

dG (Txn+1' Txn) <
adG (Txn' Txn—l) + ﬂdG (Txn+1' Txn) + de (Txnv Txn—l) + ndG (Txn: Txn) +
8ds(Txpt1, Txn-1)

dG (Txn+1' Txn) <
adG (Txn' Txn—l) + ﬁdG (Txn+1' Txn) + de (Txnv Txn—l) + ndG (Txn: Txn) +
S(dG (Txn+1' Txn) + dG (Txn: Txn—l))

Or
{1 - (ﬁ + 6)}d6 (Txn+1'Txn) < {(X + Y + 6}dG (Txn: Txn—l)

It further implies that
dG (Txn+1' Txn) < pdG (Txn' Txn—l)

{a+y+6}
{1-(B+8)}

where p =

Consequently
dG (Txn+1' Txn) < pndG (Txn' Txn—l) (6)

Now for all m,n € N withm > n, we have
dg (Txm' Txn) <dg (TxmvTxm—l) +dg (Txm—erxm—Z) + -+ dg (Txn+1' Txn)
= @™+ ™+ e+ pM)dg (Txy, To)
n
< f_—pdG(Txl,Txo)

Let 0 < ¢ be given. Following similar argument to those given in [9, theorem 2.3] , we conclude that
o dG(Txl,Txo) & c. So we have dg;(Txp, Tx,) < c , for all m > n . Therefore {Tx,} isa Cauchy sequence

ince T(X) or S(X) is a complete subspace of , then there exist x* € X such that Tx,, - x* and Sx, - x*. Let
z € X suchthat Sz = x*. We claim that Sz = Tz. From (5) we have,

de(Tx,, Tz) < adg(Sx,, Sz) + Bdg(Tx,, Sxy,) + yde(Tz,52z) + nd;(Tz,Sx,) + 6dg(Txy, Sz)

Lettingn — o
de(x*,Tz) < adg(x*,5z) + Bdg(x*,x*) + ydg(Tz,x*) + nd;(Tz,x*) + §dg(x*,S2)
de(x",Tz) < (v + n)ds(Tz,x")

Hence x* =Sz =Tz.
Since Sz =Tz and T & S are weakly compatible then Tx* = T(Sz) = S(Tz) = Sx”.
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Next we show that x* = Tx™ = Sx™. Suppose x* # Tx", then we have

de(Tx*,Tz) < ad;(Sx*,Sz) + Bd;(T x*,Sx*) + yd;(Tz,Sz) + nd;(Tz,Sx™) + 6d;( Tx*, Sz)
< adg(Tx*,Tz) + nd;(Tz, Tx™) + 6d;(Tx*,Tz)
=(a+n+8)d;(Tx*Tz) <d;(Tx*,Tz)

This is a contradiction and hence x* = Tx* = Sx*. Thus x* is a common fixed point of T& S. The uniqueness
follows from (1).

Theorem3.2: Let X be a complete symmetric G-cone metric space and T,S: X — X be a mapping satisfying one of
the following conditions:

G(Tx,Ty,Tz) + pmax{G(Tx,Tx,Sx),G(Ty,Ty,Sx),G(Ty,Tz,Sx)} <
p max{G(Sx,Sy,Sz),G(Ty,Ty,Sy),G(Ty, Tz, Sy)} +
gmin{ G(Ty,Ty,Sx),G(Tx, Ty, Tz),G(Tx,Tx,Sy)} (7

For all x,y € X where p > 0,q > 0 s.t. p+q < 1._Suppose T and S are weakly compatible and T (X) < S(X) s.t
T(X) or S(X) is a complete subspace of X, then the mappings T and S have a unique common fixed point.
Moreover ,for any x, € X, the sequence {x,} € X, defined by Sx,, = Tx,,_, for all n, converges to the fixed point.

