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Abstract
In the present paper we established some fixed point and common fixed point theorems in complete metric
spaces for new rational expressions.Our results are genralizatyion of many known results
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2. Introduction: Before starting the main results first we are giving some fundamental results.

THEOREM A: Banach [1] The well known Banach contraction principal states that “If X is complete metric
space and T is a contraction mapping on X into itself, then T has unique fixed point in X"

THEOREM B: Kannan [16] proved that “If T is self mapping of a complete metric space X into itself
satisfying:

d(Tx,Ty)< 5[d(Tx,x)+d(Ty,y)] forall x,y & X,

where ne{O,ﬂ,thenT hasunique fixed pointin X

THEOREM C: Fisher [9] proved the result with

d(Tx,Ty) < u[d(Tx,x)+d(Ty, y)]+ 5d(x,y) forall x,y & X,

where y,ég[o,ﬂ,thenT hasunique fixed pointin X

THEOREM C: A similar conclusion was also obtained by Chaterjee [3].
d(Tx,Ty) < u[d(Ty,x)+d(Tx,y)} forall x,y ¢ X,

where ys{o,ﬂ,thenT hasunique fixed pointin X

THEOREM D: Ciric [5] proved the result

d(Tx,Ty) < ld(x, T(x))+d(y, T(y)]+ ald(x, T(y))+d(y, T(x)]
+5d(x, y)Where 77, 11,6 ¢ [01], x, y & X.

ThenT hasunique fixed pointin X.
THEOREM E: Reich [22] proved the result

d(TxTy) <pld(xT(y))+d(y,T())]+5d(xy)
where 1,6 ¢ [0],x, y ¢ X ThenT hasunique fixed pointin X.

THEOREM F: In 1977, the mathematician Jaggi [14] introduced the rational expression first
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d(Tx, Ty)<sd(x, y)+ A d(x,'(;'>(<)d())/,Ty) forall x,ye X, x#y,0< 8+ f <1,
X,y

ThenT hasunique fixed pointin X.

THEOREM G: In 1980 the mathematicians Jaggi and Das [15] obtained some fixed point theorems with the
mapping satisfying:

d(x, Tx)d(y.Ty)
X, y)+d(x,Ty)+d(y,Tx)
In the present paper we shall establish some unique fixed point and common fixed point theorems,

through new rational expressions in complete metric spaces. Our theorems include the fundamental result of
Banach [1], Kannan [16], Fisher [9], Reich [22], Chatterjee [3] and Ciric [5].

d(Tx,Ty)Sad(x,y)+,Bd( forall x,ye X,x # y,a+ 4 <1

3. Main result

Theorem3.1:-Let (X,d) be a complete metric space. Let T : X— X be continous mapping satisfies the
condition:

d(Tx,Ty) <xd(x,y) +ﬁ%+ y[d(x,Tx) + d(y,Ty)]

+6[d(x.Ty) + d(y, Tx)] +n[d(x,Tx) +d(y,Ty)]
Ay Tx)+d(y . Ty)
+ El[ 1+d(y ,Tx) d(y ,Ty) ]

+ & max[d(y,Tx),d(y,Ty),d(y,Tx),d(x,y)] _______ (3.11)

For all x,yeX . «,8,y,n,6,& & non negative with 0S o+ +2y +26 +2n + & + & <1 then
T has unique fixed point .

Proof:- Let x, € X and define the sequence as followes.

T(x0) = x1, T(x1)= x T(xn)= Xpe1_ _ _ _

Putting X =x,_, andy=x, in eq. (3.1.1) We have
d(xn,xn+1) = d(Txp-1,Txy)

d(xpn—1,TxXn—1)d(xn Txpn)

d(Xn-1,%n)

<o d (xn—l,xn) + ﬁ

+y [d(poy , Txpq) + d(x,, Txy)]
+6 [d (o1, Txp) + d(xp , Txp—1)]
+ n [d (xn—l 'Txn—l) +d (xn—l 'xn)]

d(xn Txn)+ d(xn Txn)
1+d(xn,Txn-1)d (xn ,TXn)

+& [

+&, max| d(xy , Txy_1),d(xy , Txp), d Xy, Typ—1), d) (Xp—1 , X))

