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ABSTRACT

The paper presents the study of three species ecological model with Prey N, predator N, and competitor to the
Predator N3 and neutral with the predator N, with imprecise biological parameters. The model is characterized
by a set of first order nonlinear ordinary differential equations. Due to the lack of precise numerical information
of the biological parameters such as prey population growth rate, predator population decay rate and predation
coefficients, we consider the model with imprecise data as form of an interval in nature. Many authors have
studied prey—predator harvesting model in different form, here we consider a simple prey—predator model under
impreciseness and introduce parametric functional form of an interval and then study the model. Equilibrium
points of the model are identified, the local stability is discussed using Routh - Hurwitz criteria and global
stability by Liapunov function. The existence of bionomic equilibrium of the system has been discussed and
optimal harvesting policy is given using Pontryagin’s maximum principle. The stability analysis is supported by
Numerical simulation using Mat lab.
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INTRODUCTION

1. Background

Mathematical modeling of ecosystems is a field of study which helps us to understand the interactions between
different species and the mechanisms that influence the growth of species and their existence and stability.
Mathematical models have been used to study the dynamics of prey-predator systems since Lotka (1925) and
Volterra (1927). They proposed the simple mathematical model which describes the interaction between prey
and the predator. Since then, many mathematical models have been constructed based on more realistic explicit
and implicit biological assumptions.

Mathematical modeling is a frequently evolving process, to gain a deep understanding of the mathematical
aspects of the problem and to yield non trivial biological insights; one must carefully construct biologically
meaningful and mathematically tractable population models. Some of the aspects that need to be critically
considered in a realistic and plausible mathematical model include; carrying capacity which is the maximum
number of prey that the ecosystem can sustain in the absence of predator, competition among prey and predators
which can be intraspecific or inter specific, harvesting of prey or predators and functional responses of the
predators.

In this research work, a mathematical model to study the ecological dynamics of prey and predator system
is proposed and analyzed. And also as an example some of the prey and predator system in some areas be studied.

1.1 Pre-Requisite Mathematics

1.1.1Interval Number

Interval arithmetic, interval mathematics, interval analysis, or interval computation, is a method developed by
mathematicians since the 1950s and 1960s as an approach to putting bounds on rounding errors and
measurement errors in mathematical computation and thus developing numerical methods that yield reliable
results. Very simply, it represents each value as a range of possibilities. For example, instead of estimating the
height of someone using standard arithmetic as 2.0 meters, using interval arithmetic we might be certain that
person is somewhere between 1.97 and 2.03 meters.

An interval number A is represented by closed interval [ag, a,.] and defined by:
A=[a,a.]={x:q, <x<a,x€ER}
Where R is the set of real numbers and @, @,. are the left and right limit of the interval number respectively.
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Also every real number ¢ can be represented by the interval number as [&,¢] for all
a &R

Classical arithmetic defines operations on individual numbers; interval arithmetic defines a set of operations on
intervals.

T-5={x|thereissome ¥in T, and some Z in 5, such that x = ¥ -z
The basic operations of interval arithmetic are, for two intervals [, b] and [c, d] that are subsets of the real line
(—ce, ),

i. |a,b)+[c.d]=[a+c,b+d]

ii. [a,b]—[c,d]:[a—c,b—d],

ii. [a,b] X [c,d]=[minfaxXc,axd bXc,bxd},maxfaxXc,axd,bxc,bXxd}

iv. [a,b]=[c,d]=[min{a+c,a<+d b=+c,b+d}max{fa+ca=+db+cb=+d}] .

when 0 is not in [€, d]

Division by an interval containing zero is not defined under the basic interval arithmetic. Instead of working with
an uncertain real X we work with the two ends of the interval [@, b] which contains X such that x lies between

@ and b, or could be one of them. Similarly a function f when applied to x is also uncertain. Instead, in interval

arithmetic f produces an interval [&X, b] which is all the possible values for f {I] for all x & [a= 51

1.1.2 Interval-Valued Function
Let e1>0, b>0 and consider the interval [@, b]. From a mathematical point of view, any real number can be
represented on a line. Similarly, we can represent an interval by a function. If the interval is of the form [@, b],

the interval-valued function is taken as h( p) = a(l_p) bp forp e [0,1].

Here we present some arithmetic operations on interval valued functions as follows: Let A = [H'E’ CIH] and
B = [bg;bu] be two interval numbers.

Addition: A+ B = [a,,a, |+ [b,b, ] =[a,+ b,,a, + b,] Provided a; + b, = 0. The interval-
valued function for the interval A+ B is given by h(p) = a;" " ay® where a; = a, + b, and
a; =a,+b,

Subtraction: A — B = [a;, a, ] — [b;, b, ] = [a; — b, a, — b,]. Provided @; — b; > 0. The interval
— valued function for the interval A — B is given by h{p] =b L (1-p }bUp where by, = a; — b; and

'iJU i bu :

laa, aa,]if a =0
ea,, aa,]if a <0
interval valued function for interval &4 is given by h{Pj =iy El—p}cUp if & > 0and

h(p) = —d, " P d P if @ <0, where (= aa,, (g= aa,,dy = |ala, mdd, = |ala,.

