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NATURE’S GENERAL LEDGER : “THE GRAND DESIGN” MODEL FOR A SIMULATED
UNIVERSE-A GIANT DIGITAL COMPUTER AT WORK

DR K N PRASANNA KUMAR, PROF B S KIRANAGI AND ®PROF C S BAGEWADI

ABSTRACT: Consciousness could be thought of as the problem to which propositions belong and
concomitantly correspond as they indicate particular responses ,signify instances of general solutions, with its
essential configurations, rational representations conferential extrinsicness, interfacial interference,
syncopated justices, heterogeneous variations testimonies,apodeictic knowledge of ideological
tergiversation,sauccesful reality,sleaty sciolisms,tiurated vaticinations,anchorite aperitif ~ anamensial
alienisms and manifest subjective acts of resolution . Consciousness in its organization of singular points,
series and displacements, is doubly generative; it not only engenders the logical propositions with its
determinate dimensions but also its correlates. The equivocality, ambiguity, in the synchronicity of the
problem and proposition both in the sets and subsets of the ontological premises and logical boundaries,
“error in perception” arises in the field of consciousness. Far from indicating the subjective and provisional
state of empirical knowledge consciousness refers to an ideational objectivity or to a structure constitutive of
space and time, the knowledge and the known, the proposition and its correlates. The question of “question”
in consciousness does not bear any resemblance to the proposition which subsumes it, but rather it determines
its own conditionalities and representationalitiesof and assigns them to its constituents in various
permutations and combinations, that are done with corporate signification, personalized manifestation,
individual denotation and organizational individuation. Consciousness is only the shadow of the problem
projected or rather constructed based on empirical propositions. It is the same ‘illusion’ which does not allow
it to be reduced to any empirical thesis or antithesis for that matter. Retroactive movement of consciousness
based on morphemes, semitones and relational openness leads to disintegration of external relations and
dysfunctional fissures in the personality domains of resolvability are relativistic in the self determination of
the consciousness problem. Consciousness makes signification as the condition of truth and proposition as
the conditional truth; it is necessary that we should not vie the condition as the one who is conditioned, lest
the biases of internationality and subject object conflict arise. Witness consciousness is the best answer to the
problems that we face in science. Static genesis sets right the “aham brahasmi” (I AM Brahman) and “from
Brahman we came” problem. Consciousness thus is neutral but never the double of the propositions which
express it. “Events” have critical points like say liquids have, or water has. in all its pristine glory and
primordial mortification consciousness is just “knowledge”, expressed in bytes, visual field capacity is also
expressed. We make an explicit assumption that the storage is measured based on the number of bytes and
that ASCII is used. Further assumption in gratification deprivation is that gratification increases in arithmetic
progression, and deprivation in geometric progression. More you think, more you get angry. The still more
you think you go mad. Repetitive actions and thoughts which are themselves actions are assumed to be
recorded. by a hypothertical”’neuron DNA”. We thus record everything in the general ledger of the universe.
And lo! The grand design simulated by someone, with people like us with Tam&, rajas (dynamism) and
sattva (the transcendental form of Tam& and rajas) react. The height’ is the murder, mayhem calypso and
cataclysm. the depth is “non reaction ability”. With this we state that this universe is s grand design simulated
and we are really playing our roles to fit in a virtual drama.

INTRODUCTION:

We take in to considerations following parameters:

(1) Consciousness(just the amount of bytes recorded and visual representations measured by
Information field capacity)
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(2) Perception (What we see-It is said by many people like Kant and Indian Brihadyaranyaka Sutra that
what you see is not what you see; what you do not see is not what you do not see; what you see is
what you do not see and what you do not see is what you see —Here we assume that perception is
what we see. And note in the Model we are making a case for the “augmented reality” or “dissipated
reality” if the observer has “consciousness”, by which we mean what exactly is happening. If two
crime syndicates are fighting each other, you may only see a terrible traffic and do not see anything
else!)

(3) Gratification (we assume that it increases, the balance increases by arithmetic progression .The more
you think, the same sentences form again and can be measured by ASCII numbers...Too much
needless to say leads to paranoid schizophrenia. All actions are performed by people to achieve
gratification or deprivation, that includes sadists and masochists)

(4) Deprivation(Balance here increases by GP ;again ASCII is used)

(5) Space

(6) Time

(7) Vacuum Energy

(8) Quantum Field

(9) Quantum Gravity

(10) Environmental Coherence

(11) Mass

(12) Energy

CONSCIOUSNESS AND PERCEPTION MODULE NUMBERED ONE
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NOTATION :

G,; : CATEGORY ONE OF PERCEPTION

G,4 : CATEGORY TWO OF PERCEPTION

G,5 : CATEGORY THREE OFPERCEPTION

T,3 : CATEGORY ONE OF THE CONSCIOUSNESS
T4 : CATEGORY TWO OF THE CONSCIOUSNESS

T;5 :CATEGORY THREE OF THE CONSCIOUSNESS

SPACE AND TIME MODULE NUMBERED TWO:

Gy : CATEGORY ONE OFTIME
Gy, : CATEGORY TWO OF TIME
Gys : CATEGORY THREE OF TIME
T,c :CATEGORY ONE OFSPACE
T,, : CATEGORY TWO OF SPACE

T,s : CATEGORY THREE OF SPACE

GRATIFICATIONA AND DEPRIVATION(MOSTLY UNCONSERVATIVE HOLISTICALLY AND
INDIVIDUALLY! WORLD IS AN EXAMPLE) MODULE NUMBERED THREE:

G,, : CATEGORY ONE OF DEPRIVATION
G,, :CATEGORY TWO OF DEPRIVATION
G,, : CATEGORY THREE OF DEPRIVATION
T,o : CATEGORY ONE OF GRATIFICATION
T,1 :CATEGORY TWO OF GRATIFICATION

T,, : CATEGORY THREE OF GRATIFICATION

MASS AND ENERGY:MODULE NUMBERED FOUR:

G,, : CATEGORY ONE OF MATTER
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G,5 : CATEGORY TWO OFMATTER
G,¢ : CATEGORY THREE OF MATTER
T,, :CATEGORY ONE OF ENERGY
T,5 :CATEGORY TWO OF ENERGY

T,¢ : CATEGORY THREE OF ENERGY

VACUUM ENERGY AND QUANTUM FIELD:MODULE NUMBERED FIVE:

G,g : CATEGORY ONE OF QUANTUM FIELD
G,9 : CATEGORY TWO OFQUANTUM FIELD
G3, :CATEGORY THREE OF QUANTUM FIELD
T,s :CATEGORY ONE OF VACUUM ENERGY
T,9 :CATEGORY TWO OF VACUUM ENERGY

T5o :CATEGORY THREE OF VACUUM ENERGY

ENVIRONMENTAL COHERENCE AND QUANTUM GRAVITY:MODULE NUMBERED SIX:

G3, : CATEGORY ONE OFENVIRONMENTAL COHERENCE
G33 : CATEGORY TWO OF ENVIRONMENTAL COHERENCE
G;, : CATEGORY THREE OF ENVIRONMENTAL COHERENCE
T;, : CATEGORY ONE OF QUANTUM GRAVITY

T;; : CATEGORY TWO OF QUANTUM GRAVITY

T;, : CATEGORY THREE OF QUANTUM GRAVITY

(a13)(1), (a14)(1), (a15)(1), (b13)(1), (b14)(1); (b15)(1) (a16)(2)' (a17)(2), (a18)(2) (b16)(2)' (b17)(2)’ (b18)(2):
(azo)(S)' (az1)(3), (azz)(3) , (bzo)m; (b21)(3)1 (bzz)(3)

(a24)(4), (azs)(4)' (aze)(4), (b24)(4)» (bzs)(4), (bze)@); (bzs)(s): (b29)(5); (b30)(5):(a28)(5); (a29)(5); (aso)(s)'
(asz)(é): (‘133)(6), (a34)(6), (b32)(6); (bss)(G), (b34)(6)

are Accentuation coefficients

(a1)®, (@19)W, (a15)®, (b1)®, (b1)™, (1), (a16)@, (a17)@, (aig)®, (b1e)®, (bi)®, (big)®
, (alzo)(3), (aéi)(s): (‘1,22)(3): (béo)(s), (bé1)(3): (béz)m
(a50)®, (a5)™, (a56) @, (b3) @, (b35)™, (b36)™, (b)), (b39)®, (b30)® (a35)®, (a29)®, (a50)®
(aéz)(G): (aé3)(6), (a§4)(6), (béz)(@: (b§3)(6), (bé4)(6)
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are Dissipation coefficients
The differential system of this model is now (Module Numbered one)

CONSCIOUSNESS AND PERCEPTION MODULE NUMBERED ONE

dG ’ "
= = (a3)V Gy — [(a13)(1) + (ay3) P (T, t)]Gls

dG
1 = (a;) MGy — [(a14)(1) + (af. )(1)(T14' t)]G14

dG
L5 = (a;5) MGy — [(a15)(1) + (af! )(1)(T14' t)]G15

dT13

= (by3) Ty, — [(b13)(1) — (by- )(1)(0 t)]T13

Tt = (byy) Oy = [(b1)D = b1V (G, )] Ty

T = (i) Vs = [ D = GBI DG, O]Tis

+(a}) (T, t) = First augmentation factor

—(b}5)V(G,t) = First detritions factor

The differential system of this model is now ( Module numbered two)

SPACE AND TIME MODULE NUMBERED TWO

ac
e (‘116)( )Gy — [(‘116)(2) + (af )(2)(T17: t)]Glﬁ

dG ’ "
— =(a 17)( )616 [(a17)(2) + (a17)(2)(7’17, t)]Gl7

dGlg

(aIS)( )017 [(ais)(z) + (afs)(z)(Tn, t)]GIB

dT16 (b16)(2)T17 [(bm)(z)_(b )(2)((019) t)]T16

dT” (b17)(2)T16 [(b17)(2)_(b )(2)((G19) t)]T17

T8 = (h1e) DTy = [(B1)P = B1)P ((Gr9), )] Tis
+(a})®(T,,,t) = First augmentation factor

—(b1s)P((Gyo),t) = First detritions factor

The differential system of this model is now (Module numbered three)

GRATIFICATIONA AND DEPRIVATION(MOSTLY UNCONSERVATIVE HOLISTICALLY AND
INDIVIDUALLY! WORLD IS AN EXAMPLE) MODULE NUMBERED THREE

dG 1 "
20 = (az0)®Gyy — [(azo)(s) + (azo)(s)(szt)]Gzo

dG 1 "
2L = (a,,)C )Gzo [(a21)(3) + (a21)(3)(T21,t)]621

dG 1 "
—2=(a 22)( )621 [(azz)(s) + (azz)(s)(szt)]Gzz
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dT20

= (b20) P T = [(020)® = (b30)® (G23, )] oo

dT21

= (b)) P T — [(121)® = (7)) (Go3, )] T

drT:;

—2 = (by) Ty, — [(bzz)(3) — (b3 )(3)(st't)]T22
+(ay,)® (T,,,t) = First augmentation factor
—(by)®(G,3,t) = First detritions factor

MASS AND ENERGY:MODULE NUMBERED FOUR:

The differential system of this model is now (Module numbered Four)

dG ’ "
=2 = (ay4) W Go5 — [(a24)(4) + (a24)(4)(T25:t)]624

dG ! n
25 = (ag5) G,y — [(azs)(4) + (azs)(4)(T25:t)]st

d626

= (a26) ™ Gys — [(aéG)(‘*) + (aéle)(4)(Tzs.t)]Gze

dT“ (bz4)(4)T25 [(b24)(4)_(b )(4)((627) t)]T24

T = (bys) DTy — [(b3s) @ — (b35) D ((G27), )] Tis

dee

= (b26)®Tos — [(b36) ™ — (b36) W ((G27), 1) Te
+(ay,)®(T,s,t) = First augmentation factor
—(b3)®((Gy),t) = First detritions factor

The differential system of this model is now (Module number five)

VACUUM ENERGY AND QUANTUM FIELD:MODULE NUMBERED FIVE

dGZB

= (az8)®Gpo — [(alzs)(s) + (ahs)® (Tyo, t)]st

d629

= (az0)®G,g — [(alzg)(s) + (a5e)® (Tyo, t)]ng

dG
20 (aso)( )629 - [(a30)(5) + (a3 )(5)(T29: t)]G30

dTZS (bza)(s)T29 - [(bzs)(s) - (b )(5)((631) t)]TZS

deg (b29)(5)T28 - [(b29)(5) - (b )(5)((631) t)]T29

dT3O (b30)(5)T29 - [(b30)(5) - (b )(5)((631) t)]T30

+(ayg)®(T,,t) = First augmentation factor
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—(b55)®((G31),t) = First detritions factor
The differential system of this model is now (Module numbered Six)

ENVIRONMENTAL COHERENCE AND QUANTUM GRAVITY:MODULE NUMBERED SIX

dG 1 "

d:z = (agz)(6)633 - [(a32)(6) + (asz)(6)(T33't)]G32
dG 1 "

d:s = (a33)(6)632 - [(033)(6) + (033)(6)(T33't)]G33
dG 1 "

d:4 = (a34)© G35 — [(@5)©@ + (a%)© (T35, )]G4
drT. 12 n
ﬁ = (b32)©Ts3 — [(b32)® — (b55)©((G35), )| T2
dT 12 n
d_rf — (b33)(6)T32 _ [(b33)(6) — (b33)(6)((G35)'t)]T33
dT34

= (b34) @ Ts; — [(b§4)(6) - (béﬁ;)(6)((635)'t)]7‘34

dt

+(a4,)®(Ts3,t) = First augmentation factor
—(b5)®((G3s),t) = First detritions factor

HOLISTIC CONCATENATE SYTEMAL EQUATIONS HENCEFORTH REFERRED TO
AS “GLOBAL EQUATIONS”

CONSCIOUSNESS AND PERCEPTION MODULE NUMBERED ONE
SPACE AND TIME MODULE NUMBERED TWO

GRATIFICATIONA AND DEPRIVATION(MOSTLY UNCONSERVATIVE HOLISTICALLY AND
INDIVIDUALLY! WORLD IS AN EXAMPLE) MODULE NUMBERED THREE

VACUUM ENERGY AND QUANTUM FIELD:MODULE NUMBERED FIVE
MASS AND ENERGY:MODULE NUMBERED FOUR

ENVIRONMENTAL COHERENCE AND QUANTUM GRAVITY:MODULE NUMBERED SIX

Wi _ (o g (@5) V(@) (T 0] +H(@) 22 (T, O] (@50 2T, 0] |
— =(as3 14 — 13
dt _‘+(a’2,4)(4'4'4'4')(T25rt)H+(a’2'3)(5'5'5'5')(T29' t)H+(aélz)(6,6,6,6.)(’1"33’t)|_
T G i e C ARG [ GO GUD) OGN J

= Q14 13 — 14
“ | [+(a5) @4 (Tys, 1) || +(age) 5555 (Tyo, ) || +(a) 050 (T3, 1) |
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(@) +(afs) D (110, O ||+ (@) 2 (117, ) || +(a5) O3 (T3, 0)|
+(a5e) *44) (Tys, 0) || +(a50) 555 (T, 0) || +(a5) @408 (T35, 0)|

ac
—= ( 15)(1)614 l‘

Where | (@)D (Ty,, t) | are first augmentation coefficients for category 1, 2 and 3

|+(a;’6)(2'2') (T, t)l , |+(a )@2(T,,, t)| |+(a D) E2)(T,,,t) | are second augmentation coefficient for category 1, 2 and 3

|+(a;’0)<3'3') (Tya, 2D G3N(Ty,, 1) B3 (T, t)l are third augmentation coefficient for category 1, 2 and 3

|+(a§’4)(4'4'4'4') (Tys, t)l , |+(a;’5)(4'4'4'4') (Tys, t)| , |+(a§’6)(4'4'4'4') (Tys, t)| are fourth augmentation coefficient for category 1, 2 and 3

|+(a§’8)(5'5'5'5') (Tyo,t) |,|+(a§’9)(5'5'5'5')(T29, 1) B35 (T, t)| are fifth augmentation coefficient for category 1, 2 and 3

|+(a§’2)(6'6'6'6') (Ts3,t) I |+(a§’3 (6.666)(T,,, t)| , |+(a§’4)(5'5'5'5') (Ts3, t)| are sixth augmentation coefficient for category 1, 2 and 3

" " iD= D G, D] [=B1) P (610, O] - (55) 4 (63, )|
13
= (b13)"WT1y — ‘ (b”)(4444)(627,t)||—(b )(5555)(631 t)H—(b )(6666)(635 t)| T
T _ (p, 0T [ 1) V0D G, 0] [Fi P 610, O|[- (03 (G2, 0] ] .
14 13 — 14
| = (B 44 (G, ) || = (b5e) S35 (Gay, 1) || = (bg) 0 (Gas, £)] |
s _ ()07 (b)) D, 0] [0 *H G0 D] - i) G 0] |
15 14 — 15
| [ = () 440 (G, ) || = (B50) 555 (Gay, 1) || = (b50) ©45) (Gas, £)] |
Where I - — (b (G, t)| are first detrition coefficients for category 1, 2 and 3

by @) (G, t)| are second detrition coefficients for category 1, 2 and 3

[=(b1)®?) (G0, D) |, [- (b1 2P (G,

(b5) 33 (Gys, 1) | are third detrition coefficients for category 1, 2 and 3

[=(050) 33 (G, )], | = (05)®* (G,

| — (b)) @444 (G, t)l |—(b DGR (G, 1) [, —(bs) @44 (G, t) | are fourth detrition coefficients for category 1, 2 and 3

| —(bie) 5555 (G, t)l |—(b )(5555)(G3l,t)| |—(b )(5555)(G3l,t)|are fifth detrition coefficients for category 1, 2 and 3

| —(b4,) (6666 (G5, t)l |—(b )(6“5>(635,t)| |—(b ) (6666) (G, t)| are sixth detrition coefficients for category 1, 2 and 3