_ dn-1.%n) dn Xn+1)
= d(xn_1 ;xn) + ﬂ - Lli(x:_px:) =
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+V [d(xn—l 'xn) + d(xn 'xn+1)]
+ 5 [d(xn—l rxn+1) + d (xn vxn)]

d(xn xn)+ d(Xn Xn+1)
1+d(xn xn)d(xn Xn+1)

+ n [d(xn—l rxn) + d(xn—l 'xn)] + 61 [

+62 max[ d(xn ,xn), d(xn ,Xn+1), d(xn—l ) xn)r d(xn—l ’ xn) ]

<« d(xn—l 'xn) + .Bd(xn 'xn+1)+ Vd(xn—l 'xn)
+ Y d (xn 'xn+1) +4d (xn—l 'xn)
+5 d(xn rxn+1) + 277 d (xn—l rxn)

+ 61 d(xn ’ xn+1) + 52 max[ d(xn 'xn+1)' d(xn—l ) xn) ) d(xn—l 'xn)]

SX d(xXp_1,%n) + Bd(xy, Xp41)
+vd (Xn-1,%n) + v d (Xn, Xn41)
+68d (xp_q1,x,) +8d(x, , X041)
+2nd (xn-1,%n) + &1 d(xn, Xn41)
+& max[ d(xy , Xn41), d(Xn-1, %))
Case-1

Where max(a,b)=a

Where a=d (x,, , Xp4+1)

b=d(x,-1, %), then

< +y+ 6+ 27
d(x, , Xp41) < d (xpn_1,%y)
P T I - By + 6+ +E) e
=M, Xp—1)
Where
_ x+y+ §+2n
_[1—(ﬁ+y+6+$1+§2)]  0=A<1
SO,
d(xn 'xn+1) S7"(xnﬁxn—l) """ (3-1-2)
Case-ii

Max {a,b}=b, then

(B+y+6+81 )

d(x X,) <
(-1, %) < 1—cc+y+ 5+2n+E,

d (Xp_pg,Xp_q) ,IFO<A<I

d (xp—1, %) SA (Xp_3 , Xp-1)
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Now we can

d (Xn, Xn11) SNd (Xn—g , Xp—1)
Continuting in this way ,we have
d (Xn, Xn41) <M'd (%, %1)
Since , 0<A<1, forn— oo,
We have d (x,,, xp,41) = 0
Similarly we have show that d (x,41x,) = 0

Hence (x,)nen 1S @ Cauchy sequence in complete metric space (X,d).so there exists ueX such that
(Xp)nen converges tou

Since T is continuous, therefore
T(u):T(llmn—)OO xn ):limn—»oo T(xn) = lOgn—>00(xn+1) :u
Thus, u is a fixed point of T.

Uniqueness: - Suppose u and v are two fixed point of T (u# v,Tu = u,Tv = v) .Let u be fixed point then by
condition for u we have :

d(u,u)=d(Tu,Tu)

<« d(u,u) + Bdu,u) + 2yd(u,u) + 26d(u,u) + 2nd(u, w)+&, d(u,u) +&,d(u,u)
= (< +B + 2y + 26 + 2n+&, +&,)d(u,u)

Which implies that d(u,u)=0

Since O<oc +f + 2y + 28 + 2n+&,+¢&, < 1

Thus d(u,u)=0 for fixed point u of T . Similary, we get d(v,v)=0 for v fixed point of T .
Now from (3.1.1) we have

d(u,v)=d(Tu,Tv)

d(u,u)d(v,v)

<« d(u,v)+p )

+yld(u,uw) + d(v,v)] +6[d(u, v) + d(v,u)]

A w) + d(, VG s +-&max] d(v,u) d(v,v),d(v,u).d(ve)]

<« d(u,v)+0+ 0+ 8[d(u,v) + d,u)]md(u,v)+&d(v,u)

+&,max[d(v,u), ,vd(u)]

<« d(u,v) + 6[dw,v) + d(w,w)] + nd(u, v)+& d (v, u)+&d (v, u)

=(< +6 + 1) d(u,v) +(6+&;+¢3) d(v.u)

Similarly
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d(v,u)< (x +6 + n)d(v,u)+(d+&+&,)d(u,v)

Hence I d(u,v)-d(v,u) | < (e +n+&;+&,) 1 d(u,v) —d(v,u) |

Since 0<x +7n <1, get

d(u,v) =d(v,u) - ----- (3.1.3)

Again replacing (3.1.3) in (3.1.1) .we have that d(v,u)< (< +26 + 1) d(u,v) , which gives d(u,v) =0 .
Since 0< (x +26 + n)<1.