1.1.3 Pontryagin's Maximum Principle
Pontryagin's maximum principle is a powerful method for the computation of optimal controls, which has the

crucial advantage that it does not require prior evaluation of the informal cost function. Let &, € and C are

Scalar multiplication: ad = a[a; a,] = { provided @¢; = @ and @, = 0. The

differentiable function in t and X with continuous derivatives, and that the stopping set D is a hyper plane, thus
D= {y}+ % for some ¥ € IR™ and some vector subspace X of R",

Define for A € IR™ the Hamiltonian function as:

H(t, x,1,A) = ATb(t, x,u) — c(t,x, u)

Pontryagin's maximum principle states that if (Ir,’h‘lr] = T is optimal, then there exist adjoint
Paths ( A t) <7 in R" and (’L[ t) < 7 in IR with the following properties for all ¢ < 7
t t

H(t, X, Us ﬂt)+ 4 has maximum value 0, at the point i = i,
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ﬂ/f - /’LtTVb(t’xt>l/£t)_vc(t’xt’l/lt)
L= Vot xu0)-éle xu)

X, = ’5<fax,aut)

Moreover the following transversality conditions hold: (2x,,1t,) < T

T
i) ( AT +VC (Z‘, xr)ja =0 orall o € X and, in the time-unconstrained case

i) M+ C(z', xf): 0
Note that, in the time-unconstrained case, if b, € and C are time-independent functions, then /U =0 for
t

all t
The Hamiltonian serves as a way of remembering the first four statements, which could be expressed
alternatively as:

oH _
ou
_OH _
ox
.. OH .
m. —— =

a
oH .
— =X
oA

The condltlonE = 0 is not always correct. For example in cases where the set of actions is an interval and

where the maximum is achieved at an endpoint

0

1.

A

ii.

iv.

2. MODEL FORMULATION AND ANALYSIS

In section deals with the mathematical modeling of the prey-predator dynamics where there are two predators
which compete for the same limited resources. In addition, the section deals with the stability analysis of the
equilibrium points and the numerical simulation of the model.

Parameter Parameter Definition

R net economic rent

E, i=123 harvesting efforts

8 instantaneous annual rate of discount
q;i =123 catch ability coefficients

c =123 harvesting cost per unit effort

Table 3.1 Definition of some parameters

2.1 Prey—Predator Model

The ecological model is as follows. There is one prey and two predators, where the two predators are competes
with each other for the use of common recourse i.e. food. But the two predators cannot eat each other (one is not
eaten by the other). By assuming that the predator and competitor to the predator have alternative food in
addition to prey population (but the competitor to the predator can’t eat the prey population), then the model for
one Prey and two Predator and harvesting on the both species is given by the following system of first order
ordinary differential equations employing the following notation:

Let N, denotes the size of the prey population, N, denotes the size of the predator population and Nj;
denotes the size of the competitor to the predator population, lets assuming that there is demand for all species in
the market so the harvesting of both species are carried out. Let prey, predator and competitor to the predator
species are subjected to harvesting efforts (effort applied to the harvest the prey, predator and competitor species)
E, E,and E; respectively. Then the dynamics of the prey-predator is described by:

i, 2
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d .

—2 = sN; — ay(N;)*+ BN N, — 8, N, N3 — q,E; N, (3.2)
dN,

e = o, - az(N;)* — ByN,Ny — q3E;N, (3.3)

where T, 5 and £ are natural growth rate of prey, predator and competitor to the predator species respectively.
Whereas:

& is rate of decrease of the prey population due to inter species competition

B, is rate of decrease of the prey population due to inhibition by the predator population,

5 is rate of decrease of the predator population due to inter species competition,

B, is rate of increase of the predator population due to successful attacks on the prey population,

& ,is rate of decrease of the predator population due to the competition with the third species(competitor),

@ 5is rate of decrease of the competitor population to the predator population due to inter species competition,

B3 is rate of decrease of the competitor population due to the competition with the third species(predator
population). Where all the parameter values @y, @4, &3, 31,85, 85 and & are non-negative real numbers.

It is assumed that the prey reproduction is influenced by the predator only while the predator reproduction is

limited by the amount of prey caught. It is also assumed that the prey population grows exponentially with the
rate ¥ in absence of predator and also predator population growth exponentially in the absence of prey by

alternative food with a rate 5. But the competitor to the predator can’t change in the absence of the prey
population. Where gy, 1, § gare the catch ability coefficients of three species and strictly positive. The catch-
rate function: g4 Ey Ny, 2E2Na, g3Eq N5 are based on CPUE (catch-per unit-effort).

2.2 Imprecise Prey — Predator Model
By the construction of the prey—predator model the parameters such as prey population growth rate r, predator

population growth rate s, competitor to the predator growth rate £ and predation coefficients
04,05, Ag, 31,55, B3 and §; are positive in nature and are considered precise. Intuitively if any of the
parameters are imprecise, furthermore when any parameter of the right hand side of equations (3.1) - (3.3) are
interval number rather than a single value, then it is not so straight forward to convert equations to the standard
form like (3.1), (3.2) and (3.3). For an imprecise coefficient we present the problem with an interval coefficient.
2.2.1Prey — Predator Model with Interval Coefficient

Let#, 5, £ @y, &,, dg, [, B, B5 and §,be the interval counterparts of, 7, 5, &, @y, @, , a3, By, B, By
and &, respectively, then the prey—predator model with combined harvesting efforts E,, E, and E; can be written

in the following form:

d N ~ -~ 5 =
—L = #N, — &,(N,)* — B,N,N; — q,E,N, 34

dr
e SN, — @,(N,)*+ B,N,N, — §,N,N; — g,E, N,

dr 3.5)
dia = IN; — @;(N3)* — B3N, N; — q3E;N; (3.6)
Where .
fe[nmn] 3€ [5';;5'15‘], telf,4,] & Eﬂ[{ﬂljzr{ﬂﬂu]: a, Eﬂ[(“z]zr{ﬂ:]u]r
an:a € [(az), (@3),], By € [(B1)r, (B1)u], Ba € [(B2).(B2)u], Bs € [(B3);,(Ba),]and
8, € [(8,),,(8,) ] Withrp, s, €y, (@ )y (ap) 1 (ag)yn (By) 1 (B2) 1 (Ba) 1 and (84); are all positive.