(a16) @[ +(a1e) D (Ty7, O] [+(afy) 7 (Tyq, ) || +(a50) 2D (T, 1)
’+(a’2'4)(4'4'4'4'4)(T25,t)H+(a’2’8)(5'5'5‘5‘5)(T29, t)H+(a’3’2)(6’6’6’6’6)(T33,t)|

d616

= (am)( )G17

(@) P+ @ (Ty7, O [+ @) P (Toy, O ||+ (a5) B33 (T, D) |
’+(a12/5)(4,4,4,4,4) (TZS' t) ‘ | +(aé’9)(5'5'5'5'5) (ng, t) ‘ | +(a1313)(6,6,6,6,6) (T33' t) |

d617

= (a17)( )Glﬁ

(@1) P +(aly) @ (Ty7, O +(af) ) (Tyy, O |[+(a5) 333 (T, D)|
‘+(a’2'6)(4'4'4'4'4)(T25't)H+(a’3'o)(5'5'5'5'5)(T29' t)H+(al3/4)(6,6,6,6,6)(T33’t)|

dG18

(a18)( )617
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t) | are first augmentation coefficients for category 1, 2 and 3

Where|+(ai) @ Ty, )], [+ (@) @ (1,5,

|+(a;’3)<1'1') (Tya, t)| , |+(a’1’4)<1'1') (T, t)| , |+(a’1’5)<1'1') (Tya) t)| are second augmentation coefficient for category 1, 2 and 3

|+(a§’0)(3'3'3)(T21'

t)| are third augmentation coefficient for category 1, 2 and 3

|+(a;’4)<""4'4'4'4) (Tys,t) |,|+(a’2’5)(4'4'4'4'4) (Tys,t) l,|+(a;’6)<4'4'4'4'4> (Tys, t)| are fourth augmentation coefficient for category 1, 2 and 3

|+(a” Y5555 (T, t)| |+(a ) 55555 (T, t)l |+(a” Y5555 (T, t)l are fifth augmentation coefficient for category 1, 2 and 3

|+(a” )(66666)(T,,, t)| |+(a ) (66666 (T, t)| |+(a ,)(66666) (T, t)l are sixth augmentation coefficient for category 1, 2 and 3

T _ ()7 (bie) @] =(b1e)® (Gro, O] |~ (b15) " (G, D] |- (b0)®**) (63, D) | .
16 17 — 16

= (b5 #4449 (G5, )| [~ (bYs) 5559 (631, 1) | [~ (b52) G509 (G5, 1) |
T2 _ ()01 (b)) G1o, 0] [ D6 0] i) OG0 |
17 16 — 17

| = (b39) @449 (G, )] [~ (b30) 5559 (G4, D) || = (b5) @555 (Gas, )|
Mo _ ()7 (i) =) P (Grs, O] [~ 01V G.0]- GV 60| |
18 17 — 18

| = (b30) @49 (G, )| [~ (b30) 5559 (G4, D) ||~ (b50) 5559 (Gas, )|

where| (b16)(2)(019,t)| |—(b )(Z)(Gw,t)l |—(b )(2)(G19,t)| are first detrition coefficients for category 1, 2 and 3

I (b)) (G, t)l I (b)) (G, t)l | —(biHEB (G, t)l are second detrition coefficients for category 1,2 and 3

| —(byy )(333)(623,0] |—(b DG33) (G, 2)(3'3'3'>(623,t)| are third detrition coefficients for category 1,2 and 3

| — (b)) #4449 (G, t)| |—(b D@D (G, 1) |,| —(by)E44AD (G, t)| are fourth detrition coefficients for category 1,2 and 3

I—(bg’g)(S'S'S'S'S)(GM, t)| . |—(b;’9)(5'5'5'5'5)(631, t)l , |—(b§’0)(5'5'5'5'5)(631, t)| are fifth detrition coefficients for category 1,2 and 3

| —(b4,) (66666 (G, t)| |—(b ) 66666)(G, ., t)l |—(b ) (66666)(G. ., t)| are sixth detrition coefficients for category 1,2 and 3

» N (a50) @ +(a20) P (T, ||+ (a1) 2 (T17, )] | +(afs) 11Ty, 1)
20
= (@) | [ (@ O35 (7, 0|+ (@) O Ty, O [+ (@) O T, )] | 2
1 _ (0,)9G (@50 (@) o1, O] [+ @) 22 (T, O] [+ (@) (T 0] |
21 20~ 21
_|+(ag’s)(4'4'4'4'4'4)(T25,t)”+(a’2’9)(5'5'5'5'5'5)(ng, t)"+(algrg)(6,6,6,6,6,6)(T33’t) |-
Tl = (a) V6 (@52) V] @3) O T, O] |+ (@) 22T, O | @) (T, 0)]
Q22 21~ 22
|+ (age) #4449 (T, )] [+(a0) S55559) (Tyo, ) || +(al) 0500 (T35, 1)

|+(a§’0)(3) Ty, t) | |+(a;’1)(3) (Tyy, t) | |+(a§’2)(3)(T21, t)| are first augmentation coefficients for category 1, 2 and 3
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|+(a;’6)(2'2'2)(T17, t) |,|+(a§’7)(2'2'2)(T17, t)| , |+(a{’8)(2'2'2)(T17, t)| are second augmentation coefficients for category 1, 2 and 3

’

+(a1’4)(1'1'1') (T14' t) I 4

|+(a;’3)<1'1'1') (Tyart) +(als) VI (Ty,, t)| are third augmentation coefficients for category 1, 2 and 3

I +(ayy) A4 (T, 1) | ) | +(azs YAAAAD (Tys, 1)
3

,|+(a;’6)(4'4'4'4'4'4) (Tys, t)| are fourth augmentation coefficients for category 1, 2 and

| + (aérs)(s,s,s,s,s,s) (Tyo,t) |' I + (aérg)(s,s,s,s,s,s) (Ty0,t)

+(ayy) 555555 (T, t)| are fifth augmentation coefficients for category 1, 2 and 3

’

|+(ag’z)(ﬁ'ﬁ'ﬁ'ﬁ'ﬁ'ﬁ)(T33, t) I +(ay;)(666666)(Ty, 1) |,| +(ay,) (666666 (T,, 1) | are sixth augmentation coefficients for category 1, 2 and 3

T _ o oy B5) V0D (623 0] |- B G0 O||- GG 0] |
e 20 21 20
“ | [ () 44449 (G, £) || = (bg) 55559 (Gay, 1) || = (b5p) ©O509 (G5, 1) |
s _ g o (B3P =(13)® (63, D[ b1 2 (610, 0| [~ (B4 (6, 1) .
P 21 20 21
“ | [ (bg) 444449 (G, £) || = (b5e) ©55559) (Gay, 1) || = (B52) @505 (G5, 1) |
s _ o o (i) V05D G2 0] |- G Goo O||- GG 0] |
— = D22 21— 22
“ | [ (bge) #4449 (G, £) || = (b)) ©55555) (Gay, 1) || = (B @505 (G35, )|
|—(b;’0)(3)(023,t) , —(b;’l)(”(ng,t)l , —(b;’z)(3>(ng,t)| are first detrition coefficients for category 1,2 and 3

I—(b{’s)(z'z'z)(Glg, t)| , |—(b1’7)(2'2'2)(019, t)l , |—(b{’8)(2'2'2>(019, t)| are second detrition coefficients for category 1, 2 and 3

[=(Bi) (6, 0], [ = (i) (6, )], [~ (b)) (6, )| are third detrition coefficients for category 1,2 and 3

I—(bgﬁ,)(4'4'4'4'4'4)(627, t) |,|—(b;’5)(4'4'4'4'4'4) (Gyy, t)H —(by) @444 (G, 1) | are fourth detrition coefficients for category 1, 2 and 3

[ (b3) 55559 (G, )]} [~ (bgo) 555559 (G5, D),

—(bly) 555555 (G, 1) | are fifth detrition coefficients for category 1, 2 and 3

I—(bg’z)(6'6'6'6'6'6)(635, t) |,|—(b§’3)(6'5'5'5'5'5) (Gss, t)H —(bY,)(666666) (G, 1) | are sixth detrition coefficients for category 1, 2 and 3

(@5) @[ +(a5) P (Tys, O || +(ae) 5 (Tyo, )] +(a4) €9 (Ts3, 1) |

dG24 _ (a )(4’)G
- 24 25 24
dt | [+(@i) D (T, )] +(a1) 222D (T, )| | +(a50) ®332) (T, 1) |
d6ss _ 0 g (@55) @[ +(a3) D (Tys, ]| +(az0) &5 (Tyo, O] | +(a25) @ (T3, )|
= (Azs 24 25
dt | [+ (@)D (T, B)|[+(ay) @222 (T, 8) || +(ag) 332D (T, 0)|
N £ e AL CHD) | K1 C D ) XA D)
= lz6 25 — 26
dt | [+(@) 3 (T, 0] [+(afe) @222 (T, )| +(agy) B33 (T, ©)|
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Where | (ay) P (Tys, t) (as) @ (Tys, t)| are first augmentation coef ficients for category 1,2 and 3

(a3s)™® (Tys, 1) I )

’

|+(a§’8)(5'5') (Tyo,t) |,|+(a’2’9)(5'5')(T29, )|, +(aiy) 55 (Tpo, ) | are second augmentation coef ficient for category 1,2 and 3

’

|+(a§’2 (66)(Tys,t) ,|+(a§’3 (68)(Tys, )|, | +(ays) 68 (Ts, ) | are third augmentation coef ficient for category 1,2 and 3

’

|+(a;’3)<1'1'1'1)(T14, t)l,|+(a§ﬁ,)(1'1'1'1)(T14, t)|,| +(a)TD(T,, t)| are fourth augmentation coefficients for category 1, 2,and 3

[+(af) ®22D (T, O] [+(ai) @**2 (15, 0)

+(als) 23 (T, t)| are fifth augmentation coefficients for category 1, 2,and 3

b

|+(a§’0)(3'3'3'3)(T21, t) | |+(a§’1)(3'3'3'3)(T21, t) | |+(a§’2)(3'3'3'3)(T21, t) | are sixth augmentation coefficients for category 1, 2,and 3

ATos _ ey, _ |20 @)D G O] | Z03) O G, O (0 Gas D) |
- 24 25 — 24
dt | =BG, 0] | = (1) ##2P (G619, 6) || - (b30) O23D (Goa, )] |
ATos _ ey, _ |25 P L208)D G, O] |Z(030) O G, O- 0 Gas D) |
- 25 24 — 25
dt _ ‘—(bﬂ)(l'l‘l'l)(G, t)l —(by, @222) (G, t)H‘(bé’1 (3'3'3'3)(623,t)| |
Tos _ 0y o (156 ®| =06 ® (G27, )| | = (B50) 5% (1, D] |- (15 © (G5, 0)|
- 26 25 26
dt | S0 YIE, 0] [~ (i) 2P (619, D) || - (05) B3P (63, £)|

Where | = (b5)™® (G, t)

=B P (G, )], | = (02 P (G, ) | are first detrition coef ficients for category 1,2 and 3

I—(b;’s)(s's')(Gm, t) I,l—(b;’g)(s's')(Gm, O, |=(B5) 5% (Gsy, t)| are second detrition coef ficients for category 1,2 and 3

’

I—(bg’z)(6'6')(635, t) I,l—(b§’3)“'6')(635, t) I, — (b4 (Gys, 1) | are third detrition coef ficients for category 1,2 and 3

I—(b{g)(l'l'l'l)(G, t)H—(bﬂ)(l'l'l'l)(G, t)l , |—(b{’5)(1'1'1'1)(6, t)| are fourth detrition coef ficients for category 1,2 and 3

I—(b{’s)(z'z'z'z)(Glg, t) | I—(bl”7 @222)(G, ., t) | |—(b{’8 @222 (G, t) | are fifth detrition coef ficients for category 1,2 and 3

l— (by) 3333 (G, t) H— (by)B333(Gys, t)H— (byy)B333)(Gys, t) | are sixth detrition coef ficients for category 1,2 and 3

(a36) )| +(a5) D (Ta0, O |[+(ag ) **) (Tys, )] +(a4) @09 (Tss, 0)|

d:B = (a20) G0 (L1111 1 3(2,2,2,2,2) 1 )(33.333) %
‘+(a13) A (T, t)H‘}‘(ale) e (T17;t)H+(a20) T (T21;t)|
292 — (1) P iy (a59)P|(@56) (Tao, D[ +(@5) ) (T, O ||+ (@) 0 T3, 0] |
- 29 28 29
dt _’+(a1'4)(1'1'1'1'1)(T14, t)"+(a1’7)(2'2'2'2'2)(T17,t)H+(a’2’1)(3'3'3'3'3)(T21, t)|_
dGy © (a50) [ +(a50) ™ (T, || +(a) “*) (T, ) || +(a5) @49 (T3, 1)
= $Gpo — G
ac = (000 T @m0 (0, ][4 (@) 2220y, O+ @) 729 (1, 0] |

Where | +(ays)® (Tho, t) |,|+(a’2’9)(5) (Tye,t) I ,I +(ay)® (Tho, t) | are first augmentation coef ficients for category 1,2 and 3
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And |+(a’2’4)(4'4') (Tys, t) |,|+(a£’5)(4'4')(T25, t) I |+ (ahe) @ (Tys, t)| are second augmentation coef ficient for category 1,2 and 3

’

[+(@)®59(T,5, 0)

[+ @)% (1,0

+(ayy) 59 (Ty,, 1) | are third augmentation coef ficient for category 1,2 and 3

|+(a;’3)<1'1'1'1'1)(T14, t) I,I +(aly) (T, t)H+(a;’5)(1'1'1'1'1>(T14, t)| are fourth augmentation coefficients for category 1,2, and 3

|+(a;’6)<2'2'2'2'2)(T17, t) I,I +(al,)®2222(T,,, t)I,|+(a;’8)(2'2'2'2'2>(T17, t) | are fifth augmentation coefficients for category 1,2,and 3

|+(a;’0)<3'3'3'3'3)(T21, t) |,|+(a’z’1)(3'3'3'3'3)(T21, t)I,|+(a;’z)<3'3'3'3'3>(T21, t)| are sixth augmentation coefficients for category 1,2, 3

Moo _ o sy, _ | o) T8O Gar O] |03 G, O 039G D) |
- 28 29 — 28
dt | =AMV G, )| = (i) @222 (Gro, O || - (b50) 239 (Ga 8|
A2 _ (. 37 (b59) | = (b39)® (Ga1, )| [~ (b56) “*) (G5, )] |- (b55) 59 (Gas, )| .
- 29 28 29
dt | =A@, 0] = (b)) #2222 (Gyo, )| |- (b5) O3 (Ga 8|
AT _ sy, _ | o0 OB D G, O] [ (b)) (G D[ (i) (G 1)
- 30 29 30
dt =G AIG, )| |- (i) 22222 (Gr, )| - (b5) O3 (Ga 0]

’

where |— (bye)® (G, t)l ,|—(b§’9)(5)(631, | ,|=B5) P (Gsy, t)| are first detrition coef ficients for category 1,2 and 3

’

I—(b;;)(4'4')(027, t) | ,|—(b§’5)<4'4')(027, )|, |=(by) ** (G, t)| are second detrition coef ficients for category 1,2 and 3

I—(bé’z)(s's's)(G“, t) ,I—(b§’3)(6'6'6)(635, t) —(b§’4)(6'6'6)(635,t)| are third detrition coef ficients for category 1,2 and 3

’

|=1) 11 (6, )| |- (b WD (G, 8)]

—(bjs) 1L (G, t)| are fourth detrition coefficients for category 1,2, and 3

[=(b1) 22222 (G5, )] [~ (b) 22222 (G, )] |~ (1) 2?22 (G5, )| are fifth detrition coefficients for category 1,2, and 3

|— (byp)B3333)(G,, 1) | |— (b)) B3333) (Gys, ) || - (b3y) B3333 (G, t)| are sixth detrition coefficients for category 1,2, and 3

b

X5z — (a9 (a52) | H(@5) O (T3, O +(a5) 5 Ty, O] [+ (@) (Tas 0] |
- 32 33 7 32
dt -| +(ai,3)(1’1’1'1'1’1) (T14, t) ||+(a£,6)(2’2’2’2’2’2) (T17, t) ‘ | +(a1210)(3,3,3,3,3,3) (T21! t) |_
T — (a6 (a59) ] (@3) ) T3, 0] [+ (@30) 9 (T, O] | (@) (T, 0] |
- 33 32 33
dt |+ (@) A (T4, 0) ||+ (@i @222 (T, 6) || +(a5) 33233(Ty, 1)
Ao _ o (a5) | H(@5) O (T3, 0| +(a0) 5 Ty, O] [+ @5) 0 (Tas 0] |
- 34 33 7 34
dt _|+(ails)(l'l'l'l'l'l)(T14' t)| +(aly)@22222(T, t)H_l_(afzrz)(3,3,3,3,3,3) (T, t) |

|+(a§’z)(6) (Ts3,t) |,|+(a’3’3)(5) (T33,t) ,I +(aky)® (Ta, t)l are first augmentation coef ficients for category 1,2 and 3

|+(a§’8)(5'5'5) (Ty9,t) |,|+(a’z’9)(5'5'5) (Tpo, t) ,|+(a§’0)(5'5'5)(T29, t) I are second augmentation coef ficients for category 1,2 and 3

|+(a§’4)(4'4'4') (Tys,t) | ,|+(a’z’5)(4'4'4')(T25, O, |+(age) @) (Tys, t)| are third augmentation coef ficients for category 1,2 and 3

’
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[+(aim) D (T, 0|+ (af) WD (T, O} |+ (afs) WD (T, )| - are fourth augmentation coefficients

[+l ®22222(T,,, 0| [+(ay) #2222 (T, O [+ (aje) @***22 (T, 0) | - fifth augmentation coefficients

|+(a;’0)<3'3'3'3'3'3)(T21,t) |,|+(a’z’1)<3'3'3'3'3'3)(TZl,t)I,I+(a§’2)(3'3'3'3'3'3>(T21,t)l sixth augmentation coefficients

T _ 0 oy (5) |0 @G5, O || (05) 2 (G300 [- B Gar0)] |
= (D32)" 33 — 32
dt ‘ —(bly)X1111D (G, t)‘ ‘_(bi%)(z,z,z,z,z,z)(alg’ t)”— (b4,) 333333 (G,s, 1) |
AT _ o o, _ | 83205 O Gan O (3) G, |- i) G 0] |
= (b33) 152 — 33
dt | —(by)L1LL (G, t)l |—(b{’7)(2'2'2'2'2'2)(619, t)”— (b)) 333333 (G, t) |
aTos 0 oy 150|010 G5, O || (B50) 2 (G300 [- B “ 4 Gar0)] |
= (D34)" 133 — 34
dt ‘ — (b)) 111D (G, t)‘ ‘_(birs)(z,z,z,z,z,z) (Gyo, t)”— (b}) 33339 (G, 1) |

I—(bé’z)(s)(G“, t)|,|—(b§’3)(6)(635,t)| ,|—(b§’4)(6)(635, t)| are first detrition coef ficients for category 1,2 and 3

I—(b;’s)(S'S'S)(Gm, t) | | — (DY) 5 (G3q, 1) I, —(b35) 59 (G, t)| are second detrition coef ficients for category 1,2 and 3

I—(bé",,)(4'4'4')(627, t) I,l—(b;’s)(“"”') (G35, ) l ,|—(b§’6)(4'4'4')(627, t)| are third detrition coef ficients for category 1,2 and 3

I—(b{g)“'l'l'l'l'l)(G, t)\,|—(b{ﬁ,)(1'1'1'1'1'1)(6, t) |,|—(b{’s)(l'l'lflflfl)((;, t)| are fourth detrition coefficients for category 1, 2, and 3

[=(b1) 222222 (G5, )], [ = (b)) Z?222D) (G 1o, )| |~ (b1a) #22227 (G, 1) are fifth detrition coefficients for category 1, 2, and 3

|— (by) 333333 (G, t) | |— (by)B33333)(G,,, t) ||— (by,)333333)(G, ., t)| are sixth detrition coefficients for category 1, 2, and 3

Where we suppose
(A) (@)@, (@)@, (@)™, )@, bY@, (6™ >0,
i,j =13,14,15
(B) The functions (a;" )™, (b;")™® are positive continuous increasing and bounded.
Definition of (p,))®, (r;)®:
(@)D (T4 t) < )™ < (Ag3)®
BHPEG, D) < ()P < (b)HD < (Byz)®
©)  limp,oe(a)® (T, t) = (p)@
limg e, (b (G, 8) = ()@

Definition of (A;3)™®, (By3)™:

Where | (A13)D, (B3P, (D, )W | are positive constants and [i = 13,14,15
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They satisfy Lipschitz condition:
(@)D (T ) = (@)D (Tra, )] < (kyz )D|Tyy — Tiyle™ (M)t
I(bIYDG,6) — BNV (G, O] < (ki3 )G — G'[|le=(F1) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions

(@Y D(T{,, t) and(a) )P (T, t) . (T, t) and (Ty,, t) are points belonging to the interval

[(Ry3)D, (My3)®D] . Itis to be noted that (a;") ™ (Ty,, t) is uniformly continuous. In the eventuality of the
fact, that if (M5 )™ = 1 then the function (a])™ (T4, t) , the first augmentation coefficient WOULD be
absolutely continuous.