Proof: Putting x = x,,4,y = z = x,, in (7), we get

G (Txn+1v Txn' Txn) + p max{ G(Txn+1: Txn+1: an+1): G (Txnr Txnr an+1)» G(Txnr Txn» an+1)} =
p max{ G(Sxp,1,S%n, Sx,), G(Txy, Txp, Sx), G(Txp, Txp, Sx,)} +
q min{ G(Txn: Txnr an+1): G (Txn+1r Txnr Txn)» G(Txn+1» Txn+1» an)}

G (Txn+1' Txn' Txn) + p max{ G(Txn+1l Txn+1: Txn): G(Txn: Txn: Txn): G(Txn: Txn: Txn)}
<p max{G(Tx,, Txp_1, Txp_1), G(Txy, Txp, Txp_1), G(Txp, Ty, Txp_1)}
+ qmin{ G(Tx,, Tx,, Tx,), G(Txpt1, Txpn, Tx2), G(TXp 41, TXps1, TXp—1)

Or
1 1
5% (Txp41, Txp) + p max {5 de(Txpeq, Txy), 0,0} <
. 1 1
p max {% dg(Txp, Txp_1) % dg(Txp, Txp_4) idc (Txy, Txn—1)} + q min{0, > dg(Txn, Txni1), > d(Txny1, Txn-1)}

..(8)
1 p
E{da (Txn+1' Txn) + pdG (Txn+1' Txn)} < E dG (Txn: Txn—l) +0
dG (Txn+1' Txn) < L dG (Txn: Txn—l)
p+1
Which implies that
dG (Txn+1: Txn) < de (Txn' Txn—l)
Where k = 2 < 1
p+1
Consequently

dG (Txn+1' Txn) < kde (Txnt Txn—l)
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Now for allm,n € N withm > n, we have

n

de(Tx, Tx,) < 1%

dg(Txq, Txy)

Let 0 < ¢ be given. Following similar argument to those given in (Rezapour and Hamlbarani, 2008, theorem 2.3) ,
n
we conclude that Ik_—de (Txy,Txy) < c. So we have dg(Txp, Tx,) < ¢, for all m > n . Therefore {Tx,} is a

Cauchy sequence. Since T(X) or S(X) is a complete subspace of , then there exist x* € X such that Tx, - x*
and Sx,, = x". Let z € X such that Sz = x*. We claimthat Sz = Tz.

Putting x = x,,,y = z in (7), we get

% d;(Tx,, Tz) + p max {% de(Tx,, Tz), % dg(Tz,Sx,), % d;(Tz, an)} <
p max {% d¢(Sx,,S2) % d;(Tz, Sz), % d;(Tz, Sz)} +q min{% d¢(Tz,Sxy,), % d¢(Tx,, Tz), % d¢(Tx,, S2)}

Whenn — o
1 1 1 1
Eda (x*,Tz) + p max {E de(x” ,Tz),EdG (Tz,x* )'EdG (Tz,x* )}
1 1 1
< p max {E de(x™,x” ),EdG(TZ,x* ),EdG(Tz,x* )}

1 1 1
+q min{i dg (Tz,x*),EdG (x* ,Tz),EdG (x*,x*)

1
S+ PG, T2) < gdG(Tz,x* )

or
de(x*,Tz) < 1_T_;pdG(Tz,x* ) <dg(x*,Tz)

which is a contradiction and so x* = Tz = Sz.

Since Tz = Sz and T&S are weakly compatible then Tx* = T(Sz) = S(Tz) = Sx”.
Next we show that x* = Tx* = Sx*. Suppose x* # Tx".

Let x =x%,y=z=w in(7),we have

1 1 1 1
Eda (Tx*,Tw) + p max {E dg(Tx* Sx*),zdc (Tw, Sx* )'Edc (Tw, Sx* )}
1 1 1
< pmax {E dg(Sx*,Sw ),Eda (Tw, Sw )'Edc (Tw, Sw)}

1 1 1
+q min{z dg(Tw, Sx*),EdG (Tx~, TW),EdG (Tx*,Sw)
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1 1 1 1
Eda (Tx*,Tw) + p max {E dg(Tx* Tx*),EdG (Tw, Tx~ )'EdG (Tw, Tx* )}
1 1 1
< p max {E dq(Tx*,Tw )'Edc (Tw, Tw )'Edc (Tw, TW)}

1 1 1
+q min{z dg(Tw, Tx*),EdG (Tx*, Tw),EdG (Tx*,Tw)

i.e. %(1 +p)d;(Tx*,Tw) < %(p + q)ds(Tw, Tx™)
Ordg(Tx*,Tw) < %dG(TW, Tx*) < dg(Tw,Tx*)

which is a contradiction and hence X' =TX" =SX". Thus X" is a common fixed point of T &S. The
uniqueness follows from (1).
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