2.2.2 Prey—Predator Model with Parametric Interval Valued Function Coefficient
The parametric form of the equations (3.4), (3.5) and (3.6) are:

%E:p} = (szl_p o o {(al}ujl_p((aljljpﬁlz - {(ﬁljujl_P{(ﬁl}E]P N,N; —q,E\N,

3.7)
dN,(t;p)
dr

()72 (5,07 Ny — ((@2).) P ((@2))7No? + ((B2) ) P ((Br) )P Ny N,

—((61).)"P((6,))P NoNy — q,E;N, (3.8)
D) — (8,277 (£,)P Ny — ((@3).) P ((@5) )P Ns® — ((B5).)" 7 ((B3) )P NoNy — q5EsN,
(3.9)
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Theorem 1: The differential equations with interval valued coefficient
dN

d—: = 7N, — @,(N,)?* — ByN,N, — q,E\N, (3.10)
N, ~ - 2 - &

d_:': §oNy — T3(Ny)* + ¥y Ny N, — 6N, N3 — q,E N, G.11)
dN, - - &

Where 7y € [1,1,], §, € [s,5,], €, € [£,£,], &, € [a,a,], B, € [B.B.].

Ty € [t 1,]. %o € .l 80 € [6,,8,), By € oy, pu] and Wy € [, 9,]
Also T, £, 5.0, BT, ¥, P10, and Y, (are all > 0) are provided interval valued functional form of
coefficient by the differential equations:

LU = ) P ()P N, — (@)1 ()N, % — (B) P (B)P Ny N, — q,E, N,

(3.13)

dN:{t; p:] =l 1= ] 1—

T = {Sa]l P{Suijg = (ru]l P{Ta]pNgh : 5 {Tz}l p{TuijJ_N:
—(8,)7P(8,)° N,N; — q,E;N, (3.14)

d:'h’;(::p} = {'Ez]l_p (£,)PN; — {Pu)l_P{Pi}pNaj - {wu]l‘i" (3, )P N,N; — q;E;N,
(3.15)

for p €[0,1].

Proof: Replacing in place of 'Fu,, E‘D, -E’,], ﬁu, Eﬂ! ’fu, 'Fu, ffl'u,, ﬁu and "'1"!}0 by

[T"pf'u]; [SE;SH]; [‘Ep'fu]r [rxz,cxu], [ﬁzrﬁu]r [IE,IH], [Tzr}'u]: ['Szrﬁu]r [pi! ’pu] and [¢!!wu]
respectively, then equation (3.10), (3.11) and (3.12) will be come:

dN, _ 2

= [r,r N, — [a, a,](N,)* — [B,.B,IN,N, — q,E; N, (3.16)
N, .

d—: = [s;, 5, N, — [7. 7, J(N.)* + [y, v IN, N, — [6,,6,]N, N3 — g,E.N, (.17)
dN, _

T [£,, €,]N; — [P:rﬂu]{majz — [Wy ¥, IN,N; — q3E3N; (3.18)

Let 1y E[rur,], s;€ls,sl , £ €lf, €], ay€la,a,l, 7 €Elr.1,.], P Elpnp,] .

BiEB.B.], vi € lvny,], 61€[6,6,] and ¥, € [, 4, ] respectively. Following the interval
arithmetic operation and properties, equations (3.16), (3.17) and (3.18) reduces to:

% =r{N; — &\N,* — BiN,N, — q,E,N, (3.19)
% = 51Ny — IINEE + ¥ N;N; — 81NNy — q,E;N, (3.20)
dN 2

— = #1N3 —pN;° — P N, N; — g3E3N; (3.21)

For fixed 7, let us consider the interval-valued function h,, () a, b ®) for PE [0,1] and interval

a, € [a,b,] Since h”_(p Visa strictly increasing and continuous functions, then the above equation reduces

to:
4 = N, — @} (N,)? — BN, N, — q,E, N, (3.22)
d:::s = si'N; — 71" (N;)* + 1Ny N; — 81N, N; — q,E; N,

(3.23)

dM 5

— = €1N3 —py'(N3)" — ¥'N; N3 — q,E3N;g (3.24)
Where

e, sV e(s)VP(s)? , £V e (E)VP (L) . af €(a)t P (a)” |
Tf € {Tujl_P (IE]P > Pir € {F‘uji_p {Pz:lp ) ir = (ﬁujl_p {ﬁsz ) T"f = (Tz]l_p (T’ujp ,
6y € (8,077 (87,

¥ € (¥,)7F (¥)P andp € [0,1].

Therefore the parametric form of the differential equations (3.10) - (3.12) is given by:
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= ()P(R)PN, — (2,)7 (@)PN? = (B)YP (B)PN.N, — q,EN,

d;:s = (Szji_P {Su]pNz - {Tujl_P {IEJPN:: + (T"::]l_p (}'ruijiNE Pl {5:1}1_’1] {5:]pN2N3 — q,E;N;

dM
dt

2= (E)7P (£,)PN; — ()P (p)PN3% — (1,)7F (¥, )P NNz — g3E3N; for p €[0,1].

2.3 Dynamic Behavior of the Harvesting Model
2.3.1 Equilibrium States of Prey-Predator Model with Parametric Interval Coefficient
The system under investigation has eight equilibrium states given by:

%ﬁ”’} =0,i =123 (3.25)

The possible equilibrium points of the systems are:
I. The extinct state:

N, =0,N,=0andN; =0 (3.26)
II. The state in which both the predator and competitor to the predator washed out and prey survive:
That is:
— == LT —q,E, 41— 91—
N, =N; =0andN, = . Z‘ =, where &t = {T‘E]J' P(r,)Pandb = {{a!l]ujl P((a;),)"

—-q,E,

(a " D,ﬂ) (3.27)
III. The state in which only the predator survives and the prey and competitor to the predator are washed
out:

That is:
—_ _— A d—g.E g— g
N, =N; =0andN, = % where d = {S‘E]l p{.':'.‘u]‘t'and g = {{aj}u]l p{{:aﬁzjz]p

d—q.E

(0,%, D) (3.28)
IV. The state in which both the prey and the predators washed out and competitor to the predator
survive:
That is:
— z== o h—a.E 14— 1—
Ny =N; =0andN; = % where b = (€)' 7P (£,)P and k = ((a3) ) P ((a3),)"
h—qgE
(ﬂ, 0, %) (3.29)

V. The state in which both the prey and the predators stay alive and competitor to the predator vanishes:
That is:
N; =0

()P (1PN, — ((@).) 7P (@) PN, — (B P ((B)PNN, — ¢,E,N, = 0
And
()P (5,07 N, — ((@2)) 7P (@) PN, + ((B2) ) P ((BL) )P N N, — q,E,N, = 0
(3.30) _ _
Solving for N and N, from the 2" and 3" equations that given in equation (3.30) yields:
ﬁl s ela—q,E, J+e(dt+q,E,) and M. = Fle—q,B,)-bld+q,E,)
bhatef = batef

where @ = (1) 7P (1,)%, b = ((@y) ) 7P ((a) )P c = (B P (B
d = (s)'7P(s,)%, e = ((a2),) P (@))% and f = ((B2),) P ((B2) )
Also assuming that @ — g1 E; = 0, then these equilibrium states’ exist only when:
f(a - qlEl)> b(d + quz)

VI. The state in which both prey and competitor to the predator exist and predator extinct:
That is:
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h—ggEy

N, =0,N, == ‘;L Land Ny = (3.31)

where a = (r)* 2(r,)2. b = ((a,) ) " ((a,),)",
B (fz]l_p{fujp and k = {{ﬂfajujl_p{{ﬂa]z]p
The equilibrium state exists when: @ — g,E; = O and h — g3E; = 0
VII. The state in which both Predator and Competitor to the Predator exist and Prey washed out:

That is:
N, =0,
{szl_F{Suij: B {(a:]ujl_p{(“:]sz{w_:f = ({Eljujl_P{{aljijpm — fI:E:N_: =0 and
(E)7P(£,)PN; — ((@r3) ) 77 ((@3),)P (N3)* = ((B3)) 7P ((B3) )P NoN; — q3E;N; = 0
3.32
(Solvilg for N. 5 and N from the 2™ and 3" equations that given in equation (3.32) yields:
k(d q,E; ] g(h — q3E;) il B e(h —q,E,) — m(d — q;E;)
ek —mg . ek —mg

where d = (szi_p{su]p, £ = {{ﬂ:juji_p{(ﬂz]z)p,H = {{51]1!]11{(51]!];:,

R (fz]l_p{fujp, k= {{fxajujl_‘u{{ﬂajsz and M = {{ﬁajujl_p{{ﬁaj:]p

2

Assuming that d — q,E; = 0, h —q3E; = 0, h —q,E, and d — g3E; = 0, then these equilibrium
states’ exist only when:

k(d — q,E;) > g(h — q3E;), e(h — q,E,) > m(d — q3E;) and ek > mg

VIII.  Co-existence State

_ g ENk—em)kdi—q,E)r sl E)

N~ b(ek —gm)+cﬁc

AT fk(a_Q1E1)+bk(d_quz)_gb(h_q3E3)
N~ b(ek —gm)+cﬁc

and

— =g EJeex )= fnla-gq, E )-bnld-g, E.)
N.= b(ek—gm)+cfk
where @ = (szi_p('f' ), b= {{ﬂijuji_i”{{fxijz)p, C= {{Bljiji_p((.ﬁiju]p, _
= ((5,), ol P((8,),)7 d = (Sz]l_p(su}p:
e = ((a2) ) P ((a))? f = ((B)) P ((B, ), _
i (fzjl_p{fu)p, o= {{ﬂa}ujl_p{{fxa} )2 and m = ((B3),) 77 ((B3).)°
Assuming that d — q,E; = 0, h —g3E; = 0 and @ — q,E; > 0, then these equilibrium states’ exists
only when:

Cg(h_q3E3)+ (a_qlElxek —gm)> kc(d_quz)

and ela—g, £ )+0kld - q, E.)> ebln— g, E,)
2.3.2 Stability Analysis
To investigate the stability of the equilibrium states we consider small perturbations u;, u;and us in Ny, N,

and N over ﬁi, ﬁ: and ﬁa respectively, so that
N, =N, +u;,N, =N, +u,,N; = N; +u, (3.33)

By substituting (3.33) in to equations (3.1) - (3.3) and neglecting second and higher order terms of the

Perturbations 1t 4,1 ;and tigwe get the equations of the perturbed state:

du
S =AU (3.34)

Where U = (14,15,13) and
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A= fN, d — 2eN, + fN; — gN; — q,E, —gN,

(3.35)

The characteristic equation for the system is:
dla—All =0 (3.36)
The equilibrium state is stable, if three roots of the equation (3.36) have negative real parts.

Solving for &, d and h from the equation (3.1) - (3.3) respectively and substituting in to the equation (3.35) we
obtain the variational matrix:

—bN;, —cN; 0
A=|fN, —eN, —pg
0 —mN; —k

2 (3.37)

Where

a=>bN, +cN,+ q,E,, d =eN, — fN, + gN, + g,E, and h = kN; + mN,, + q;E,
2.3.2.1 Local Stability Analysis
The local and global stability of the equilibrium states I, II, IIT and I'V are found to be unstable. But the reaming
is stable. We restricted our study to the equilibrium states V, VI, VII and VIIL

i. Stability of the Equilibrium State (N,;,N,, 0):

The variational matrix at the trivial equilibrium point will become:

The Characteristic equation of the above variational matrix is given by:
dlA—All =0

One of the Eigen values of variational matrix A is A = (h — 5 E3] = mﬁf and the other two are obtained
from the quadratic equation:

A* 4+ (BN, + eN,)A + (be + ¢f)N,N, =0 (3.39)
In (3.39), the sum of the roots, —(bﬁl +e ﬁ:] , is negative and the product of the roots,

(be + cf) Nlﬁ:, is positive. Therefore the roots of (3.39) are real and negative or complex conjugates
having negative real parts. Thus the equilibrium point is asymptotically stable when

(h— q3E;) <mN,.
ii.  Stability of the Equilibrium State at (N;,0, N;):

The variational matrix at the trivial equilibrium point (state) is:

a— 2bN, — g,E, —cN; 0
A= 0 d+ fN, — gN, — q,E, 0
(3.40)

The roots of the corresponding characteristic equations are:
f g
The equilibrium point is asymptotically stable when d + % (a— qlEl:] = f (h— iy EE:].

iii.  Stability of the equilibrium state at (0, N5, N3 ):
The variational matrix at the trivial equilibrium point (state) is:

A= fN, d — 2eN, — gN; — q,E, —gN,

One of the Eigen values of variational matrix & is 4, = (a— q.E 1} —cN - and the other two are obtained
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from the quadratic equation:
A* + (eN, + kN)A + (ek — gm)N,N, =0 (3.41)
In (3.41), the sum of the roots —{eﬁg + kﬁa] is negative and the product of the roots
{ek = gm]ﬁ_fzﬁa is positive. Therefore the roots of (3.41) are real and negative or complex conjugates
having negative real parts. Thus the state will be asymptotically stable when
(a—qE) < cN,
iv.  Stability of the positive interior equilibrium point
The variational matrix at the positive interior equilibrium point is:
—bN;, —¢N; 0
A=|fN, —eN, —gN,

In this case the characteristic equation is given by:
2B tadta,dt+a; =0 (3.42)

where
a, = bN, + eN, + kN;, a, = bkN,N; + (ek — gm)N,N; + (be + cf)N,N, and
a; = (bek + cfk —bgm)N,N,N,
By Routh-Hurwitz criteria, all eigen values have negative real parts if and only if
D,=a,>0,D,=a,a,—a; > 0and D3 = az(a,a, —a;) =0
ButD, =a, >0,D, =a,a, — a; > 0and D; = az(a,a, — a;) > 0ifek > gm
The positive interior equilibrium point (ﬁl, ﬁ:, ﬁaj is locally stable if ek > gm.
2.3.2.2 Global Stability
Theorem 2: The equilibrium point {I'_-Il, ﬁ:, ﬁaj is globally asymptotically stable.
Proof:
Let consider the function which defined as:
V(NN N,) = {Ni s Hlpsdliin [%]} + {Nz e [ﬁf]} + {Na e [ﬁ
1

for N, = I'_-Il, N, > ﬁz and Ny = ﬁa-
Now we prove that the function V" is a Liapunov function. For this we need to show that:
i. V is continues and positive definite function

.oodi o . . .
i - s negative semi definite
Now
i. The function V' is positive definite, since Ny = Ny, Ny > N5 and N3 > Nj.

ii. Now, differentiating J with respect to 't' we obtain:

2o (1-B) s (- B) s (1- )

dt N, N, Ny / dt
_ (N1, aNy N, — N, dNg N;—Ng dNg
= ( N, ) ey ( N, ] S ( Ng ) dt (3.43)
Substituting (3.1), (3.2) and (3.3) in to (3.43) we obtain:
dV e =
o (N, — N )la—bN, —cN,— q,N,] + (N, —N,)[d —eN,+ fN, — gN; — q,N,] +

(N3 — N3)[h — kN3 — mN, — q3N;]

— .o 1 — . q 1 — g
= —b(N,—N,)*— [e tle=Ftg ‘!‘m]}{Nz —N,)*— {k '!'I[m‘l‘g]}(ﬁa —N;)* <0
This implies that % negative semi definite. Therefore, {ﬁl,ﬁg,ﬁ 3] is globally asymptotically stable.
Theorem 3: The systems (3.1) — (3.3) cannot have any limit cycle in the interior of the positive quadrant.
Proof: Let H{NJ.JNE’ Naj = m

hy(Ny, Ny, N3 ) = dN, —e(Ny)* + fN; N, — gN,N; — q,E;N; and
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hy(Ny,N,,Ng) = hN; —k(N;)® —mN,N; — qgE;Ng. Then
H(N,,N,, N3) = 0 in the interior of positive octant of X}z -space. Because N, N5 and Ny are all greater
than zero.
sithe i .5
Now A (Ny,N,,N;) = BNL(thj +a-.~15 (Hh,) +mTa (Hhy)
—b g k

NSNE | NSNE | NS.N!-
b k
= - [ +—+ ] <0
N,Ng = N,Ng = N,N,
This shows that & (N, N, N3) does not change sign and identically zero in the positive octant of xyz

space. By Bendixson - Dulac criteria, it follows that the system (3.1) — (3.3) has no closed trajectories and hence
no periodic solutions in the positive octant of X)z space. Thus the system (3.1) - (3.3) cannot have any limit

cycles in the interior of the positive octant.

2.4 Bionomic equilibrium of the imprecise prey—predator model

The bionomic equilibrium is nothing but the combination of the concepts of biological equilibrium as well as
economic equilibrium. The biological equilibrium is given by equation (3.25). It is the study of the dynamics of
living resources using economic models. Economic equilibrium is said to be achieved when the total revenue
obtained by selling the harvested biomass (TR) equals to the total cost for the effort devoted to the harvesting
(TC).

To discuss the bionomic equilibrium of the imprecise prey, predator and competitor to the predator model,
we consider the following parameters.