Definition of ( M,5)®, (ky5)®:
(D) (My3)D, (ky3)D, are positive constants

@® ™
(My3)D 7 (#y3)D

Definition of ( P;3)®, (043)® :

(E) There exists two constants ( P53 )® and ( 0,5 )™ which together
with (M;3)D, (ky3)D, (A;3)® and (B3 )™ and the constants
(ai)(l)' (ag)(l)' (bi)(l)' (bi’)(l)' (pi)(l)' (Ti)(l)' i= 13'14'15'

satisfy the inequalities

1 . A A )
(M13)® [ (ai)(l) + (ai)(l) + (43 )(1) + (Pi3 )(1) (ki3 )(1)] <1

Goml GV +GD + (Bi)®+ (013)® (ki3)P1 <1

Where we suppose

) (@)@, (@)@, (@)@, B)®, BN, (6N >0, i,j=1617,18

(G) The functions (a;")®, (b]")® are positive continuous increasing and bounded.
Definition of (p))®, (r;)®:

" A @)
(@D (Ty5,0) < (p)@ < (4Ays)

bNP(Gro,t) < ()P < (B < (B1)®
(H)  limgyo(@)® (T, 0) = (p)@
limge (bY@ ((Gyo),t) = (1)@
Definition of (A,5)®, (B1)® :
Where|(416)®, (B1s)®, (0)@, (1)@ jare positive constants and

They satisfy Lipschitz condition:

(@) P (T{;, ) — (@) (Ty7, 0] < (16 )P|Tyy — Tiyle™ (M)t

()P ((616),8) = (BN P((616), )] < (Kig )PNI(Gro) = (Gro)'lle™ i)t
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With the Lipschitz condition, we place a restriction on the behavior of functions (a;")®(Ty,,t)

and(a;)@ (T, t) . (T{,,t) and (T, t) are points belonging to the interval [(ky6 )@, (M6 )P] . Itisto
be noted that (a}")® (T;,,t) is uniformly continuous. In the eventuality of the fact, that if ( M4 )® = 1 then
the function (a/")®(Ty,,t) , the SECOND augmentation coefficient would be absolutely continuous.

Definition of ( M4 )@, (k)@ :
) (M6)®, (ky)@, are positive constants

@® @
(M16)® ’ (M16)P

Definition of ( P;3)@®, (043)® :

There exists two constants ( P, )@ and ( 0,4 )@ which together
with (M) @, (k16)®, (A16)Pand (B )@ and the constants
(@)@, (@)@, B)@, (B)P, P)?, ()P, i=16,17,18,

satisfy the inequalities

1 , . . R
ol @+ @@ + (Ai)@ + (Pie)® (kie)@] <1

m[ (b)) + (GNP + (B1e)P + (Q16)P (kig)P] <1
Where we suppose
Q) (@)@, (@)®, (@H®, )P, 1), (b)) >0, i,j=202122
The functions (a;")®, (b]")® are positive continuous increasing and bounded.
Definition of (p))®, (r;)®:
(@N®(Ty1,t) < @)® < (Aze)®
(NP (G5, t) < ()P < (B)P < (By)®
limTz_m (alf’)(@ (Ty1, ) = (pi)(3)
limg,e (bi”)(3) (G3,0) = (Ti)(S)

Definition of (A, )®, (Bye )™ :

Where|(A20 )3, (Bye )@, (p)®, (1)@ | are positive constants and [i = 20,21,22

They satisfy Lipschitz condition:

(@) P (Ts1, 1) = (@)D Ty, )] < (kpo )Ty — Tyqle (200t
10 ® (Gas', ) = (b)) (Gas, )] < (Fezg )P|Gaz — Gy ||~ (200t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (Ty,, t)
and(a; ) (Tyy,t) . (T35, ) And (T,4, t) are points belonging to the interval [(kyo )@, (M5 )®] . Itisto
be noted that (a})®(T,,, t) is uniformly continuous. In the eventuality of the fact, that if ( M,,)® = 1 then
the function (a/")® (T,,, t) , the THIRD augmentation coefficient, would be absolutely continuous.

Definition of ( M, )®, (k0 )@ :
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(K) (M0 )®, (ko )®, are positive constants

@® _®
(Mg0)® 7 (M20)®

There exists two constants There exists two constants ( P, )® and ( Q,, )® which together with
(M), (ky0)®, (A,0)Pand ( B,y )® and the constants

(@)®, (@)@, 1)@, ()P, )P, ()@, i =202122,

satisfy the inequalities

1 . ) . .
T [ @) + @)+ (A20)@ + (Pro)® (ko)1 < 1

1 , R - R
(M20)® [ (bi)(3) + (bi)(3) + (B20)® + (Q20)® (k)P <1

Where we suppose
(@)™, (@)™, (@)™, (b)®, (D@, (b{H)™® >0, i,j=24,2526
(M) The functions (a})®, (b;")™® are positive continuous increasing and bounded.
Definition of (p)®, (1;)®:
(@B (Tys,t) < @)@ < (Aa)®

BN P (G t) < ()@ < (B)® < (Boa)®

(N)  limp, e (a])® (Tys,0) = (p)™@
limg_ e (b )® ((G7), t) = ()@

Definition of (A, )®, (B,, )® :

Where | (A3)D, (B ), (p)®, ()@ | are positive constants and [i = 24,25,26

They satisfy Lipschitz condition:

7 ’ " 7 ’ —( Moy )@
(@] )P (T35, t) — (@] )P (Tys, )] < (hkpy )P |Ty5 — Tysle™(M2e) e

" ’ " o ’ (M (4)
(b)Y D((G27)", ) — (B )P ((Ga7), )] < (kg YP1(G27) — (Go7)'|| e~ (M)

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T;s, t)

and(a;")® (Tys,t) . (T35, t) and (T,s, t) are points belonging to the interval [(k,4 )@, (M4, )®] . Itis to
be noted that (a})® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )™ = 4 then
the function (a/")® (T,s, t) , the FOURTH augmentation coefficient WOULD be absolutely continuous.

Definition of ( M,, )@, (k4 )® :
(Myy )@, (kpy )@, are positive constants

@™ _wp®
(M24)® 7 (Mgq)®
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Definition of ( P,y )™, ( Q54 )@ :
Q) There exists two constants ( P,, )* and ( §,, )™ which together with
(My )@, (ks )P, (Ay)Pand (B,, )™ and the constants

(@)@, @)@, ()W, @, )@, ()W, 1 = 24,25,26,
satisfy the inequalities

1 , R - A
@l @@+ @@+ (4@ + (P)@ (k) P] < 1

1 , A ~ ~
RGL B)® + GNP + (B2a)® + (Q20)® (ko))< 1
Where we suppose
(@)®,(@)®, (@H®, (1), ), BN >0, i,j=282930
(S) The functions (a;")®, (b]")® are positive continuous increasing and bounded.
Definition of (p,))®, (1;)®:
(@) P (Tz0,0) < ()P < (Ayg)®

GNP (G 1) < ()P < (DD < (B )®

M limgy,oe(@)® (Tye,t) = (p)©
limG_m (bl”)(s) (G31; t) = (ri)(S)

Definition of (A,g)®, (B,g)® :

Where | (A,5),(Bys)®, 0)®, ()™ | are positive constants and [i = 28,29,30

They satisfy Lipschitz condition:

(") (T4, t) — (@) (Tyo, )] < (Kpg )®|Tpg — Togle™ (M)t
" ’ " o ’ (M (s)
I(BYP((G31)",8) — (B")P((G31), )] < (Fezg YO|(Ga) = (Gap)'||e™M2e) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a)")® (T, t)

and(a;")® (T, t) . (T4e, t) and (T, t) are points belonging to the interval [( ka5 ), (M) ] . Itisto
be noted that (a}")® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M,g )® = 5 then
the function (alf’)(s)(ng, t) , theFIFTH augmentation coefficient attributable would be absolutely
continuous.

Definition of ( M,g ), (k6 )® :
(Myg)®, (ko )®, are positive constants

@®
(M25)3) 7 (Mag)(®

Definition of ( Pog )™, (0,5 )™ :
There exists two constants ( P,g )® and ( 0,5 ) which together with

(M,6)®, (k5 )®, (A,9)Pand ( B,g )™ and the constants
(@)®, (@)®, (B)®, bH®, @)D, )®,i =28,29,30, satisfy the inequalities
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1 , ) R j
5[ @F + @)D+ (Ar)® + (P)® (Rog)P] < 1

ioml GO+ D@ + (Byg)® + (Q2s)® (k) ®] < 1

Where we suppose
(@)@, (@)@, (@@, (B)®, BN, (/)@ >0, i,j=323334
(W)  The functions (a})®, (b;")® are positive continuous increasing and bounded.
Definition of (p,)©, (1;)®:
(@) ©(T33,1) < )@ < (43,)©@

bNO((Gs5), ) < ()@ < (B)H©® < (B3;)®

X)Ly (@)© (Tss, ) = (p)©
limg e (b)© ((G3s),t) = (1)©

Definition of ( A;, )©, (B;,)© :

Where | (A3,)®,(B3,)®, (p)®, (1)® | are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:

(@)@ (T4s, ) — (a")© (T3, 0)| < (Kgp )O|Tg3 — Tigle™ (M)t

(B O((G35)",£) — (B")O((Gas), )] < (a2 )O(Gas) — (Gas)'||e™Ma2)®t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T35, t)

and(a;")® (T3, t) . (T43,t) and (Ts3, t) are points belonging to the interval [( ks, )©®, (M3, )] . Itisto
be noted that (a}")(® (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( M5, )® = 6 then
the function (a})® (T3, t) , the SIXTH augmentation coefficient would be absolutely continuous.

Definition of ( M3, )(©, (k3,)© :
(M3, )®, (k3, ), are positive constants

(@)® ®p©
(M32)(®) * (M35)()

Definition of ( P;, )©, (03, )© :

There exists two constants ( P;, )® and ( 05, )(® which together with
(M3,)®, (k35)®, (A3,)@and (B3, )© and the constants

(@)@, (@)@, ()@, (6D, @)@, (), i = 32,3334,

satisfy the inequalities

1 , < ~ -
W[ (@)@ + @)@+ (A3) @+ (P3) @ (k3,) @] <1

(M3

(1‘7132 )(®) [ (b)) @ + (bi,)(G) + (B3)®© + (032)® (ks ®<1
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Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying the
conditions

Definition of G;(0),T;(0) :

GO < (Pys)PemVe T76,0) = 67> 0]

T,(t) < (Q13 )(I)E(MB e ) T;,(00=T>>0

Definition of G;(0),T;(0)
Gi(t) < (P )PPt G, (0) =6 >0

Ti(t) < (Q16)Pe™e)®@t T(0)=T? >0

Gi(t) < (P )Pe(M0)Pt G,(0) = G2 >0
Ty(t) < (Qg0) P20t T(0)=T? >0

Definition of G;(0),T;(0) :

Gi(O) < (Py) et 76 0) = 6P > 0]

Ty(t) < (Qpq)PeM2)Vt [1(0) =T2 >0

Definition of G;(0),T;(0) :

Gi(t) < (P )(s)e(ﬁzs)“)t , ‘ G:(0) =GP > 0|

Ty(t) < (Qz5)®e™2)¥t 1 [1,(0) =TP > 0

Definition of G;(0),T;(0) :

(o) < (ﬁ32 )(6)€(M32)(6)t , ‘ G;(0) = GiO > ()|

Ty(t) < (03,)@e™2)t [1,(0) =T2 >0

Proof: Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(O) = Gio ’ Ti(O) = Tio' Gio < (1313 )(1) 'Tio = (013 )(1)'

0<G;(t)—G) <(P; )(1)e(n7113)<1)t
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0<T;(t) - T < (Qs3 )(1)8(M13)(1)t

By

Gis(6) = G + [ [(a13)(1)514(5(13)) - ((a;3)(1) + a;’3)(1)(T14(s(13)),5(13))) 613(5(13))] ds(13)
Gra(®) = G + [(014)(1)613 (sa») - ((ah)(l) + (@) (T1a(sa3), 5(13))) G14(5(13))] ds(13)
Gis(t) = G + [(a1s)(1)514(5(13)) - ((ais)(l) + (ai's)(l)(Tu(S(ls))'5(13))) 615(5(13))] ds(13)

Ty3(t) =T + fot [(b13)(1)T14(5(13)) - (bis)(l) - (bilz«x)(l)(G (5(13)): 5(13))) T13(5(13))] ds(13)

T () =T + fot [(b14)(1)T13(5(13)) - ((bh)(l) - (i)™ (G (5(13))'5(13))) T14(5(13))] ds(13)

Tis(0) = Tps + fot [(bls)(l)TM(S(n)) - ((bis)(l) - (b1”5)(1)(6(5(13)):5(13))) T15(5(13))] ds(13)

Where s(43y is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

G;(0)=G?, T,(0)=T?, G < (Pis)?®, T < (Q16)?®,
0 < G;(t) — G° < (Pyg )Pe(M16)Pt

0<Ti(t) =T < ( Q16 )(2)€(M16)(2)t

By

Gi6(t) = G + fot [(‘116)(2)617(5(16)) - ((a16)(2) + ai’s)(z)(’rﬂ(s(le)): 5(16)) 616(5(16))] ds(1e)

Gy7(t) = G, + fot [(a17)(2)616(5(16)) (ai)® + (a£,7)(2)(T17(S(16))15(17))) G17(5(16))] ds(16)

Gig(t) = Gig + fot [(‘118)(2)617(5(16)) - ((ais)(z) + (‘15'8)(2)(7117(5(16)): 5(16)) 618(5(16))] ds(1e)

Ti6(t) = T + fot [(b16)(2)T17(S(16)) — ((hie)® = (1)@ (G (5(16))15(16)) T16(S(16))] ds(16)

( )
Ty, (8) =Ty + fot [(b17)(2)T16(S(16)) - ((b17)(2) - (b{’7)(2)(G (sae) 5(16))) T17(S(16))] ds(16)
)

Tig(t) = Tfs + fot [(b18)(2)T17(S(16)) - ((bis)(z) — (bip)® (G (5(16))' 5(16)) Tig (5(16))] ds(16)

Where 546 is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which

satisfy
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Gi(0) =GP, Ti(0) =T, G < (Ppo)® TP < (Q20)®,

0 < G;i(t) — G? < ( Py )PelM20)Pt

0 < Ti(t) =T < (Qpo )PeM20)t

By

Goo(t) = G35 + |, [(azo)(3)621(5(20)) - ((a'zo)(s) + a30) P (T21(520)). 5(20))) 620(5(20))] dS(20)
Goa(0) = G5 + [ [(a21)(3)620(5(20)) - ((aél)(s) + (aﬁll)(S)(TM(S(ZO))'5(20))) 621(5(20))] dS(z0)
Goo(t) = G, + [(azz)(3)621(5(20)) - ((aéz)(” +(a72)® (Ta1 (s20), 5(20))) 622(5(20))] ds (20)

Ty (t) = Ty + fot [(bzo)(s)Tm(S(zo)) - (béo)(g) - (bélo)(S)(G(S(zo)):5(20))) Tzo(s(zo))] ds (o)

T (t) =TH + fot [(b21)(3)T20(5(20)) - ((béﬂ(s) - (b2”1)(3)(6(5(20))'5(20))) T21(5(20))] ds(20)
T () = T3, + fot [(bzz)(g)Tm(s(zo)) - ((béz)(s) - (bélz)(S)(G(S(zo))x5(20))) Tzz(s(zo))] ds(z0)
Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =GP, Ty(0) = T2, GP < (Ppy )@, TP < (Q0a)®,
0<G;(t)—G) < (P )(4)3(1@24)(4%