Furter ,d(u,v) =d(v,u)=0 . Which implies u=v . Hence fixed point is unique.

Theorem 3.2.: Let (X,d) be a complete dislocated metric space . Let S,T : X—X be continuous mapping
satisfying the condition:

d(x,5x)d(y,Ty) )

d(Sx , Ty)<h max{d(x,y) , d(x,Sx) , d(y ,Ty) ,d(x,Ty) ,d(y,Sx) o

d(y,Sx)+d(x,Sx)+d(y,Ty)
+k{1+d(y,Sx)d(x,Sx)d(y,Ty) } --------- (3'2'1)

If h+k <%, then S and T have common fixed point.

Proof:- Let x, € X be arbitrary .Define the sequence (x,)nen Such that
x1=S(x0) s x5 =T(x1), - - - ==X = T(X2n—1) s Xona1 = S(x2n)

By the condition we have:

d(x2n11, X2n41) = d(Sx2n, TX2n41)

< hmax {d(xzn, X2n41) ,d(X2n, SX2n) d(X2n41, Tx2n41) \d(X2n, TX2n41) s

d(X2n,S%2n)d(*2n+1.TX2n+1) }

d(x Sx
(¥2n+1, Sxzn) d(X2nX2n+1)

{ d(x2n+1,5%2n)+ d(X2n,SX2n) +d (X2n+1.TX2n+1)
1+d(x2n+1,5%2n)d(X2n,Sx2n)d(X2n+1,TX2n+1)

<hmax {d (xzn, Xzn41) :d(X2n » Xon41) :d(X2n41 5 X2n42) 5

d(X2n+1 %2n+1)d(Xan+1 Xon+2) }

d(x2n » X2n42) \d(Xzn41 5 X2n=2) A(tan Xames)

d(x2n+1.X2n+1)+ d(XanX2n+1)+d(Xan+1.X2n+2)

1+d(x2n+1.X2n+1)dX2nX2n+1)d (X2n+1.%X2n+2)

<h max{d(x2, , X200+1),0(X2n » X2n41):d(X2n 41 » X2n42),
d(x2n » X2n+2),8(X2n41 » Xan+1)s A(X2ns1 » X2n42)}
+K L d(x2n 415 X2n+1)F A(X2n , Xone 1)+ A(Xons1» Xon42) }

< hMd(x2n » X2ne1)F AXons1 5 Xon42)} R{d(20 , X2pn1)+ d(X2p41 5 X2na2)}

<(h+K) (d(x2p , X2n+ 1)+ d(X2p41 5 X2n42) )
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Therefore
h+k
d(Xz2n+41, X2n42) < —(hth) d(x2n , X2n+1)
. h+k P . .
Define r= , 0<r <1 continuing in this way .
1—(h+k)

We get d(xz541 » Xontz) < 72™d(xg, x4 ),Since

0<r<l ,r®" 5 o0,

Hence , (x,)nen IS @ Cauchy sequence in complete metric space (X,d).
So there exists ue X , such that (x,),ey CONVergesto u .

Futher , the subsequence( Sx,,)— u and (Tx3,41)—U .

Since S, T: X — X are continuous , will have Su=uand Tu=u.
Uniqueness:- Let uand v be fixed point of S, T .

Then d(u,v) = d(Su,Tv)

d(u,Su),d(v,Tv)

< h max { d(u,v) ,d(u,Su), d(v,Tv) ,d(u,Tv) ,d(v,Su) )

}

d(w,Su)+du,Su)+d v, Tv)
{1+d(v,5u)d(u,5u)d(v,Tv) } ------ (322)

d(uuw)d(,v) d(w,u)+d(uu)+dw,v)
< h max {d(u,v) ,d(u,u) ,d(v,v) , d(u,v) ,d(v,u) T } +k {1+d(v‘u)d(u'u)d(v‘v) }

=h{d(uv) } +k{(uv)}
= (h+k) d(u,v)
Replacing v by u in (3.2.3)
We get
d(u,u)< (h+k) d(u,u)
since 0<h <.
Hance d(u,u) =0 ---------- (3.2.4)

Similary can show

Again from (3.2.3) d(u,v) < (h+k) d(u,v) , which implies that d(u,v) = 0.
Since X,d) is complete metric space we have u=v .
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