Let £y be the harvesting cost per unit effort for prey species, Py be the price per unit biomass of the prey, €
be the harvesting cost per unit effort for predator species, P; be the price per unit biomass of the predator, €3 be
the harvesting cost per unit effort for competitor to the predator species and P35 be the price per unit biomass of
the competitor to the predator species, Then the net economic rent (net revenue) for the prey, predator and
competitor to the predator at any time is given by:

R = (pyqN; —¢))E; + (p2q,N; — 6;)E; + (p3q3N3 —c3)E; =R, + R, + Ry
Where Ry = (pyq;N; — ¢,)Ey, Ry = (p29:N; — €3)E; and Ry = (p3q3N3 — c3)Es.
R,,H; and Ry represent the net revenues for the prey, predator and competitor to the predator species
respectively.
The bionomic equilibrium {{Nljm’{N:]m! {Nﬂjm!{Eljm! {Ef]m!(EE]m} is given by the following
simultaneous equations.
aN, —b(N,)* —cN,N, —gq,E,N, =0
dN, — e(N;)* + fN; N, — gN;N; — q,E;N, =0
hN; — k(N;)* — mN,N, — gzE;N; = 0
(p191Ny — ¢))E; + (p2q2N; — 6;)E; + (p3q3N; —c3)E; = 0
(3.44)
In order to determine the bionomic equilibrium we come across the following cases.
Case (1): When €3 = P2q;N;and €3 = P3g5Ng, the cost is greater than revenue for the predator and
competitor to the predator species, then the predator and competitor to predator species are not harvested. The
predator and competitor to the predator harvesting is stopped (E; = 0, E; = 0). Then only prey harvesting

remains operational (€ < p; 4Ny ). Therefore E; = E; = 0 and
c; < P1q; Ny, we have(N,) , = pc; :
Case (2): When ¢; = pyqyN; and €3 = pyq3N5the cost is greater than revenue for the prey and
competitor to the predator species, then the prey and competitor predator species are not harvested. The prey
and competitor to the predator harvesting is stopped{El =0,E; = ﬂ:]. Then only predator harvesting
remains operational €; << P, §;N,. Therefore E; = E3 = O and ¢; < p,q,N;, we have(N,) . = ﬁ.
213
Case (3): When €5 = pyqyNyand €5 > pag,N,, the cost is greater than revenue for the prey and predator
species, then the prey and predator species are not harvested. The prey and predator harvesting is

stopped{Ei =E;, = 0). Then only predator harvesting remains operational
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Case (4): Whentcy = pyq Ny, €5 > PN, and €9 > paq5N5 then the cost is greater than revenues
for both species and the whole harvesting will be closed.
Case (5): When ¢y < pyqNy, €3 < pog,N, and €3 < p3g3N; the cost is less than the revenue for

both species, then both species is harvested. This implies that the revenues for both species being positive; so
Cy

Ppdy
(N,).. = —q and (N3) ., = : By substituting the values of (N;) .., (N,) ., and (N3)_, in to the
: )

1, 2™ and 3rd equation of (3.44) we obtain:

{CE = pa qE Na] Therefore El — E4 ﬂand CE = pa qa NE’ we have{NE]m ==

the whole harvesting will be in operation (the system becomes operational). In this case {Nljm =

5 Z :
(E). = [np P29, 9~ bpagac, cpamcz] (3.45)
gy Pifady0n
{E ). 1 [rip 1PaPed, 0o T~ P Pgd, 0gCat fPaPsdndsl; —FP 1P a0 a] (3.46)
PrPePedyTads
1 (hp Py 0, —kP.Gofg—MPadgty
E —_ [ Pial il ] P ] g4g 347
{ )m PoPgfaiy ( )
But
(Ey)o. = 0ifapyp.q.q, = bpaqacy +epyqyc, (3.48)
(Ey)o = 0ifdp, popaq1G2G5 + fP2P3923€1 = ePyP3q1G36; + gP1P2G1G-C3 (3.49)
(Ez)w = 0 if hpap3qaq; > kpaqac; + mpaqac, (3.50)

Thus the nontrivial bionomic equilibrium point [{Ny) oo, (Na) o (N3] oo, (Ey) o 2 (Es) oy (Eg) o] exist if
conditions (3.48) - (3.50) hold.

2.5 Qualitative Analysis Of Optimal Harvesting Policy

In commercial exploitation of renewable resources the fundamental problem from the economic point of view, is
to determine the optimal trade-off between present and future harvests. If we look at the problem it is observed
that the marine fishery sectors become more important not only for domestic demand but also from the
imperatives of exports.

In this section we study optimal harvesting policy of the system of equation (3.1) - (3.3); and also our objective
is to maximize, the objective functional form of the harvesting model, with the instantaneous annual rate of

discount O is as follows:

J(Ey, By E3) = fu e [(p1q,N; — ¢ )E; (t) + (p2q;N; — )E; (t) + (p3qsN3 — c3)Es(£)] at
(3.51)

Subject to the state constraints (3.1) - (3.3) with control constraints (variables):

D<E(t) <E™",i=1,23
Firs we construct the following Hamiltonian function for the problem by:
-

H=p [{Plthl = clel{:t} 3 {P:C?:N: = c:jE:(t] 3 (PafFE.NEl e Ca]Ea(t)]

+4,[aN; —b(N,)* — eNyN, — q,E,N,]

'i"’l:[dN: =t E{N:]E +fN;N, — gN,N; — fi’:Eer]

+ A;[AN; — k(N;)* — mN,N; — g;E;N,] (3.52)
where ﬂ/l R ﬂ' ) and l ,are additional unknown functions called the adjoint variables.