0 < Ti(t) = TP < (Qyy ) Pe(M26)®t

By

Goa() = Gy + Jy [(a24)(4)625(5(24)) - ((a'z4)(4) + aé’4)(4)(T25(S(24))'5(24))) 624(5(24))] ds (24
Gus®) = G55 4y [(aZS)(4)GZ4(S(24)) - ((aIZS)(‘” + (a5s)™® (T25(5(24))’5(24))) 625(5(24))] dS(z4)
Gao(t) = Gz + fot [(a26)(4)025(s(24)) B ((aEG)M) + (a36) ™ (Tas (s, 5(24))) 626(5(24))] ds(24)

7_124,(0 = T204 + fot [(b24)(4)T25(5(24)) - ((bé4)(4) - (b2”4)(4)(6(5(24))'5(24))) T24(5(24))] d5(24)
Tos(t) = Tgs + fot [(bzs)(4)T24(S(24)) - ((bés)m - (béls)(4)(G(S(24))'5(24))) T25(5(24))] ds(z4)

T t ! "
Tp6(t) = T3 + fo [(bze)(4)T25(5(24)) - ((bze)(4) - (bze)(4)(G (5(24)); 5(24))) T26(S(24))] ds (z4)
Where s(,4 is the integrand that is integrated over an interval (0, t)

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy
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Gi(0) = G2, T,(0) = TP, GY < (Ppe )®, TP < ((Qa ),
0.5 Gi(8) = Gf < (Ppg )PeM0)t

0 < Ty(t) = T < (Qyg)De(M20)t

By

Gog(t) = Gg + fot [(azs)(s)cw(s(zs)) - ((alzs)(s) + aé’s)(s)(ng(S(zs))’5(28))) 628(5(28))] ds(zg)

Goo(t) = G3o + fot [(a29)(5)628(s(28)) - ((aég)(s) + (a39)®(Tzo (5(28))'5(28))) 629(5(28))] ds(z8)
Gao(t) = G3o + fot [(a30)(5)629(5(28)) - ((aéo)(s) + (aélo)(s)(Tzq(S(zs)):5(28))) G30(5(28))] ds(zg)
Tys(t) = Ty + fot [(bZS)(S)TZ‘)(S(ZB)) - ((bés)(s) — (b5)® (5(5(28)): 5(28)) Tzs(s(zs))] ds(2g)

Tyo(t) = Tgo + fot [(b29)(5)T28(S(28)) — ((b2)® — (béia)(s)(G(S(zs)):5(28))) T29(S(28))] dszg)

T30(t) = T3 + fot [(bso)(S)Tw(s(zs)) - ((béo)(s) - (bélo)(s)(c(s(zs)); S(zs)) T30(5(28))] ds(z2)

Where s(,g) is the integrand that is integrated over an interval (0, t)

Consider operator A©® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) = G2, T;(0) = T2, G? < (P3,)®,T < (Qs,)®,
0 < Gi(t) — GP < (Py, )Oe M)t
©)¢

0 <Ti(t) — TP < (03, ) ©@e(Ms2)
By

Gz (t) = G + |, [(a32)(6)G33(S(32)) - ((a'sz)(6) +a52) @ (Ts3(sa), 5(32))) G32(S(32))] ds(s2)
Gaa(t) = G35 + [ [(a33)(6)632(5(32)) - ((a'ss)(6) + (aé's)(6)(T33(5(32))'5(32))) 033(5(32))] ds(s2)
Gaa(t) = G + [ [(034)(6)633(5(32)) - ((034)(6) +(a5) @ (T53(532)), 5(32))) G34(5(32))] ds(s2)

T3 (t) = T3, + fot [(b32)(6)T33(5(32)) — ((B3)® — (bé’z)(G)(G(st)),5(32))) T32(5(32))] ds(3z)

T35(t) =T33 + fot [(b33)(6)T32(5(32)) - ((b§3)(6) - (b3”3)(6)(6(5(32)):5(32))) T33(5(32))] ds(zz)

T34 (t) = T3y + fot [(b34)(6)T33(5(32)) - ((b§4)(6) — (3@ (G (s¢2), 5(32))) T34(5(32))] ds(zz)

Where 53,y is the integrand that is integrated over an interval (0, t)
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(@) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t =~ .- )D
Gi3(t) < G5 + | [(a13)(1) (Gf4+( Pi3 )We(Ms) 5(13))] dsquz) =

1 0 (a13) D (P13)D M2 ) D¢
(1 + (a13)( )t)Gl4 + W(e( 13) - 1)

From which it follows that

(P13)M+6Y,

(1) ~ <— ) ~
(Gy3(t) — GE)e~ (M) Ve < W) | ((p YD) 4 69, )e )4 (P ><1>]

(My3)®

(GP) is as defined in the statement of theorem 1
Analogous inequalities hold also for Gq4,G;5,Ti3, T14, Tis

(b) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 )2
G16(t) < G + |, [(am)(z) (Gf7+( Py )®@e(M1e) 5(16))] dsae) =

2 0 @e)@(Be)® [ g @
(1+ (@1 Pe)GY, + LT (eCae) e 1)

From which it follows that

(P16)P+63,

) ~ <— ) ~
(G16(t) — GOg)e~(Me)Pt < LN ((p Y@ 1 G2))e )+ (P )m]

(My6)®

Analogous inequalities hold also for Gy, G5, T16, T17, T1s

(@) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 0 )3
Gao(t) < G + [(azo)(3) (G§1+(P20 )Be(Hz0) 5(20))] dseo) =

3 0 (az20)®(Pr0)® M0 )3t
(1 + (azo)( )t)621 + W(e( 20) - 1)

From which it follows that

(P20)3)+69,

_ 3) 3) ( ~
(G0 () — GZp)e™(M20)™t < ((;20))(3) [(( P30 )® + 63, )e 6% ) + (P )(3)l

Analogous inequalities hold also for Gy, , G52, T, T21, Tz

(b) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 4 )
Goa(t) < G4 + [ [(‘124)(4) (G35+( Pyy ) ®WeH2e) S(“))] dsze) =
@ep, @ o
(1 + (a24)(4)t)635 + {G2e) (P2a) " (e(M24)(4)t - 1)

(Mg )™

From which it follows that
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(P24)®+695

(4) ~ (— ) ~
(Gpa(t) — GY)e~(M2a) Wt < G2l —|((p, ) 4 GO)e s )+ (Py )<4>l

(Mp4)®

(G?) is as defined in the statement of theorem 1

(c) The operator A®) maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t =~ 1,0 )(5)
Gos(t) < G + [ [(azs)(s) (G§9+(P28 )Bele) 5(28))] ds(zg) =

5 0 (a28)®(Pe)® Mg )
(1 + (aZS)( )t)ng + W(e( 28 )t _ 1)

From which it follows that

(P2g )(5)+G39

_ ( ) ( ) ~
(G(t) — GRg)e™(Maa) Pt < (420) [(<P28)< )+ ng)e< G2 >+ (st)@l

(Mg )(5)

(G?) is as defined in the statement of theorem 1

(d) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 s, )(6)
G32(t) < G, + [ [(a32)(6) (6393+(P32 )(©e(Hs2) 5(32))] ds(z) =

6 o @2)©(P32)O [ . \©
(1 + (a32)( )t)G33 + %(e( 32)%t _ 1)

From which it follows that

(P32)®)+635

- ® © ( 5
(G35 (D) — G)e~(Ms2)t < ((;32))(6 [(( P )® +Gg3)e 63 ) + (P3; )(G)l

(G?) is as defined in the statement of theorem 6

Analogous inequalities hold also for G,s, Gyg, Tos, Tos, Tog

@® ™

)@ ()@ < 1 and to choose

It is now sufficient to take

(Pz)® and (Q,3)® large to have

[ ((1313 )(1)+G?>
(a.)(l) - R \— R
(,\7,113)(1) (P13)(1) + (( P )(1) + Gjo)e Gj < (P, )(1)
[ (@13)(1)+T?
(bi)(l) ~ 16 0 _< 70 ) ~ ) ~ W
Uiis)® ((Q13)P +T e J +(013)D] < (043)
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In order that the operator A transforms the space of sextuples of functions G , T; satisfying GLOBAL
EQUATIONS into itself

The operator A™ is a contraction with respect to the metric
d (((;<1), TW), (6®, T(z))) =

sup{max |Gi(1)(t) - Gl-(z) (t)|e‘(M13)(1)t,max |Ti(1)(t) - Ti(z)(t)|e‘("7’13)(1)t}
i teER+ teER4

Indeed if we denote
Definition of G, T :
(G,T)=AMG,T)
It results
6 - 67 < (@@ |67 — 67 |e M1 (Fi s d ) +
@6 = G e Vs e Vs
@)V san)l6f3) = 6 e Peme (s 4
Gg)|(a1'3)(1) (T1(i)'5(13)) — (af5)® (T1(j)r5(13))| e_(1\713)(1)5(13)e(ﬁm)(l)s(“)}ds(n)
Where s (43 represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|6 — G@]e=(F112Pt <
o (@) + (@)@ + (A1) + (Pi) P (ki) V) (6D, 705 6@,7@))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}5)™® and (bj5)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P;5)®e™1™¢ gnd (Q,5)DeMiMe
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)™,i = 13,14,15 depend only on T,, and respectively on
G(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) = 0

From 19 to 24 it results

G; ) = Gl-oe[_ fot{(af)(l)_(a£’)(1)(T14(5(13))'5(13))}‘15(13)] >0

T; (t) = Tioe(‘(”{)(l)t) >0 fort>0
Definition of ((M5)®),, (M13)®), and ((My5)®), :

Remark 3: if G5 is bounded, the same property have also G,, and G5 . indeed if
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Gy3 < (My3)@ it follows % < ((My3)®), = (a14)™ Gy, and by integrating

Gig < ((,M13)(1))2 =Gy + 2(a14)(1)((’1\7113)(1))1/(a14)(1)

In the same way , one can obtain

Gis = ((’1\7[13)(1))3 = Gis + Z(als)(l)((’1\7[13)(1))2/(a15)(1)

If Gi, or G5 is bounded, the same property follows for G,5, Gis and G,5, G,, respectively.

Remark 4: If G5 is bounded, from below, the same property holds for G,, and G5 . The proof is
analogous with the preceding one. An analogous property is true if G,, is bounded from below.

Remark 5: If T;5 is bounded from below and lim,_., ((b;)® (G(t),t)) = (b;,)™¥ then T;, — oo.
Definition of (m)™ and ¢, :
Indeed let t; be so that fort > t;

(b1)® — (B HYD(G®),t) < &1, Ty (&) > (M)W

Then dzlt“ > (a14) P (mM)D — ¢, T,, which leads to
(a1 P )W —eqt 0 ,—¢&qt &t 1.
Ty 2 (75 )(1 —e ) + Tye™™" If we take t such that e™" = — it results
1
(a10)P(m)® 2 . .. .
Tia = (f) t= logE— By taking now &, sufficiently small one sees that T, is unbounded.
1

The same property holds for T;5 if lim,_,., (b;5)® (G(t),t) = (bj5)

We now state a more precise theorem about the behaviors at infinity of the solutions

@® _p®

(M16)® " (M16)@ < 1 and to choose

It is now sufficient to take

(Ps)® and (014 )@ large to have

((f’16)(2)+0?>

(a.)(z) —~ ~ o ~

(,\7,116)(2) (P16)(2) + (( Pi¢ )(2) + Gjp)e Gj < (P, )(2)
(@16)(2)+T?

G0 | ((0,)® +T? _< D ) A, @ A, Y@

Ui1e)® ((016)@ + T )e J +(016)?@]| < (016)

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying

The operator A3 is a contraction with respect to the metric
d (((619)(1), (T19)(1)), ((G19)(2): (T19)(2))) =

sup{max |Gi(1)(t) - Gl.(z) (t)|e‘(’v’16)(2)t,max |Ti(1) ) - Ti(z)(t)|e‘("7’16)(z)t}
i teR4+ teR4+

70



Information and Knowledge Management www.iiste.org
ISSN 2224-5758 (Paper) ISSN 2224-896X (Online) N 's.i.l
Vol 2, No.4, 2012 II E

Indeed if we denote

Definition of Gyo, Tro : ( Gy, T1o ) = AP (Gyo, Tro)

It results

655 = 6] < (@)@ |67 = 67 |e~ M0 (F10 P50 dy ) +

o @IPI6Y = 6 e o0 gm0 Vs .

@)1, 51065 = 6 o0 00e Mo 4

621l P(TF, s06) = (@)@ (TP, s06)| 6”10 50010 Ps00)ds
Where 5,6 represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(610) = (G10)P]e M1t <

1 , — ~ -
(Lo® ((‘116)(2) + (a16)® + (A16)@ + (P1e)Y( k16)(2))d (((519)(1), (T19)V; (G19) @, (T19)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a)® and (b;%)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Pg)@e(™10®tand (Q,q)@e(Mie @t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)®,i = 16,17,18 depend only on T,, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) = 0

From 19 to 24 it results

G; (t) > G?e[_f(}{(a;)(Z)_(al{’)(Z)(T17(5(16))'5(16))}(‘15(16)] >0

T, (t) > T2eC®DPY > 0 fort > 0

Definition of ((My6)®),, (M16)®), and ((My6)®), :

Remark 3: if G, is bounded, the same property have also Gy, and G4 . indeed if

Gy < (M;)@ it follows % < ((M16)@), = (ai,)®Gy; and by integrating

Gy7 < ((ﬁlﬁ)(Z))z = Gg7 + 2(“17)(2)((ﬂm)(z))l/(ab)(z)

In the same way , one can obtain

Gig < ((/M16)(2))3 = G + 2(a15) P ((My6)?), /(ais)®

If G,; or G;g is bounded, the same property follows for G,¢, G;g and Gy, Gy, respectively.

Remark 4: If G,4 is bounded, from below, the same property holds for G;; and G,5 . The proof is analogous
with the preceding one. An analogous property is true if G, is bounded from below.
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Remark 5: If T, is bounded from below and lim,_,., ((b;")® ((G19) (1), t)) = (b;;)® then Ty, — oo.
Definition of (m)® and ¢, :
Indeed let t, be so that fort > t,

(b17)® — (BN P ((G19) (1), 1) < &5, Ty () > (M)@P

Then S22 > (a;,)® (m)® — e, T, which leads to
(a1 P )@ —g,t 0 ,—gpt —g,t 1.
Ty, = (g—) (1 —e™2Y) 4+ Tye 2" If we take t such that e7%2' = L results
2
(2) (2) . .. .
Ty, = (w) t= logsi By taking now ¢, sufficiently small one sees that T, is unbounded. The
2

same property holds for Tyg if lim,_e, (b1s)® ((G10) (D), t) = (b1g)?

We now state a more precise theorem about the behaviors at infinity of the solutions

@® _®)®

(10)® " (Hy0)® 1 and to choose

It is now sufficient to take

(P, )@ and (Q,0 )@ large to have

[ ((ﬁzo)“)w?)
@® | 3 5 e -
- (P20)® + ((P)® +Gf)e % < (Py)®

(M20)®

[ _< (020)(3)+T?>
((020)® + Tjo)e g +(020)®] < (020)®

ChN
(M30)®)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A®) is a contraction with respect to the metric
d (((623)(1), (Tzs)(l)): ((623)(2): (T23)(2))) =

sup{max |Gi(1)(t) — Gl-(z) (t)|e‘(M20)(3)t,max |Ti(1) ) - Ti(z)(t)|e‘("7’2°)(3)t}
i teR4+ teR4

Indeed if we denote
Definition of Gy3, T3 :( (G33), (Ty3) ) = AP ((G23), (Ty3))
It results
1655 = 6] < [ (@)@ |65 = 657 |e~ M0V (Fz sz gy +
o@D [68) — 6P e sa0e =P s
(@) (1Y, s[5 = G P eme o

" " (M3 ) (3)
Gz(é)|(a20)(3)(7~2(11)’5(20)) _ (azo)(3)(T2(f)’S(20))| e~ (M20)*5(20) o (M20) S@0}ds (50
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Where s,y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6 — @)]e~(F20Pt <

55 (@)@ + (@)@ + (2@ + (Pe)® (ko) @) (((625) D, (T25) D (629)@ (19)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)® and (b4,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by ( P,e)®e ™20t and (,)Pe (P20t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)®,i = 20,21,22 depend only on T,, and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) = 0

From 19 to 24 it results

Gi (t) 2 Gi()e[— fot{(ab@)_(alf’)(3)(T21(S(20)),5(20))}d5‘(20)] 2 0

T, (t) = TP > 0 fort> 0

Definition of ((M,0)®),, ((M20)®), and ((M,0)®), :

Remark 3: if G,, is bounded, the same property have also G,, and G, . indeed if

Gy < (Myo)® it follows % < ((My0)®), = (a31)® G,y and by integrating

Gp1 = ((/1\7120)(3))2 =Gz + 2(‘121)(3)((/Mzo)(3))1/(aé1)(3)

In the same way , one can obtain

a2 < ((/1\7[20)(3))3 = Ggp + 2(‘122)(3)((/Mzo)(3))2/(aéz)(3)

If G,, or G,, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,, and G,, . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T, is bounded from below and lim,_., (b;)® ((G,3)(t),t)) = (b31)® then T,; — oo.
Definition of (m)® and &, :

Indeed let t; be so that for t > t4

(021)® = (BN P((G23) (1), t) < €3, T () > (M)

Then S2 > (a,,)® ()@ — &7, which leads to

(az0)® )@

. ) (1 —e~%3%) + T e~3t If we take t such that e3¢ = % it results
3

Ty = (
(@) m® 2 . - _
Ty 2 (f) t= logg— By taking now &5 sufficiently small one sees that T, is unbounded.
3
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The same property holds for Ty, if lim,_ e (b35)® ((G23)(©), t) = (b,)®

We now state a more precise theorem about the behaviors at infinity of the solutions

@® @
(May )® 7 (M4)®

It is now sufficient to take < 1 and to choose

(P, )® and (Q,, )™ large to have

[ (( Pz4)(4)+aj-’>
@)™ [ 5 T -
a (Po)® + ((P)™® + Gjo)e ‘I < (Py)®

(M24)®

[ _( (624)(4>+T?>
((Q2a)@ +TP)e T ) 4 (00)®] < (Q0s)@

™
(M24)®

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying IN to itself
The operator A™ is a contraction with respect to the metric
d (6™, (7)), ((6:)P, (T;)®) ) =

sup{max |G (t) - ¥ (t)|e‘(M24)(4)t, max T (t) — Ti(z)(t)|e‘(’v’24)(4)t}
i teER4 teER4+

Indeed if we denote
Definition of (G,,), (T57) :  ((G57), (T27) ) = AW ((G27), (T27))
It results

|G(1) (2)| <f (azq )(4) |G(1) Gz(? e—(ﬂz4)(4)s(z4)e(’1\7124)(4)5(24) ds(aa) +
f {(a24)(4)|6(1) G(2)|e_(M24)( )5(24) ~(Paq)™ )5(24) +

a1, 50|68 = 6o Far Vsane (e Vs

621D (TL, s04) — (@)D (T2, 500 e—(A724>(4>s(z4)e(’MM)(“)sm}ds(w
Where s(,4) represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

(62D = (Gor)P]emFen® <
1 , ~ ~ —~
s (@™ + (@)@ + (A0 + (o) ® (ko) ®)d (62D, ) D (60, (T,)P))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)™® and (b4,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition
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necessary to prove the uniqueness of the solution bounded by (P,,)®@e ™20t gng (Q,,)®e™an)®t

respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b])®,i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0

From 19 to 24 it results

G, (t) > Gl-oe[_ I @)@ =YD (T25(s2a)) S 2a))}ds 2a | >0

T, (t) = TPe(C0D®0) > 0 fort> 0

Definition of ((M,4)®),, (M24)™), and (M,4)®), :

Remark 3: if G,, is bounded, the same property have also G,s and G, . indeed if

Gaa < (My4)® it follows 225 < ((M,4)™®), — (ajs)® Gz and by integrating

Gas < ((/M24)(4))2 = Gps + 2(a25)(4)((/1\7124)(4))1/(@5)(4)

In the same way , one can obtain

a6 = ((7\724)(4))3 = G36 + 2(‘126)(4)((/M24)(4))2/(a56)(4)

If G,5 or G, is bounded, the same property follows for G,,, G, and G,,, G,5 respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,sand G,,. The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T,, is bounded from below and lim,_,., ((b;")® ((G,,)(t),t)) = (bss)® then T, — o.
Definition of (m)® and ¢, :
Indeed let t, besothatfort >t,

(b25)® = (B]YP((G27) (), 1) < &4, Toy (t) > (M@

Then dzzts > (a5)®(mM)® — £,T,5 which leads to
@@
Tys = (w) (1 —e™t) + T e 54 If we take t such that e =54t = % it results
4
(az5)® m)® 2 . - _
Tys = (f) t= logg— By taking now &, sufficiently small one sees that T, is unbounded.
4

The same property holds for Tpq if lim,_ e (b3s)® ((G27)(2), t) = (bse)™

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for G,q, G, Tog, T2g, T3
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@® _®®

(000 ' (ipe)® < 1 and to choose

It is now sufficient to take

(P, ) and (Q,5)® large to have

[ (P28)3)+67
@)® [ 5 T -
a (Pe)® + ((P)® + Gjo)e ‘I < (Py)®

(M24))

[ _< (st)(s)"'T?)
((02)® + Tjo)e g +(028)®| < (028)®

)™
(Mg)(>)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A is a contraction with respect to the metric
d (((Gs)™, (Ts)®), (60, (T3)®)) =

sup{max |Gi(1)(t) — Gi(z) (t)|e‘(M28)(5)t,max |Ti(1) ) - Ti(z)(t)|e‘("7’28)(5)t}
i tER4 tER4

Indeed if we denote

Definition of (G51), (T51) :  ((G31), (T51) ) = A®((G31), (T51))

It results

653 = 62| < [y (@02)® |653) — 63 Faw) P sore (M2 Pz gy +
@[5 ~ 6o samePan s

(@) DT, 500 G55 = 659 o™ PorPsawe s

G21(@as) (TS5, Sas) — (@5)® (TS2), samy)| ™ (M2 ¥stam (M0 5o} s o
Where s(,g) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|65 = (G5) @ e~ <
o (@) + (@)@ + (A2)® + (P20) @ (Rap) )l (63D, (T3)D; (63D, (1))
And analogous inequalities for G; and T;. Taking into account the hypothesis (35,35,36) the result follows

Remark 1: The fact that we supposed (ayg)® and (b45)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by ( P,g)®e™28)®t and (,q) e (M2e)t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
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suffices to consider that (a/)® and (b;)®,i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0

From GLOBAL EQUATIONS it results

Gi (t) 2 Gl()e[— f()t{(ab(s)_(a£’)(5)(T29(5(28))'5(28))}ds(28)] 2 0

T, (£) > TPe-®D®t) > 0 fort>0
Definition of ((M,5)®) , ((M26)®), and ((M,5)®), :
Remark 3: if G,4 is bounded, the same property have also G,4 and G5, . indeed if

Gyg < (M,g)® it follows % < ((M5)®), = (a39)® G, and by integrating

Gyo < (('1\7128)(5))2 = G3 + 2(“29)(5)((’M28)(5))1/(a’29)(5)

In the same way , one can obtain

Gzo =< ((’MZS)(S))3 = G3o + 2(‘130)(5)((/Mzs)(s))z/(aéo)(s)

If G,4 or G5, is bounded, the same property follows for G,g, G3o and G,g, G,q respectively.

Remark 4: If G,g is bounded, from below, the same property holds for G,oand G;,. The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T,g is bounded from below and lim,_.,((b;")® ((G31)(t),t)) = (bsg)® then T,y — oo.
Definition of (m)® and &5 :

Indeed let t5 be so that for t > tg

(b20)® — (BNO((G31)(0), £) < &5, Tpg (£) > (M)
Then “22 > (a,9)®) () ® — £5T,q hich leads to

(az9)®(m)®

- ) (1 —e~%s%) + The st If we take t such that e =5t = % it results
5

Ty 2(

(a )(5)(m)(5)
Tz 2( = 2 )

The same property holds for Tz if lim,_ e (b35)® ((G31)(©), t) = (b))

, t= logf By taking now &g sufficiently small one sees that T,q is unbounded.
5

We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also for Gss, G34, T35, T3, T3
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@® _®

(12,0 ' (yy)® <1 and to choose

It is now sufficient to take

(P;,)® and (Q3, )@ large to have

[ ((1332>(6>+G?>
@)® | = - T .
L 1(P3) @ + ((P32)© +GP)e € < (P3,)®

(M32)(®)

[ _< (@32)(6>+T?>
((032)® +T e T+ (032)@ < (052)®

®)©
(M32)(®)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A is a contraction with respect to the metric
d (((6s5)™, (Ts)®), ((635), (T3)®) ) =

sup{max |Gi(1)(t) - G? (t)|e‘(M32)(6)t,max |Ti(1) ) — Ti(z)(t)|e‘("7’32)(6)t}
i tER4 tER4

Indeed if we denote

Definition of (Gs5), (Tss) :  ( (G3s), (T3s) ) = A©((G3s), (Ts5))

It results

|5:g) _ gl_(z>| < fot(asz)(ﬁ) |G3(;) ~c® o~ (M32)@5(32) 5, (F32) @532 dsz) +
@) @688 = G o (s Osme o s .

(@O (12, 50 685 — 6P om0 Vs (o

" 17 —(M (6) M (6)
Gg)|(a32)(6)(T3(;),5(32)) _ (a32)(6)(T;§),5(32))| e~ (M32)'¥5(32) o (M32) S62}ds (37
Where s (3, represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(635)® = (G35)P]em P2 <
G (@@ + (@5)@ + (A5)@ + (Ps) @ (ks)@)d (((635) D, (T3) Vs (635)P, (T35)P) )

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (aj,)® and (b5,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Ps,)®e ™2t gnd (Qsy)©eMs)®t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)®,i = 32,33,34 depend only on Ts; and respectively on
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(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.
Remark 2: There does not existany t where G; (t) =0and T; (t) = 0

From 69 to 32 it results

G, (t) > Gl-oe[_ Io{@)®~@H® (sa(s(az))s62)las@2)] >

T, (t) = TN > 0 fort> 0

Definition of ((M5,)®),, (M32)'¥), and (M5,)®), :

Remark 3: if G5, is bounded, the same property have also Gs; and G, . indeed if

Gaz < (M5)® it follows 22 < ((M;,)®), — (a}3)©Gas and by integrating

G33 < ((/M32)(6))2 = G35 + 2(a33)(6)((,M32)(6))1/(a§3)(6)

In the same way , one can obtain

G3y < ((/M32)(6))3 =G3, + 2(a34)(6)((,M32)(6))2/(a§4)(6)

If G35 or G4, is bounded, the same property follows for G5, , G, and G5, , G35 respectively.

Remark 4: If G;, is bounded, from below, the same property holds for G;5 and Gs,. The proof is
analogous with the preceding one. An analogous property is true if G55 is bounded from below.

Remark 5: If Tz, is bounded from below and lim;_, ((b/")® ((G35)(t),t)) = (bs3)©® then T3 — oo.
Definition of (m)® and & :

Indeed let t, be so that for t > t,

(b33)® — (b{’)(6)((635)(t)' t) < &6, T3z (£) > (mM)©®

Then d:% > (a33) @ (m)©® — g,T;5 which leads to

(6) (1) (® .
T3 = (M) (1 —e~%t) + T e 6t If we take t such that e %6t = % it results
6
(a3 @ m)© 2 : L :
T3 = (f) t= logg— By taking now &g sufficiently small one sees that T;; is unbounded.
6

The same property holds for Ty, if lim,_e, (b3,)© ((G35)(t), t(£), t) = (b3,)©

We now state a more precise theorem about the behaviors at infinity of the solutions

Behavior of the solutions

If we denote and define

Definition of (o)™, ()@, (t))®, (7))@ :
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(@ ), (0,)D, ()P, (1,)® four constants satisfying

—(0)® < —(@1)® + (a1)® = (@) P (Ti, ) + (@) P (Thy, 1) < —(0)®
—(12)® < =(b13)® + (1) ™ = (i) PG, 8) = (b)) P (G, 1) < = ()™
Definition of (v;)®, (v,)®, (u))®, (uy) D, v, u® :

(b) By (v))® >0, v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
2 2
(a1)P (D) + (@) Pv® — (a;3)® = 0and (b)) P (u®)” + (7)Pu® — (b13)M =0

Definition of (7,)@,, (1)@, (@)@, (1)@ :

By (v))® >0, (#,)® < 0 and respectively (&i;)® >0, (i1,)™ < 0 the roots of the equations
(@DOEO) + @) — (@)@ =0 and (b)) (u®)” + () Vu® — (by3)® = 0

Definition of (my)®, (m;)®, (u)®, (uz)®, (o)™ :-
(©) Ifwe define (my)@W, (m)@, (u)®, (u)® by
(m)® = (o) D, (m)® = (V)D, if V)P < (v)®

(m)® = (v)®, (D = @D, if (v)P < ()P < (1D,

and |(vy)® = 613

(mp)® = ()W, (m)® = ()W, if T < ()W
and analogously
(#2)(1) = (uo)(l)' (.“1)(1) = (ul)(l): if (uo)(l) < (ul)(l)

W2)® = (W)@, (u)® = @)D, if (w)® < (w)® < (@)W,

0
and | (uo)® = %
14

(12)® = W)®, ()™ = ()@, if (@)™ < (ue)™ where (uy)®, (@)™
are defined respectively

Then the solution satisfies the inequalities
GRe(VP-E ) < G, (1) < GPeV ™Mt
where (p;)™ is defined

®_ (€)] @)
WGBe((Sl) )W)t < ¢ 14 () < (1) GO eVt

(a15) V6P D=1t _ (55Dt 0 ,—(s) Mt

((m1)(1)((51)(1)—(P13)(1)—(52)(1)) [e( ' W - e ]+Glse R LOL
(a15) D6y 5.y EPANGY 0 —(a @D

(mz)“)((sl)“)—l(fz’ls)(”) (G0 = 7@ 4 Glge (T

T103€(R1)(1)t S Ti3(t) < T103e((R1)(1)+(T13)(1))t
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_1
()@

The®™Wt < Tiy(t) < ﬁT1036((R1)(1)+(r13)(1))t

(b15)(1)T103
() D (R)W-(b15) D)

[e(Rl)(l)t — e—(bis)(l)t] + T1053_(b15)(1)t < Tis(b) <

(a15) VT [ (RYD+(r3) D)t _ —(Rz)(1>t] 0 ,—(Ry)Dt
FD DR D+ D+ D) 1€ ' ¢ +Tise

Definition of (§))@, (S,)®, (R)W, (Ry)W):-
Where (5))® = (@15)® (m2)® = (a)®
($)® = (a15)® = (p15)®
(Rl)(l) = (b13)(1)(ﬂ2)(1) - (b13)(1)
(R)® = (bis)® = (i)™
Behavior of the solutions

If we denote and define
Definition of (6,)@,(0,)@, (1)@, (1)@ :
d) 6)®,(0,)?, (1)@, (1,)®@ four constants satisfying
—(02)@ < —(a16)® + (ai7))® = (a1) @ (Ty7, ) + (@) P (Ty7, 1) < =(0,)@
~()® < =(b10)® + (biN® = 11 P ((G10),1) = (b1 P ((G19), 1) < — (1))@
Definition of (v;)®, (v,)@, ()@, (u)® :
By (v))® >0, (v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots
(e) of the equations (a17)(2)(v(2))2 + (0)Pv® — (a;6)® =0
and (by)@(u®)’ + (1)@u® — (by)® = 0 and
Definition of (¥,)@,, (¥,)@, (1,)@?, (@i,)® :
By (1,)® > 0, (v,)® < 0 and respectively (ii,)® >0, (i1,)® < 0 the
roots of the equations (a17)(2)(v(2))2 + (6)Pv® — (a;9)® =0
and (by,)@u®)” + (1) Pu® — (by)® = 0
Definition of (m;)® , (m,)®, (u)?®, (ux)@ :-
(f) 1f we define (m)®, ()@, ()@, ()@ by
(mz)(z) = (Vo)(z)' (m1)(2) = (V1)(2)' if (Vo)(z) < (Vl)(Z)

(my)® = ()@, ()@ = @)@, if (v)? < (V)@ < (1)@,

0
and |(vo)® =2
17

81



Information and Knowledge Management www.iiste.org
ISSN 2224-5758 (Paper) ISSN 2224-896X (Online) N 's.i.l
Vol 2, No.4, 2012 II E

(mz)(z) = (V1)(2)' (m1)(2) = (Vo)(z): if (‘71)(2) < (Vo)(z)
and analogously
(#2)(2) = (uo)(z)' (/11)(2) = (ul)(Z)' if (uo)(z) < (ul)(Z)

12)® = W)@, (u)® = @)?,if (w)® < (we)® < (@)@,

0
and | (ug)® = %
17

(#2)(2) = (u1)(2)'(/11)(2) = (uo)(z)' if (ﬁl)(z) < (uo)(z)

Then the solution satisfies the inequalities
Goe(CDP-w10D)t < (1) < Gl eV

(p)®@ is defined

1 0 S @)_ @) 1 0 S (Z)t
nge(( VP -1t < G (0) < nge( 1)
(@19) P66 [ (P -p1e) D)t ‘(52)(2)t] 0 o=(5)@t
- < <
((m1)<2>((s1)<2>—(p16)<2>—(s2)<2)) ¢ ¢ + e < Gre(t) <
(a18)?60%

[Pt _ e=(@1)Pt] 4 GO e-(a10)Pty

(m2)D ()P -(ajx)@)

To,e®Pt < 7y (1) < T e(®RP+T10®)e |

TO e((R1)(2)+(7’16)(2))f

(2)
TRee BV < Tyg(0) < 16

1
()@ (u2)®@

(b18)(2)T(1)6
()P (R P = (b15)@)

[e(Rl)(z)f — e_(bis)mt] + nge_(b{S)(Z)t STis() <

(a18) P18 [ (R)P+(re) @)t _ —(Rz)(z)t] 0 —(R)@t
EP (R D+ D+ R)®) |° ¢ * Tige

Definition of (5,)®, (5,)®, (R))®, (R,)®:-
Where (S))® = (a16)® (m;)® — (ai6)®
(Sz)(z) = (a18)(2) - (P18)(2)
(R)® = (b16)® (u)® — (b16)®

(R)® = (b1s)® — (115)?