Now by differentiating H with respect to E4, E5 and Eg respectively, we obtain:

dH =

i, T **(p1q,Ny — €1) — 4,4, N; = @y (2) (3.53)
:: = e % (p2q2N; — €3) — 4,0,N; = @, (1) (3-54)
dH B

s, % (93q3N; — €3) — 23q3N;3 = @5 () (3.55)

The optimal control E; () must satisfy the condition:
o {t) =0
0 if g(t)>0

Since ;(t) causes E;(t), (i =1,2,3) to switch between 0 and E/™®* so ;(t) (i 21,2,3) are called

(3.56)
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switching function. Depending on the sign of the switching function ¢;(t), the optimal control E;(t) is a
bang— bang switching from one extreme point to other one. When {pi{t] =0 (i = 1,2,3), the Hamiltonian
function H becomes independent of the control variable E;(t), (i = 1,2,3) and the optimal control cannot be

determined by the above procedure. It is then called a singular control
Ef(t),0 < EI(t) < EM™**(t). Hence the optimal harvesting policy is

EM*if@t) >0
E()=1 0 if @t)<0 poi—123 (3.57)

E if @ 1)=0
The aim is to find an optimal equilibrium [(Nljﬁr{N:]EJ(NE)S!(EJ_]&{E:}S!{EE]S] to maximize

Hamiltonian H . Since Hamiltonian H is linear in the control variablesEy, E5 and E5 the optimal control can be
extreme controls or the singular controls.

Thus for singular control @_(t): 0 (i = 1,2,3), from equations (3.53) - (3.55) solving for /L,(i = 1,2,3)we

obtain:
Ay = E_Sr(m - q:;h) (3.58)
A g (;r:a2 - q:;s) (3.59)
I (pﬂ = q:;a] (3.60)

In this case, the optimal control is called the singular control and equations (3.58) - (3.60) are the necessary
conditions for the maximization of Hamiltonian H.

By Pontryagin’s Maximum Principle, the adjoint equations are:
A, _ _ 9H dh _ _ oM di _ _ OH

dt = BHL : dt ' EN! ] dt - ENE (3.61)
Now, by using equation (3.61) we obtain:
I'.'Lq. gty _S
n:!_rL = —e *'p,q,E, — 4,[a — 2bN, — ¢N, — q,E,;] — 4,fN,

(3.62)
Substituting @ = bN; + cN; + g, E, and (3.59) in to the equation (3.62) we obtain:

i - m, £
g o “'P1q,E, + BN, A, — e r(F‘: - h:T:-.} or
di, s & Ferd
HE bN,A, = —e~%p,q,E, —e~ %" (P: - q I_*I )
This is of the form: S
da, e —&t
g Ajd, = —4.e (3.63)
where Ay = —bN;and A, = p,q,E; + (p: == qE:‘I )
e ol
The above equation is linear in 4, and its solution is given by:
R smita ke (3.64)
o A,-8 :
and also
% = —e™%'p,q,E, + N, 4, — 1,(d — 2eN, + fN, — gN; — q,E,) + mN; 4,
(3.65)
Substituting d = €N, _,:{ fN,; + gN; + q;E; and equations (3.58) in to (3.65) we obtain:
Z_:+ Byd, = Bye™® (3.66)
where Bl — _EN: and B, = (Pl St )ch '!' (pa _i)mNa i quqEq
- qiNy ggNg -t

The above equation is linear in ﬂ ) and its solution is given by:
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As P e (3.67)
Similarly,
ddy -8
—= = —€ "'P3q3E; + gNyA, — A3(h — 2kN; —mN, — q;3E;) (3.68)
Now by substituting i = kN5 + mN, + q3Eg, equation (3.58) and (3.59) in to (3.68) we obtain:
dd L
— T CAdy =Ce™ (3.69)
Where Cl = _kNa and C: = (?_’].—. - G,:. )HN" - pﬂ anﬂ
- CENES -
The above equation is linear in ﬂ 3 and its solution is given by:
G 11
As C,—5 e (3.70)

It is obviously that J (), A,(¢) and A4 (¢)are bounded as¢ —> 0. From (3.58) and (3.64) we obtain a
singular path:

oy By un Ay
Py H A5 (3.71)
And also from (3.59) and (3.67), we obtain a singular path:
B
P: L ENES B, —& G.72)
Similarly, from (3.60) and (3.70) we obtain a singular path:
EE hra C'.‘.
- = = 3.73
pﬂ qB-NB- c,—6 ( )
T i zay Sy i TR ( = i) siigs_ Bl
Let F(N,) (Fi th?h) 1 A5 ; G(N,) P2~ yw.) 5,-5 and
g c C . . .. = MY =nm;
M(N;) = (F"a - %;3) - c.‘jS then there exists a unique positive root Ny = (N, )zof F(N;) = 0in

the interval 0 << N, < k, if the following inequalities hold:
F(0) < 0,F(k,) = 0,F(N,)>0forN, = 0
And also there exists a unique positive root Ny = (N,) s of G(N,) = 0 in the interval 0 << N, < k,if the
following inequalities hold:
G(0) < 0,6(k,) > 0,6'(N,) >0forN, >0
Similarly, there exists a unique positive root Ny = (N3) zof M'(N;) = 0 in the interval 0 << N << kif the
following inequalities hold:

M(0) <0,M(k;) = 0,M'(N;)=0forN; =0
Now, for Ny = (N, )5, N, = (N,)zand N3 = (N;) zwe get:
{Nl-]m — - {Nj}m — == {Nﬂjo\:- — -

P19 P22’ Psds’
_ apypq.9; — bpogaey —opyq,6,
{Elja - 2
p1p2(g4)%q,
(B.); = dp, P, P3G19293 — €P1P3919:62 + fP2PaP2q293C1 — 9P1P2G192C
2/E T 2
P1PaPs ql(q:thE
and
hp;P3d283 — kP2q263 — MP3d3c;
(Esds =

P;P3q :("—?3] ;

Hence once the optimal equilibrium {{Nlja !{N:]S {NEI]S ) is determined, the optimal harvesting effort
((E,)s (Es)s (E3)s) can be determined. From (3.64), (3.67) and (3.70) we found that A;(t)
where i =1,2,3 do not vary with time in optimal equilibrium. Hence they remains bounded as ¢ —> o0

From (3.71), (3.72) and (3.73) we note that:

o - A,
= = — — Q0asd—0
P1 q,N, A,-B

Ty B,
Pz —

= — 0asé—0
- q.N, B,-8 =

and
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Cq C,

— — — 0aséd— 0
ke QENE ':1_5

Thus, the net economic revenue for the Prey population By = 0, the net economic revenue for the predator

population B2 = 0 and the net economic revenue for the competitor to the Predator population By = 0. From
this we conclude that, if the discount rate increases, then the net economic revenue decrease and even may tend
to zero if the discount rate tends to infinity. Hence finally we remarked that high interest rate will cause high
inflation rate.