Behavior of the solutions

If we denote and define
Definition of (6,)®,(0,)®, (t)®, (1,)® :
@ )@, (0,)®,1)?®,(1,)® four constants satisfying

_(‘72)(3) < _(aéo)(S) + (a'21)(3) - (alzlo)(3)(T21 ) + (aé’1)(3)(T21 1) < _(01)(3)
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—(1)® < = (b30)® + (b31)® = (b30)P (G, t) — (B7) P ((G3),t) < (1)@
Definition of (v))®, (v,))®, (u))®, (uy)® :

(b) By (v{)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(a21)(3)(V(3))2 + (0'1)(3)1’(3) - (azo)(3) =0

and (b,1)® (u®)” + (1) Pu® — (by)® = 0and
By (v,)® >0, (#,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the
roots of the equations (a,;)® (1/(3))2 + (0) VB — (a,0)® =0
and (b)) @ (u®)” + (1) Pu® — (b,0)® = 0
Definition of (m;)®,(m,)®, (u)®, (uy)® :-
(c) Ifwe define (m)®,(my)®, (u)®, (1) by
(mz)(3) = (Vo)(S)' (m1)(3) = (V1)(3): if (Vo)(3) < (V1)(3)

(mx)® = ()@, (m)® = TP, if (V)@ < WP < TY®,

0
and [(v))® = %
21

(mz)(s) = (Vl)(3)'(m1)(3) = (Vo)(s): if (171)(3) < (Vo)(S)

and analogously

(12)® = (W)@, (u)® = W)@, if we)® < W)®

- , _ TS
12)® = @)@, (w)® = @)®,if w)® < we)® < @)®, and|(u))® = ﬁ

(12)® = W)®, (1)® = We)®, if @) < (u)®
Then the solution satisfies the inequalities
GLe(EDP -0t < 6, (1) < G2,eV®t
(p:)® is defined

69,e(EDP-@20) < ¢, (1) < oo @t

(m )(3) (3) GZO

(a22)®65, P =200t _ (5Pt 0 —(s)®t

((ml)(3)((51)(3)—(ng)(3)—(52)(3)) [e( ! 20)>)¢ — e 2 ] + Gzze 2 < Gzz (t) <
(a22)®62 FNON IANONR 0 —(a ¢

(mz)(3)((51)(3)—2((;;2)(3)) [e( 1) —e (azz) ] + Gzze (azz) )

Tzooe(Rl)(3)t S T(t) < Tzooe((Rl)(3)+(r2°)(3))t

L 70 RO <) (t)< ) e(RDP+(20) )t

(1 )(3> 20€ )<3> Tioe

(bzz)(3)7200
w)B®((R)B-(p5,)3)

[e(Ro(”t _ e—(béﬂ“)t] + THe @t < Ty (1) <
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(a22) D1y [ (R)P+(r20)@)e _ —(Rz)(3)f] 0 ,—(R)®t
EDP (BN 420 P+ ®) 1 € +Tzze

Definition of (§)®, (5,)®, (R)®, (Ry)®:-
Where (5)® = (az0)® (m)® — (a30)®
(5P = (az2)® — (02)®
(RD® = (b20)® (u2)® — (b30)®

(Rz)(g) = (béz)(g) - (7'22)(3)

Behavior of the solutions
If we denote and define

Definition of ()@, (6,)®, (t))@ , (1,)®

d) (6@, (0,)®, ()W, (r,)® four constants satisfying

—(0)™ < —(ah)™ + (ahs)™® — (@) (Tys, 1) + (ahs) ™ (Tys, 1) < —(01)@
—(1)® < =(b3)™ + (b3s)® = (b7) P ((G2), t) = (b3s) P ((G7), t) < = (7)™
Definition of (v)®, (v,)®, (u)@, (uy)®,v®,u®

(e) By (v))® >0, v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@)@ () + (@) — (@)@ =0
and (bys)®@(u®)” + (1) @u® — (b,,)® = 0 and

Definition of (7,)®,, (V,)™W, (i)W, (71,)¥ :

By (7)™ > 0, (#,)® < 0and respectively (ii;)™® >0, ()™ < 0 the
roots of the equations (a,s)® (v®)” + (6,)v® — (a,,)® = 0
and (bzs)(4)(u(4))2 n (TZ)(4)u(4) _ (b24)(4) -0
Definition of (m;)®, (mx)®, (u)®, (u)®, (V)@ :-

(M 1fwe define (m)™@, ()@, ()@, (1)@ by
(m)® = (W)@, (M@ = (v)®, if ()@ < (v))@
(my)® = (v)®, (m))® = @)@, if )™ < (W)@ < (1)@,

[
and [(vy)® = %
25

(mz)(4) = (V4)(4)' (ml)(4) = (Vo)(‘n' if (174)(4) < (Vo)(4)
and analogously
(#2)(4) = (uo)(4): (Hl)(4) = (ul)(4)' if (uo)(4) < (u1)(4)

W)™ = W)@, (u)® = @)™, if W)™ < (W)™ < @)™,
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and |(ug)® = Ts

(12)™ = @)@, ()@ = (W)™, if (@)™ < (ue)™ where (u)®, ()™
are defined by 59 and 64 respectively

Then the solution satisfies the inequalities
Ge(DW-20®)t < 6, (1) < G2,eD™

where (p;)@ is defined

W(;2 ,e(0P-020D)t < G (1) < (4) 6,600t
<(m1)<4>((51()‘353(;fi‘24)_ ) [e((sl)(4)—(p24)(4))t _ e_(sz)(4)t] £V < 6 (1) <
(m2)<4>(&zsi))$i%;;6)(4)) et — e(@20®] 4 Ggée—m;ﬁ)“)t)

‘T2°46(R1)(4)t < T, (1) < T, e(RDW+2) @)t |

(11 )(4) Tfe "™ < T, (1) S L@ (4) 79, e (RO®+r20)®)e

(#1)(4)E?;igi{;éﬁ)m) [e(Rl)(4)t _ e—(bés)(4)t] n Tzoﬁe‘(bés)(‘*)t < Ty (D) <
(”2)(4)((ngt(l‘ffjij‘)z?:a)+(Rz)(4)) e +20D)e _ o=R @] 4 75 =RVt

Definition of (5,)™, (5,)®, (R)®, (R,)®:-
Where (S)® = (az4)® (my)® — (az)®
(52)(4) = (a26)(4) - (st)m
(RD™ = (b2)® (u2)® — (b3)™
(R)® = (b36)™® — (126)®

Behavior of the solutions
If we denote and define

Definition of (6,)®, (6,)®, (1), (1,)® :

@) ()9, (02)®, (1), (1) four constants satisfying

—(0)® < —(a}e)® + (ae)® — (a5) ) (Tr9, 1) + (a59)® (Tr9, 1) < —(1)®
—(12)® < =(b3)® + (39)® — (b35) P ((G31), ) — (39) P ((G31),t) < — (1)
Definition of (v))®, (v,)®, (u)®, (ux)®,v®,u® :

(hy By (v,)® >0, (v,)® < 0and respectively (1) > 0, (u,)® < 0 the roots of the equations
(@9) @ (V)" + (6) OV — (a,)® = 0
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and (by)(u®)” + (1) OUD — (bye)® = 0 and
Definition of (7,)®,, (#,)®, (,)®, ()™ :

By (v)® >0, ([#,)® < 0and respectively (%i;)® >0, (i1,)® < 0 the
roots of the equations (azg)(f”)(v(*‘))2 + (0,)®V® — (a6)® = 0
and (bzg)(s)(u(m)z + (1)U — (b,)® =
Definition of (m,)®, (m,)®, (1)@, (u)®, (vo)® :-

(i) If we define (m1)(5) ) (mz)(s) ) (ﬂ1)(5): (#2)(5) by
(my)® = W)@, (M) = v))®, if Ve)® < (v)®

(my)® = (v)®, (m)® = @O, if (1) < V)® < (7)),
GO
and [(v))® = =
29

(mz)(s) = (Vi)(s)’(mﬂ(s) = (Vo)(s): if (171)(5) < (Vo)(s)
and analogously
(Hz)(s) = (uo)(s)' (.“1)(5) = (ul)(s): if (uo)(s) < (u1)(5)

1) = W)™, (w)® = @)®,if (w)® < (ue)® < @)®,
TO
and [ (u)® = o
29

(12)® = @)D, W)® = W), if (@)® < (ue)® where (u)®, (1)
are defined respectively

Then the solution satisfies the inequalities
G05e((DP-@200D)t < G, (1) < eVt

where (p;)® is defined

WGZB (D=2t < 2o (D) < (5) e RERCE
((ml)(S)((51()?:;)3((::319-(sz)<s)) [e((sl)(S)_(pZB) e — e (S)t] +Gle~ 2Vt < Gy (D) <
(mz)(s)(&z))giézzgo)(s)) [e(sl)(s)t _ e‘(aéo)(s)t] + Gé’oe‘(aéo)(s)t>

‘TZOSe(Rl)(S)t < Tog(t) < Tzoge((Rl)(5)+(r28)(5))t |

T )(5) T28 (R1)(5)t < Tyg(t) < (5) T28 ((R1)(5)+(rzg)(5))t

<u1><5>E?Eggi{igo)<5>) [0 - e_(bé‘)’(s%] + The @50t < Ty (1) <
(,m@((R1§‘Z:>°3E2f‘zs)+(R2)(5)) o ((R®+(rze) )t _ e—(m)(sn] + T o~ Ot

Definition of (5;)®, (5,)®, (R,)®, (R,)®:-
Where (5)® = (a,5)® (m,)® — (abg)®
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(52)(5) = (a30)(5) - (P30)(5)
(R1)(5) = (bzs)(s)(#z)(s) - (bés)(s)
(Rz)(s) = (béo)(s) - (7"30)(5)

Behavior of the solutions
If we denote and define

Definition of (0,)®, (62)®, (t)®, (7,)© :

(G) (@)@, (0,)®, (1))@, (1,)® four constants satisfying

—(02) < —(a5,)® + (a33)® — (a%) @ (T33, 1) + (a43) @ (T33, 1) < —(01)©

— (1)@ < = (b5,)® + (b53)© — (b55)@((G35), t) — (b35)©((G35), 1) < —(1,)®
Definition of (1), (v,)®, (1), (uy)®,v®,u® :

(k) By (v))® >0,(,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@5) @ (@) + (@) — (a5)®@ = 0
and (b35)®@ (w®)” + (1) Ou® — (b;,)© = 0 and

Definition of (7,)©,, (1,)@, (i1,)®, (11,)© :

By (7)© > 0, (#,)©® < 0 and respectively (Z,)® > 0, (ii,)©® < 0 the
roots of the equations (as3)® (v(6))2 + (0)Ov® — (a3,)©® = 0
and (bgg)(ﬁ)(u(s))2 + (1) ©Ou® — (b;)® =0
Definition of (m,)®, (m,)®, (u1) @, (u2)®, (v)® :-

(1) 1f we define (m,)© , ()@, (1)@, (u)© by
(m)® = ()@, (M@ = ()@, if (vx)® < V)©®
(my)® = (v)©, (M) ©® = )@, if (11)©® < (V)© < (7))@,

[
and |(vy)® = %
33

(m)® = @)@, )@ = 1)@, if T < ()
and analogously
#)® = @)@, @)@ = @)®, if w)® < ()
) ® = @)@, 1)@ = @)@, if (W)@ < (W)@ < @),

0
and [ (up)©® = %
33

(12)® = @)@, (1)@ = W)@, if (©@)® < (ue)® where (u)®, (,)®
are defined respectively

Then the solution satisfies the inequalities

nge((sl)(6)_(p32)(6))t < G3(D) < nge(sl)(s)t
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where (p;)® is defined

1 (6)_ (e) (6)
ﬁG“ e((50)®-32)'")t < Gs3(t) < (6) GY,eV™t

(a3)®63, )@ -(3) )t _ —(5)©t 0 —(s2)©t

<(ml)(s)((51)(6)_(p32)(6)_(52)(6)) [e( 1 32) )t _ o=(S2 ] + G3,e” 2 < Ggu(t) <
(a34)®63, [ D©®¢ _ (!, )(6>t] 0 (i) ©®¢

@ ()@@ 1€ e  Gagee

T302€(R1)(6)t S Tsa(t) < Tsoze((Rl)(6)+(r32)(6))t

R1)®t 79, e(® (6) ©)Y¢
(41 )(6) T32 e(f) < T3 () < (6) e (R +(r32)™®)
(b34)(6)T32 (R)©t —b )t 0 —(bh)©t
D@ (RO - (05)®) et — e=®a0 ] 4 74,6~ ®i0 N < Ty (1) <

(a34) 15, [ (RD©+(r3) )t _ —(Rz)(ﬁ)r] 0 ,—(R))©®t
BB +(ra) O+ (R @) L ¢ *Tae

Definition of (5,)(®, (5,)©, (R))®, (R,)®:-
Where (5,)© = (a3,)®(m,)©® — (a3,)©®
($2)© = (a3)® — P3)®
(R)© = (b32) @ (12)© — (b3)®

(R)© = (b3)® — (13

Proof : From GLOBAL EQUATIONS we obtain

dv( ) ’ " "
(a13)(1) - ((a )(1) (a14)(1) + (a13)(1) (T14, t)) - (a14)(1)(T14, t)V(l) - (a14)(1)V(1)

Deflnltlon of v - y@ = f13
G4

It follows

2 av® 2
~ (@D (D) + (@) Dv® = (0)D) < Z= < = (@)D (D) + (@) DV = (a13)@)

From which one obtains

Definition of ()@, (v)® :-

G _
(@) For0 <|(v)™ = G_g < ()W < @)W

)(1)+(C)(1) (VZ)(I)e[—(aM)(l) ((v1)(1)—(v0)(1)) t]
1+(C)(1)e[—(a14)(1)((1’1)(1)—(1/0)(1)) f]

v P-e)™

(6h) (1
O o) D=(v)D

oW =

it follows (vo)® < v (1) < (v) P
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In the same manner , we get

T D+ D @y Wel~@D(EDD-m2D) ]
140 el @ D(EDD-m2) D) ]

_ @)W
W

vD(t) < Cl@w

From which we deduce (vo)® <v®(t) < (¥,)®
0
(b) 1f 0< (W)@ < (v)® =22 < ()™ we find like in the previous case,
14

) D40 D(ry)Del-@D (D=2 D)

(€Y}
V. <
)7 = 140 Wel~ @D (DD -2 D) ]

< vW() <

@D 1D @)D~ @D (EDD-) D)
1+(®(1)e[—(a14)(1)((71)(1)-(fz)(l)) f]

< ()W

0
© 1f 0< (W)® < @)D <|(v)® = 22| , we obtain
14

@V + D (72)(1)‘3[-(1114)(1) ((Vl)(l)-(fz)(l)) t]
1+(@(1)e[—(a14)(1)((71)(1)-(72)(1)) f]

)™ < v < < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

(my)® < V() < (m)®, | V() = 222
G14(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

W)@ < uO(©) < ()@, |uD(e) =122
T14(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ai5)® = (ai)D, then (o) = (a,) and in this case (v;)® = (7,)P if in addition (vy)® =
(v)® then v (1) = (v4)™ and as a consequence G,5(t) = (vo) MGy, (t) this also defines (vy)™ for the
special case

Analogously if (bi5)® = (b)})D, then (t;)® = (1,)® and then

(u))® = (i1, Pif in addition (uy)® = (u,)® then Ty5(t) = (uy) P Ty, (¢) This is an important
consequence of the relation between (v;)™® and (#;,)®, and definition of (uy)®.

we obtain
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dv® ’ ’ " "
— = (a10)® — ((@e)® = (@)P + (@) P (Ty7,) = (a5) D (Ty7, DV — (a37)Pv@

Definition of v® :- @ = S16
G17

It follows

2 av® 2
~ (@@ (V)" + (@)@ - (a;)?) < == < = ((@NP (V)" + (@) PP - (a;0)@)

From which one obtains

Definition of (V,)®, (vy)® :-

GY _
(d) For0 < (v))® = G_éj <)@ < @)®

W)@+ D (ry) @l @D (DP-00) D)
1+(C)@e [—(a17)(2)((V1)(2) -0 @) f]

)@ -(w)®

@ 0@-(r)®
vem= 0@ @

@@ =

it follows (vy)® < v®@(t) < (v)@

In the same manner , we get

(71)(2)_'_(6)(2)(Vz)(Z)e[—(alﬂ(z)((71)(2)_(72)(2)) ]
1+(§)(2)e[—(a17)(2)((71)(2)—(52)(2)) f]

©)@ = 2-00®

@
Ve = ~ @)@

From which we deduce (vo)® <v®(t) < (7))@

0
(e If 0< (V)?® < (v))® = % < (7,)® we find like in the previous case,
17

(vl)(2)+(C)(2) (VZ)(z)e[—(a17)(2)((1’1)(2)—(1’2)(2)) t]

(@)
)™ = -(a17)@ (@ - @) ¢

< v@() <

1+(C)(2)e[

)P+ @ @) @e [—(0-17)(2)((71)(2)—(72)(2)) f]
1+(é)(z)e[—(a17)(2)((71)(2)—(Vz)(z)) f]

< ()@

0

M I 0<@)® < @)P < (v)@ =2, we obtain
17

@)@+ @ @,)@e [—(a17)(2)((71)(2)—@2)(2)) f]

2) « (@) <
(Vl) SV (t) = 1+(C)(2)e[—(a17)(2)((71)(2)—(72)(2)) t]

< ()@

And so with the notation of the first part of condition (c) , we have

Definition of v (¢) :-

(mz)(z) < V(z)(t) < (ml)(z), V(z)(t) _ G1e®
G17(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

(1)@ < u@(t) < (1)@, | u@ () = 268
T17(t)
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Particular case :

If (/)@ = (a},)®, then (6,)?® = (6,)@® and in this case (v;)?® = (#,)@ if in addition (v,)® =
(v))® then v (t) = (v4)® and as a consequence G4(t) = (Vo) PGy (t)

Analogously if (b}5)® = (bj5)®, then (t;)® = (1,)® and then

(uy)® = (1) Pif in addition (ug)® = (u;)® then Ty4(t) = (u)@Ty,(t) This is an important
consequence of the relation between (v;)® and (v,)®

From GLOBAL EQUATIONS we obtain

av® , , ,
;t = (azo)(3) - ((azo)(g) - (a§1)(3) + (azlo)(g) (Ty1, t)) - (a2'1)(3)(T21, t)V(g) - (a21)(3)v(3)
Definition of v® :- @3 = G20
G21
It follows

2 av® 2
= (@)@ V) + (0 = (4;0)®) < %= < = (@)D (VD) + (@) VD = (a50)@)

From which one obtains

GJ _
(@) For0 < (v))® = ﬁ < ()® < @)@

v(3)(t) > (vl)(3)+(c‘)(3)(vz)(3)e[_(az1)(3)((1/1)(3)—(1/0)(3)) t] (C)(3) )@ —)®
T @l (00®-00®) ’ ~ 0)®-)®

it follows (vy)® < v®(t) < (v))®

In the same manner , we get

v®(e) < EOD+(OD @y @el 2V (VP -a @) €)@ = P00
B 1+(0)@el @D (EDD-2) ¢ ’ ~ w)®-)®

Definition of (v,)® :-

From which we deduce (vo)® <v®(t) < (7))@

0
(b) If 0< (v)® < (vy)® = % < (7,)® we find like in the previous case,
21

(vl)(3)+(C)(3) (VZ)(3)8[—(az1)(3)((V1)(3)—(V2)(3)) f]
1+(C)(3)e[—(a21)(3)((V1)(3)—(V2)(3)) ¢]

(v)® < <v®@®) <

TP +(O® @y el @2 (D=2 @) ]

< (v.)3
1+ (@@l @D (EDE -T2 @) ] < ()
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0
© If 0<@)® < @E)® < v)® =22, we obtain
21
1B 4@ )@l @DP(EDP-2@) ]
1+(®(3)e['(“21)(3)(Wl)(”‘(ﬁ)m) t]

)@ < v@@) <@ < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢) :-

m)® < v (@) < (m)®, | vO () = 20
G21(8)

In a completely analogous way, we obtain

Definition of u®(¢t) :-

1)@ < v (@) < (W)@, |u® () = 29
T21(8)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ayp)® = (a5)®, then (6,)® = (a,)® and in this case (v,)® = ()@ if in addition (v,)® =
(v)® then v (1) = (v4)® and as a consequence G, (t) = (Vo) G, (1)

Analogously if (by,)® = (b5)®, then (1,)® = (1,)® and then

(uy)® = () @if in addition (ug)® = (u;)® then T,o(t) = (ue)® T,y () This is an important
consequence of the relation between (v;)® and (v,)®

: From GLOBAL EQUATIONS we obtain

dV(4) ’ 1 ’ "
Fra (aze)™® — ((‘124)(4) — (a4s)™ + (a4) P (Tys, t)) — (a¥5) W (Tas, OV — (ay5) Py

Definition of v® :- y@® = G2
Gzs

It follows
av®

2 2
~ (@)@ (V®)” + (0@ = (a,0)®) < = < = (@) P (@) + (@) OVD = (az)®)
From which one obtains

Definition of (¥,)®, (vy)® :-

0
(d) For0<|(w)® =2t < (v)® < (7))@

0
Gzs

YO 4(0)® ) @[ (@29) D (v D-0) @) ]

€)@ = v)®-we)™®
44O @el~@29 W (DO~ @) (] ’

@ (v
v®(t) = T (o)W =(v@

it follows (vo)® < v®(t) < (v)®

In the same manner , we get
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@)D +(O@ @y Wel @2 P (DD -2 @) o]
(a25) D (@ @-E®) ] '

_ @W-)®W

@ 5@
VR = O = ™=@

4+(E)<4>e[‘

From which we deduce (vo)® <v®(t) < (7))@
0
@€ If 0< @)™ < (v))® = % < ()™ we find like in the previous case,

W)@ ()@ ) @el29 P (@0 D-2) @) ]
1+ @el~ @2 (W -02@) ]

()@ < < v <

D+ 0@ @y el @29 D (DD -2 ]
1+(f)(4)e[‘(“25)(4)((71)(4)‘(VZ)“)) f

< @)@

0
Gag

0
G2s

M o< @)®<@)® <|(v)® = , We obtain

FD@ +(O@ @)Wl (W -)®) ]

< (v (4)
1+(C')(4)e[_(‘125)(4)((71)(4)—(72)(4)) ] < (vy)

v)® < v® () <

And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-

(mz)(‘l-) < V(4)(t) < (ml)(4)' V(4)(t) — Go4(t)
G25(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

()@ < u®(®) < (W)@, |u@(p) = 228
T25(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ay)® = (ays)@, then (0,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v,)® =
(v))® then v (1) = (v)™® and as a consequence G,,(t) = (Vo) ® G,s(t) this also defines (vy)™® for
the special case .

Analogously if (by,)® = (bys)®, then (1,)® = (1,)® and then
(u)® = (i1,) @if in addition (ug)® = (uy)® then T,,(t) = (ue)®T,5(t) This is an important
consequence of the relation between (v;)® and (#,)®, and definition of (uy)®.

From GLOBAL EQUATIONS we obtain

av® , , . .
a (azg)(s) - ((azs)(s) - (a29)(5) + (azs)(s) (T2o, t)) - (a29)(5)(T29' Hv® — (a29)(5)V(5)
Definition of v :- y () = G2
G29
It follows
2 av® 2
~ (@)@ (V)" + (@)vO = (a9)®) < E= < = ((@20)P (V)" + (0) VO = (229)®)
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From which one obtains

Definition of (#,)®, (v)® :-

GI _
(9) For0<|(vy)® = G_EJS < ()® < [@7)®

(vl)(s)+(C)(5)(VZ)(s)e[—(azg)(S)((yl)(S)_(VO)(S)) L'] (V1)(5)_(V0)(5)

G)(t) = G = )" ~0o) >
vz 54+(0) el (@29 (@DO-00)®)) ] - © ) -()®
it follows (vy)® < v®(t) < (v)®
In the same manner , we get
V(s)(t) < (71)(5)+(C_)(5)(Vz)(s)e[—(azg)(s)((ﬁ)(s)—(vz)(S)) ¢ (5)(5) _ 1) —(v)®
B 5+(0) el (@20 (EDO-2)) ¢ ’ o) ®-7)®

From which we deduce (v)® < v®(t) < (¥75)®

0
(hy If 0< (V)® < (v))® = % < (7,)® we find like in the previous case,
29

w)®+)® (VZ)(S)e[-(a29)(5)((‘/1)(5)—(1/2)(5)) t]

©)
V. <
)™ < 14(0)® el @29 (vD® -2 ) ]

< vO() <

@O+ @)D" @29 (DO~

< (v.)®
14(0)®) el @29 (DO -2 ) {] < ()

0
i) If 0< @)@ < @) <|(v)® =22, we obtain
29

@O+ @) Ol @29 (@DP-2)) ]

< ©)
14(©)® el @2 (DE - ) ] < (o)

v)® < v () <

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :-

(mz)(5) < V(S)(t) < (ml)(5)1 V(S)(t) — Gog(t)
G29(t)

In a completely analogous way, we obtain
Definition of u®(¢) :-

1) < uS(©) < ()@, |u® () =22
T29(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :
If (ays)® = (ayo)®, then (0,)® = (0,)® and in this case (v,)® = (#,)® if in addition (v,)® =
(vs)® then v (t) = (v4)® and as a consequence G,g(t) = (vo)® G,o(t) this also defines (v,)® for

the special case .

Analogously if (by5)® = (bys)®, then (t,)® = (1,)® and then
(u)® = (1) ®if in addition (1y)® = (u;)® then T,g(t) = (up) @ Tyo(t) This is an important
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consequence of the relation between (v;)® and (v,)®, and definition of (u,)®.

we obtain
dav(©) ) ) . )
;t = (a32)(6) - ((a32)(6) - (a33)(6) + (agz)(G)(T33, t)) — (a33)(6)(T33, t)v(ﬁ) _ (agg)(ﬁ)v(ﬁ)
Definition of v(® :- y(© — Gz
G33

It follows
2 dv(® 2
~ (@)@ @) + ()OO — (2:)@) < T < = (@)@ (V)" + (6)OV® - (a5,)@)

From which one obtains

Definition of (¥,)(®, (v4)® :-

. GY _
() For0 <|(v)® = G—z)z < ()@ < (7)®

MO ) > (vl)(é)+(C)(6)(VZ)(ﬁ)e[‘(a33)(6)((v1)(6)—(v0)(6)) L’] (C)(é) _ (1) O (vg)©®
- 14+(0)©l~@9O(0DO-wo) @) ] ’ v0) @ —(v2)®
it follows (v)©® <v©®(t) < (v,)®
In the same manner , we get
V(6)(t) < (Vl)(6)+(€)(6)(72)(6)3[—(ass)(6)((ﬂ1)(6)—(Vz)(6)) t] (E)(G) _ M
B 14(0) @)l ~@3 (D O-m2)(@) ’ ) O -7)®

From which we deduce (v()® <v®(t) < (v,)©®

0
G32

w0 < (v,)® we find like in the previous case,
33

(K) If 0<)® < (v)® =

~(a33) O (v O -(v)(®) ¢
O+ Oy @el @IV -2 ) ] v (t) <
1+(C)(6)e[_(a33)(6)((V1)(6)—(v2)(6)) t]

()® <

@) O+ @) Ol @33 (@D O-29) ]
14(0)©) el @@ (DO - @) ]

< ()@

0
) 1f 0<@)® < @)@ <|(v)® =52 , we obtain
33

@) O+ O @) Ol @33 (@D O-2P) ]
1+(0)©)el~(@3) @ (EDO-2)®)) 1]

(v)® < vO() < < (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v©(¢) :-

(mz)(ﬁ) < v(ﬁ)(t) < (ml)(ﬁ), V(é)(t) — G32(t)
G33(t)

In a completely analogous way, we obtain
Definition of u®(t) :-
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1)@ < u®©) < @)@, | @) =225
T33()

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a,)® = (a%)©, then (0,)® = (0,)©® and in this case (v;)©® = (#,)©® if in addition (v)©® =
(v))® then v®(t) = (v,)® and as a consequence Gs,(t) = (vo)©® G35 (t) this also defines (v,)©® for
the special case .

Analogously if (b5,)® = (b43)©, then (1,)© = (1,)© and then

(uy)® = (@1,)@if in addition (u)® = (u;)© then Ts,(t) = (uy)®@Ts3(t) This is an important
consequence of the relation between (v;)® and (v,)®, and definition of (u,)®.

We can prove the following
Theorem 3: If (a])Pand (b;")V are independent on t , and the conditions

)P (@)D - (a3)P(a,)® <0

( 13) 14 13 14

(a£3)(1)(a£4)(1) - (‘113)(1)(‘114)(1) + (a13)(1)(p13)(1) + (a14)(1) (p14)(1) + (P13)(1) (P14)(1) >0
(b£3)(1)(b{4)(1) - (b13)(1) (b14)(1) >0,

(b{3)(1)(b{4)(1) - (b13)(1) (b14)(1) - (bis)(l) (7”14)(1) - (b{4)(1) (7”14)(1) + (7”13)(1)(7”14)(1) <0
with (p13)®, (,) @ as defined, then the system

P13 14 y

If (a/)Pand (b}")® are independent on t, and the conditions

a (2)(a' )(2) —(a )(2)(a )(2) <0

( 16) 17 16 17

(ais)(z)(ab)(z) - (a16)(2)(a17)(2) + (ala)(z)(pm)(z) + (‘117)(2) (P17)(2) + (p16)(2) (p17)(2) >0
(b1e) P (i) P — (b)) P (b1)® >0,

(bié)(z)(bb)(z) - (b16)(2) (b17)(2) - (b16)(2) (7'17)(2) - (b{7)(2) (7'17)(2) + (T16)(2)(T17)(2) <0
with (p16)®, (117)® as defined are satisfied , then the system

If (a/)®and (b]")® are independent on t , and the conditions

alo)®(ay))® — (a0)®(a,1)® <0

( 20) ( 21) 20 21

(aéo)(s)(aéi)(s) - (azo)(3)(az1)(3) + (azo)(3)(P20)(3) + (aél)(3)(p21)(3) + (on)(3)(P21)(3) >0
(b30) @ (b51)® = (b20) P (b2))® >0,

(béo)(3)(bé1)(3) - (bzo)(3)(b21)(3) - (béo)(3)(7'21)(3) - (bé1)(3)(7'21)(3) + (7"20)(3)(7"21)(3) <0
with (py0)®, (5,)® as defined are satisfied , then the system

If (a]Y®and (b}")® are independent on t , and the conditions
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(a34)® (ahs)™ — (a24)® (a5)* < 0
(a54) P (@5)™ = (a24) ™ (A25)® + (a2)® (P2)® + (@55)® (025)® + (02)® (P25)*® >0
(b5)® (b35)™ = (b22) @ (bs)™® >0,

(b3)® (b35)® = (b23)® (b25)® = (b34) P (125)® = (b35) W (r25)® + (12) P (125)® < 0
with (pp4)®, (55)® as defined are satisfied , then the system

If (a])®and (b}")® are independent on t , and the conditions

(a38)(a29)® — (a26)® (a20)® < 0

(a5) P (a59)® — (a28)(a29)® + (a26)® (28)® + (a29)® (P20)® + (2) (029)® > 0
(b3g)® (b39)® = (b)) (b29)® >0,

(b38)® (b39)® = (b)) (b29)® = (bg)® (129)® — (b39) P (120)®) + (1) P (129)® < 0
with (p5)®, (19)® as defined satisfied , then the system

If (a))®and (b}")® are independent on t , and the conditions

(a32) @ (a53)® — (a32)® (a33)® < 0

(a52)© (a53)©@ = (@32) @ (a33)@ + (a3)@ 032)©@ + (a53)© 33)@ + (032)@ (p32)© >0
(b52)® (b33)® = (b3;) @ (b33)@ > 0,

(béz)(s) (b§3)(6) - (bsz)(ﬁ)(bss)(ﬁ) - (béz)(e) (7’33)(6) - (b§3)(6)(7’33)(6) + (7'32)(6) (7'33)(6) <0
with (p33)©, (133)© as defined are satisfied , then the system

(a13) 614 = [(a1)® + (af3) P (T14)]G13 = 0
(a1) 613 = [(@1)® + (@)@ (T14)]G1s

(a15)VGyy — [(ais)(l) + (ag’s)(l)(TM)]Gw =0

0

(b13) DTy = [(b1)® = (b15)P(6) [Ty = 0
(b14)(1)T13 - [(b{zt)(l) - (bﬂ)(l) (@) ITia= 0
(b15) DTy = [(b15)® = (bi5)P(G) ITys = 0

has a unique positive solution , which is an equilibrium solution for the system
(010?617 — [(a16)® + (a16) P (T1)]G16 = 0
(a17) PGy — [(%7)(2) + (a1’7)(2)(T17)]617 =0
(a19)P617 — [(a16)® + (a1e) P (T1)]G1s = 0

(blﬁ)(Z)T17 - [(bie)(z) - (bils)(z)(Gw) 1Ti6= 0

97



Information and Knowledge Management www.iiste.org
ISSN 2224-5758 (Paper) ISSN 2224-896X (Online) N 's.i.l
Vol 2, No.4, 2012 II E

(b17)(2)T16 - [(b{7)(2) - (b{’7)(2)(619) Ty, =0
(b18)(2)T17 - [(bis)(z) - (bils)(z)(Gw) ITig=0
has a unique positive solution , which is an equilibrium solution for

(azo)(S)Gn - [(aéo)(g) + (alzlo)(B)(Tm)]Gzo =0

(a20)® G0 = [(@5)® + (@51) @ (T31)]G21 = 0
(a22)® 61 = [(@52)® + (a5,) @ (T31)]Gz2 = 0
(b20)PTz1 = [(b30)® = (b56)® (G23) [Tz0 = 0
(b2)PTy0 = [(03)P = (071)P (G23) 1Tz = 0
(b22)PTy1 = [(032)® = (032)P (G23) T2 = 0

has a unique positive solution , which is an equilibrium solution

0

(a20) WGy — [(‘154)(4) + (ah)® (TZS)]GZ4

(azs)(4)Gz4 - [(aés)m + (‘1’2'5)(4)(T25)]st =0
(a26) WGy — [(aée)(‘*) + (alz'e)@)(Tzs)]Gza =0

(b24)(4)T25 - [(bé4)(4) - (béﬁ})(4)((627)) 1T2a= 0
(bzs)(4)Tz4 - [(bés)m - (béls)(4)((627)) ]Tzs =0
(bze)mTzs - [(bés)m - (béls)@)((Gn)) 1T6 =0

has a unique positive solution , which is an equilibrium solution for the system

(a28)®Gpo — [(aés)(s) + (aéls)(s)(TZt;)]st =0

(a20)®G,g — [(a§9)(5) + (a§’9)(5)(T29)]Gz9 =0

(aso)(s)Gzca - [(aéo)(s) + (aélo)(s)(T29)]G3o =0

I
o

(bzs)(S)Tw - [(bés)(s) - (bé's)(s)(Gm) 1T =

|
o

(b20)F'Tog — [(b39)™ — (b36) (G31) 1Tz0 =
(b30) P T — [(b50)® — (b30)® (Gs1) 1Ts0 = 0

has a unique positive solution , which is an equilibrium solution for the system

(as)®Gss — [(aéz)(G) + (a’3'2)(6)(T33)]G32 =0
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(a33)(6)G32 - [(a§3)(6) + (a'3'3)(6)(T33)]633 =0

(a34) @ Gas — [(a§4)(6) + (a,)© (Tss)]634 =0

(bgz)(ﬁ)Tss - [(béz)(ﬁ) - (bélz)(G)(G%) ]T32 =0
(b33)(6)T32 - [(bés)(G) - (b§’3)(6)(G35) IT33=0
(b34)(6)T33 - [(b§4)(6) - (b§’4)(6) (Gss) IT3.=0

has a unique positive solution , which is an equilibrium solution for the system

(2) Indeed the first two equations have a nontrivial solution G5, G;, if

F(T) = (a13)(1) (ah)(l) - (a13)(1) (a14)(1) + (a13)(1) (aﬂ)(l) (T14) + (ai4)(1) (ai’3)(1) (T14) +
(a£'3)(1)(T14)(a1'4)(1)(T14) =0

(a) Indeed the first two equations have a nontrivial solution G;¢, G;; if

F(Tyo) = (a£6)(2)(a17)(2) - (a16)(2)(a17)(2) + (aie)(z)(a1’7)(2) (Ty7) + (a17)(2)(a,1,6)(2) (Ty7) +
(ails)(z)(Tu)(ai’ﬂ(z)(T17) =0

(2) Indeed the first two equations have a nontrivial solution G, G, if

F(Ty3) = (alzo)m (a'21)(3) - (azo)m (a21)(3) + (aéo)(3)(a'2'1)(3) (T21) + (a'21)(3)(a'2'0)(3)(T21) +
(a;’o)(3)(T21)(a’z'l)(3)(T21) =0

(2) Indeed the first two equations have a nontrivial solution G, G,s if

F(Ty;) =
(@)@ (@)@ = (a24) P (a25)™® + (ah4) P (a55) P (Ty5) + (ah5)® (ah) @ (Tas) + (a) @ (Tas) (ays) @ (Tos) = 0

(a) Indeed the first two equations have a nontrivial solution G,g, G54 if

F(T3y) =
(ahg)® (@ho)® — (az28)® (a29)® + (ahg)® (aho) P (Ta0) + (a29)® (a%e)® (Tag) + (ahs)® (To9) (a5e)® (Tog) = 0

(a) Indeed the first two equations have a nontrivial solution G;,, G35 if

F(T3s) =
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(aéz)(G) (a§3)(6) - (a32)(6)(a33)(6) + (aéz)(6)(a§’3)(6)(T33) + (a§3)(6) (aélz)(s) (T33) + (agz)(é) (T33)(a§’3)(6) (T33) =0
Definition and uniqueness of Ty, :-

After hypothesis £(0) < 0, f(o) > 0 and the functions (a;")"(Ty,) being increasing, it follows that there
exists aunique Ty, forwhich f(Ty,) = 0. With this value , we obtain from the three first equations

Gon = (a13)M6G14 Gue = (a15)M6G1q
B [@®+@m)®(ry,)] B (@) W+@n®(r5,)]