3. Numerical simulation
In this section, we substantiate as well as augment our analytical findings through numerical simulations
considering the interval parameters. For this, numerical examples are obtained to illustrate the proposed
methodology presented in this paper.
Example: Let us consider a set of artificial values of parameters as follows in appropriate units:
= [2.5,3], oy = [0.2,0.6], My = [D.?,U.E], My = [0.5,0.9}, 5= [4.5,5],,[‘-’1 = [0.8,0.9],
ﬁg = [0.2,(].4-], ,[‘-’3 = [EI.S,['I.E], £ = [5.5, ﬁ], 51 = [0.2,0.5], g, =02 g, =0.5 g5 =0.8,
E, =10,E, =8,E; =6 andp € [0,1].
The trivial equilibrium point {0,0,0) always exists for all values of pE [0,1]. The non trivial equilibrium
points and the Eigen values of variational matrices at the corresponding points of co-existence equilibriums are

given in table1below for different values of p in [0,1].

Values of | Equilibrium states Eigen values Nature of the equilibrium states
p

0 0.29,0.362,0.536 —0.636, —0.156 — 0.1111i, Stable
—0.156 + 0.111i

0.1 0.294,0.435,0.578 —0.674—-0.144 — 0.1171, Stable
—0.144 + 0.117i

0.2 0.292,0.515,0.623 —0.665,—0.18 — 0.126i, Stable
—0.18 + 0.126i

0.3 0.275,0.601,0.661 —0.793 —0.164 — 0.125i, Stable
—0.164 + 0.125i

0.4 0.281,0.674,0.729 —0.783,—0.188 — 0.156i, Stable
—0.188 + 0.156i

0.5 0.275,0.755,0.791 —0.812 —0.179 — 0.155i, Stable
—0.179 + 0.155i

0.6 0.261,0.842,0.856 —0.846, —0.168 — 0.148i, Stable
—0.168 + 0.148i

0.7 0.322,0.929,0.967 —0.943 —0.193 — 0.178i, Stable
—0.193 + 0.178i

0.8 0.149,1.079,0.928 —0.962, —0.254, —0.128 Stable

0.9 0.195,1.134,1.162 | —1.017, —0.197 — 0.1241, Stable
—0.197 + 0.1244

1 02,1212 —1.072 —0.204 — 0.122i, Stable
—0.204 + 0.122i

Table 3.2 Equilibrium states, eigen values, nature of the equilibrium points.

From the above table we observe that there are different equilibrium points for different values of p. We also see
that the eigen values corresponding to different equilibrium points are complex conjugate with negative real part.
Therefore the equilibrium points are stable.

The fluctuation of prey, predator and competitor to the predator population with respect to time beginning with
N, =1 N, =109and Ny = 1.1 forp = 0.7, p = 0.8,p = 0.9 and p = 1 are depicted in following

Figures respectively.
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Fig 1: Variation of prey, predator and competitor to the predator population against the time for different values
of p

4.CONCLUSIONS AND RECOMMENDATIONS

4.1 Conclusions
Prey—predator (competitor) harvesting model has undergone different development in theoretical and practical
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applications in the field of biomathematics. Most of the researchers have developed the prey, predator and
competitor to the predator harvesting model based on the assumption that the biological parameters are precisely
known but the scenario is different in real life situation. In this paper, we developed a method to find the
biological equilibrium points, bio-economic equilibrium points and optimal harvesting policy when some
biological parameters are imprecise in nature. Here we develop the concepts imprecise parameters to the prey,
predator and competitor to the predator harvesting model by considering the prey population growth rate,
predator population growth rate, competitor to the predator growth rate and predation coefficients are imprecise
in nature for the lack of precise numerical information. The ability of calculating the biological equilibrium
points, bio-economic equilibrium points and optimal harvesting policy developed in this paper might help to
develop more realistic mathematical models in the area of mathematical biology. Before ending this article we
would like to mention that one may consider Lotka—Volterra model with logistic growth under imprecise
biological parameters. Impreciseness of the harvesting cost and price of the biomass of the species of the
harvesting model are also important characteristic to be considered.

4.2 Recommendation
Basing on the results of qualitative analysis and numerical simulation of the model, we recommend that;

i. Prey-predator (competitor) should not be harvested at a rate higher than their growth rate. However
optimal harvesting of the prey-predator (competitor) at a rate much lower than their growth rate is
permissible, since this would not lead to collapse of the system in the long term.

ii. The population density of the predator can be increased drastically by increasing the growth rate of the
prey species e.g. regular recruiting more prey into the area. Since regular recruiting of prey may not be
realistic, the best alternative is to minimize or stop poaching of the preys so as to greatly increase the
number of their population in that area, which will in turn result in an increase in the population of the
predator. But the number of population of competitor to the predator does not dependent on the number
of prey population; it depends on the number of predator population that competes’ with them for
common resource. This common resource may be additional resources for predator population.

iii. The population density of the predator depends mainly on the biomass of the prey than that of
competitor; hence any attempt to control the population density of the predator should be based on
controlling the population density of the prey.
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