Definition and uniqueness of Ty, :-

After hypothesis £(0) < 0, f(o) > 0 and the functions (a;")®(T;,) being increasing, it follows that there
exists aunique T;; for which f(T;;) = 0. With this value , we obtain from the three first equations

(a18)®Gy7

(a16)PGyy —
[(a1e) P +(aly)@(Ti,)]

(@)@ +@i)@(T1)] 7

Gi6 = Gig

Definition and uniqueness of T;; :-

After hypothesis £(0) < 0, f(c0) > 0 and the functions (a!")"(T,,) being increasing, it follows that there
exists aunique T,; for which f(T;;) = 0. With this value , we obtain from the three first equations

Gon = (2200624 G = (a22)®6y4
207 [ap0)®+@)®(r5)] 1 TP (@)@ +a®) (15y)]

Definition and uniqueness of T,s :-

After hypothesis £(0) < 0, f(o) > 0 and the functions (a;")* (T,s) being increasing, it follows that there
exists aunique T,s for which f(T;5) = 0. With this value , we obtain from the three first equations

(a2)W6ys G = (a26) W6y
(@) @+@@(135)] ' 720 T [(ap)® +(aze) D(T55)]

Gya =

Definition and uniqueness of T4 :-

After hypothesis £(0) < 0, f(o) > 0 and the functions (a/")(®(T,,) being increasing, it follows that there
exists a unique Ty9 for which f(T;5) = 0. With this value , we obtain from the three first equations

Gow = (a28) 620 Gaun = (a30)®629
287 [(ahe)®+(ahp)®)(130)] 307 [(a50)®+(@f)®(135)]

Definition and uniqueness of T5; :-

After hypothesis £(0) < 0, f(o) > 0 and the functions (a;")® (Ts3) being increasing, it follows that there
exists a unique Ty; for which f(T35) = 0. With this value , we obtain from the three first equations

Gar = (a32)'9633 Gar = (a34)©633
2 [@i®@+@iy©(rss)] T T [(@5)©+(a5)©) (133)]

(e) By the same argument, the equations 92,93 admit solutions G5, G, if
p(G) = (bis)(l)(bh)(l) - (b13)(1) (b14)(1) -
[(b1) P BiDP(6) + (b1) P (bi5) P (@)]+(b15) P (6) (b)) P (6) = 0

Where in G (G;3, Gq4, G15), G13, G5 must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G, taking into account the hypothesis ¢(0) > 0, @() < 0 it follows that there
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exists a unique G, such that ¢(G*) = 0

(f) By the same argument, the equations 92,93 admit solutions Gy, G, if
9(G1o) = (bie)(z)(bb)(z) - (b16)(2)(b17)(2) -

[(b16)@ (bi7) P (G1o) + (b17)P (b16) P (G19)]+(bi6) P (G10) (h17) P (G1o) = 0

Where in (G14)(G16, G17, G15), G16, G1g Must be replaced by their values from 96. It is easy to see that ¢ isa
decreasing function in G, taking into account the hypothesis ¢(0) > 0, () < 0 it follows that there
exists a unique G, such that @((G19)*) =0

(g) By the same argument, the concatenated equations admit solutions G, G, if
9(G23) = (b30)® (21)® = (bo) P (b21)® —
[(b50)® (b51) P (G23) + (b51) P (b36)® (G23)|+(b56) P (G23) (b51) P (G3) = 0

Where in G,3(Gg, G321, G33), G, G5, Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,, taking into account the hypothesis ¢(0) > 0, (o) < 0 it follows that there
exists a unique G;, such that ¢ ((G,3)™) =0

(h) By the same argument, the equations of modules admit solutions G,,, G, if
9(G27) = (b3)™® (b35)® — (b22)® (bp5)™® —
[(B3) (b35)® (G27) + (b35) ™ (b52) P (G2 [+ (b3) P (G27) (b75) P (G27) = 0

Where in (G37)(Ga4, G35, G26), Go4, G2 Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that there
exists a unique G, such that ¢ ((G,;)*) =0

(i) By the same argument, the equations (modules) admit solutions G,g, G,4 if

9(G3y) = (bés)(s)(béca)(s) - (bza)(s)(bw)(s) -
[(b5) B (b35) P (G31) + (b5)® (b35) P (G31) ]+ (b3) P (G31) (b35) P (G31) = 0

Where in (G31)(Gas, G2, G3p), G2g, G3o Must be replaced by their values from 96. It is easy to see that @ is a
decreasing function in G, taking into account the hypothesis ¢(0) > 0, @() < 0 it follows that there
exists a unique G, such that ¢ ((G3,)*) =0

(j) By the same argument, the equations (modules) admit solutions Gs,, G5 if

@(Gss) = (béz)(G)(b§3)(6) - (bsz)(G)(bss)(G) -
[(b5) @ (b35)® (G35) + (b53)© (b3)® (G35)]+(b5) @ (G35) (b55) @ (G35) = 0

Where in (G35)(Gs,, G33, G34), G54, Gz, must be replaced by their values It is easy to see that ¢ is a
decreasing function in G55 taking into account the hypothesis ¢(0) > 0, (o) < 0 it follows that there
exists a unique G35 such that ¢ (G*) =0

Finally we obtain the unique solution of 89 to 94
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G, given by ¢(G*) =0, T}, given by f(T;,) = 0 and

Gr. = (a13)V63, Gr. = (a15)M63,

B 7 @)W+ ®(rf,)] 1 T T @)@+ D(11,)]
T* = (b13)V77, T — (b15) V17,
BT e®-0n®e)] T T T k1) ®-019) D 6]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Gi7 given by ¢((G19)") = 0, Ty, given by f(T{7) = 0 and

G* — (316)(2)(:';7 G* _ (alg)(z)G’i7
16 7 [@l0@+@D@(13,)] T T (@) P+l P(T1,)]
TF = (b16) DT, T = (b1g) DT,
16 7 [0l @-b)@D((619)0]  ° 18 T [0he) @b P ((619)M)]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G3 given by 9((G,5)) = 0, Ty, given by f(T5;) = 0 and

Gr = (azo)(3)G§1 G, = (azz)(S)G%
207 [(@h)®+@h®(15,)] T TF T [(@h)®+(@h) @ (134)]
* (bzo)(3)TZ*1 T+ = (bzz)(3)Tz*1
20 T (0B -00)P(G23N] T TE T (05 B -(035) 3 (G23")]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G35 given by ¢(G,7) = 0, T35 given by f(T55) = 0 and

G:, = (a24) Y635 Gt = (a26) 635
2T [(@h)®+@h)@(155)] T T2 T [(@he) D +(ahe)@(T5s)]
X _ (b24)(4)T;5 T — (bze)(4)T2*5
28 T b )@ -0 D ((G2)N] T 20 T [(0ae) P -5 P (G2)Y)]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G3o given by ¢((G31)™) = 0, T5, given by f(T35) = 0 and

Gt = (‘128)(5)6;9 G: = (a30)(5)G§9
28 T [(ah)®+(@h)®(150)] T T30 T [(ah)®+(afp) P (T5)]
T* — (bzs)(5)7"2*9 Tr = (bso)(s)Tz*g
28 T b5 ®-0 P (Gz0M] T T30 T [ -5 (630))]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution
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G33 given by ¢((G35)") = 0, T3 given by f(T53) = 0 and

G (a32)®)63, G, = (a34)©635
2 7 [ @+@p© )] 73 T (@b @+ (5]
. (b32) T3, . _ (b30)©13;

T32 - 1 T34 -

(032 -35) O ((G35)")] (G CARI(EDY)
Obviously, these values represent an equilibrium solution
ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions (a!")® and (b}")®¥
Belong to (W ( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GLZG,_*‘l'Gl ,TizTi*+Ti

B(b )( 1)

F) (1)
(“)Um—mmm, (G") = sy

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG
J = —((a13)(1) + (p13)(1))G13 + (a13)(1)614 - (Q13)( )613T14
dG , X
— = —((a14)(1) + (p14)(1))G14 + (‘114)(1)613 - (Q14)(1)G14T14
dt
dG
— = _((a15)(1) + (P15)(1))G15 + (‘115)(1)(5114 - (‘hs)( )615T14
dt
aT ,
d13 = ((b @ — (T13)(1))T13 + (b)) DTy, + Z; 13(5(13)(])T13G )
aT ,
—H = ((b 4)(1) - (T14)(1))T14 + (b14)(1)T13 + Z; 13(5(14)(])T14G )
dt
aT , X
715 = _((b15)(1) - (Tls)(l))Tﬁ + (b15)(1)T14 + 211'213(5(15)(j)T1st)

If the conditions of the previous theorem are satisfied and if the functions (a})® and (b/)® Belong to
C@(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GL:G:+GL ’TL'=TL'*+Ti

6(b )( )

“%’(m—wm@ ((Gr)*) = sy

taking into account equations (global)and neglecting the terms of power 2, we obtain

dG

d16 = ((‘116)(2) + (Ple)(z))(&m + (‘116)(2)@'17 - (‘he) )G16T17
dG
d_” = —((a17)(2) + (P17)(2))Gl7 + (a17)(2)616 - (CI17)( )G17T17
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dG
J = _((als)(z) + (P18)(2))Gls + (a18)(2)«317 - (‘hs)( )G18T17
dT
d16 = ((b1 )@ — (r16)(2))T16 + (b)) DTy, + Z] 16(5(16)(])T16(G )
dT
—L= ((b17)(2) - (T17)(2))T17 + (b)) PTye + Z] 16(5(17)(])T17(G’ )
dT
d13 = ((b1 )@ — (r18)(2))T18 + (byg) PTy; + Z] 16(5(18)(])T18(G )

If the conditions of the previous theorem are satisfied and if the functions (a;")® and (b;/)® Belong to
C®(R,) then the above equilibrium point is asymptotically stabl

Denote
Definition of G;, T; :-
Gl=Gl*+(GJL lTi=Ti*+Ti

a(b )(

aaz)®
%(Tn) = (%1)(3) ((Gz3)") = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG / *
720 = _((azo)(s) + (on)(3))Gzo + (azo)(s)Gm - (QZO)(S)GZOTzl
dG

d—21 = —((a21)(3) + (p21)(3))(5121 + (a21)® G0 — (42) P 631 T
dG / *
722 = —((a42)® + (P22)P) Gy + (a22) PGy — (422) PG5, Ty

dT
dzo = ((bzo)(g) - (7’20)(3))Tzo + (byo) P Ty + Z, 20(5(20)(1)T20(G )

dT

d21 = ((bz )(3) - (7’21)(3))TZ1 + (b21)(3)']I‘20 + Z] 20(5(21)(1)T21G )
dr ,

dzz = —((b5)® = (1) P )Ty + (b2) P Ty, + 32 20(5(22)(])T22(G )

If the conditions of the previous theorem are satisfied and if the functions (a; ) and (b;")® Belong to
C™(R,) then the above equilibrium point is asymptotically stabl

Denote
Definition of G;, T; :-
Gl=GL*+Gl lTizTi*+Ti

a(b )( )

a(azs) (Ty) = (qzs)(4) ((Gy7)" ) = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG

d“ = ((a24)(4) + (p24)(4))(G'24 + (a24)(4)625 - (%4)( G345
dG , X
725 = _((‘125)(4) + (st)(4))‘g'zs + (a25) M Gay — (425) M G35 Ts

104



Information and Knowledge Management www.iiste.org
ISSN 2224-5758 (Paper) ISSN 2224-896X (Online) N 's.i.l
Vol 2, No.4, 2012 II E

4G ;

d26 = ((azs)(4) + (pze)(4))«326 + (aze)(4)«325 (QZe)(4)GzeT25
dar , X
=2 = —((b3)® = (1) @) Tas + (b22) Y Tos + Z3824 (20 T24G))
dar , ;
—B = —((bs)® = (r2s) @) Tas + (b25) Y Tas + T3824 (525 T25G))
daT , X
—d:6 = —((b36)™ — (126) W) T4 + (bpe) PTs + 212'224(5(26)(j)T26Gj)

If the conditions of the previous theorem are satisfied and if the functions (a;")® and (b;")® Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-

GLZG:'i‘G,_ ,TizTi*‘l'Ti

a(b )

a(“") (T35) = (420)® L ((G3)") = sy

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dGZB = —((a38)® + (028)®) Gz + (A26) P Gzg — (428) P G350
dng = ((a29)(5) + (p29)(5))G29 + (‘129)(5)@28 - (‘hg)( )629T29
d:’% = —((a50)® + (230)®) G0 + (a30) VG20 — (430) P G30T2o
dg% = _((bés)(s) - (rZS)(S))TZB + (byg) Ty + Z?QZS(S(ZB)U)TZ*SGJ')
dgzg = ((b’t))(s) - (7’29)(5))TZ9 + (b29)(5)T28 + Z] 28(5(29)(1)T29G )
990 - _((b50) = (30) @) T0 + (b30) s + Z32a(53000) To0G)

If the conditions of the previous theorem are satisfied and if the functions (a;")® and (b;")® Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GL:GL*+GL !TizTi*—}_Ti

a(b )

a(5133) (T35) = (CI33)(6) ((G35) ) = Sij

Then taking into account equations(global) and neglecting the terms of power 2, we obtain

dGss

a _((a32)(6) + (p32)(6))(G'32 + (a32)(6)@'33 - (%2)( )G32T33
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aa ’ — 3
T ((@53)® + (033) @) 33 + (a33) Gz — (433) @G35 Ts3
dG / - 34T
ac (@)@ + 030)©) G4 + (a34) @ Ga3 — (434) G5, T33
dT ’ r + + e
d:Z - ((b32)(6) - (7”32)(6)) 32 + (032)© T3, 213232(5(32)0)7132 f)
daT ’ r + + e
d:S - ((b33)(6) - (7”33)(6)) 33 + (b33)©' T3, 213232(5(33)0)7133 f)
daT ’ r + e
d:4 - ((b34)(6) - (7”34)(6)) 34 + (034)©T3, 213232(5(34)(1')7134 f)

The characteristic equation of this system is

((/1)(1) + (b1s)® — (ﬁs)(l)){((/D(D + (ais)® + (p15)(1))

(DD + (@)® + (1)) (@) D64 + (1) P (@1) V61 )]

(((/1)(1) + (b13) = (13)P)saa,a0TH +(b14)(1)5(13),(14)T1*4)

+ (DD + (@D® + P P)(@13) V655 + (01)P (02D 61y

(((/1)(1) + (b1)™ = (1) )san,anTia + (b14)(1)5(13),(13)Tf3)

(WD) + (@)D + (@) + @)D + P D) WD)

(WD) + (B + BiD® — )V + () D) WD)

+ (WD) + (@)@ + @)D + @) + P1)®) WD) (g25) V615
DD + (1)@ + @13)P) ((@15) P (@10 D614 + (01) P (a15) P (913) V613)

(((/1)(1) + (bi)® — (7’13)(1))5(14),(15)7'1*4 +(b14)(1)5(13),(15)711*3)} =0
+

(WP + (big)® = () @) (D® + (a1e)® + (01)P)

(WP + (@)@ + 116)P)(@17) PGy + (a17) P (416) PG )|
(W@ + Bi® = (10)®)san,anTir +b17)Psae,anTi7)

+ (((/1)(2) + (a1)@ + (P17)(2))(Q16)(2)G16 + (a16)(2)(Q17)(2)GI7>
(((/1)(2) + (bie)® — (7’16)(2))5(17),(16)T1*7 + (b17)(2)s(16),(16)T1*6)

(WD) + (@)@ + @)@ + 1)@ + (1)P) W)
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(D) + (Bi)@ + Bi)P = ()P + (1)P) NP)
+ (((/1)(2))2 + ( (@16)® + (a17)® + (p1e) @ + (P17)(2)) (/1)(2)) (918) PGy
+((/1)(2) + (aje)@ + (p16)(2)) ((a18)(2) (417)@Gi; + (a;7)P (a15)@ (q16)(2)G;6)

(((/1)(2) + (bie)® — (7’16)(2))5(17),(18)Tf7 +(b17)(2)5(16),(18)Tf6>} =0

+

(WP + 15 = E)N(DD + (@)@ + P2)®)

[((DD + (@)D + 20)®) (420) D631 + (20D (020D 630 )]

(DD + B3P = C20)D)s@n,enTs +B2)Pse0,e0T5n)

+ (WD + @)@ + B21)®) (20) PG50 + (2200 (421) 63 )

(((/1)(3) + (030)® = (1:0))s @1y, 2051 + (b21)(3)s(20).(20)T2*0)

(W) + ((@0)® + (@) + P20)® + (02)P) D)

(D) + (B30)® + B3)® = (120 + (2:0P) WD)

+ (WD) + (@)D + (@)@ + @:200P + P21)P) DD) (0:2)P 62
H(DP + (220)® + P20)®) ((22) P (020)P 631 + (321) P (@22)® (420) P G3)

(((/1)(3) + (béo)B) - (Tzo)(S))S(n).(zz)Tﬁ +(b21)(3)5(20),(22)T;o)} =0

+

(DD + (b30)® = () (DD + (a26)® + (20)™)

[((DD + (@50@ + 20)®) (425) P G35 + (025) (024) D634

(D@ + (b1 ® = (150®)525) 25 T35 +(b25) D52 2) T )

+ (DD + (@)@ + (25)®) (@)D 634 + (02)® (025) 635
(W + B50@ = (120)D)5 25, @0 T5s + (25) DS 2ay, 20 T54)

(WD) + ((@50@ + (@)@ + P2a)® + (025)P) DD)

(WD) + (2™ + (B3)® = ()@ + (25)®) (WP)
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+ (W) + (@)D + (@)@ + ©2)D + P25)®) DD) (26)“ G2
(DD + (@)@ + 020)®) ((a26) P (025) D635 + (25)® (26)® (024)6G3,)
(DD + B:0® = (2095025, T35 +(525) D2, 26) T34 )} = 0
+
(WP + B30 = F3) (DS + (@)@ + 20)®)
[((D® + (@)@ + 2)®) (@26) D635 + (229) (426) 635 )|
(D + B30 = (20)D)s(20) 20 T35 +(b20) V(28,250 T5)
+ (DS + (@) + 120)) (A26) G35 + (a26)(20) G35

(DS + (b)® = (126))s 2, 2) T30 + (B20)PS(26),20)Tsa)
(W) + ((@)® + (@) + P2)® + (120)P) (D)

(WD) + (B3)® + (B3)® = () + (1)) D)
+ (WD) + (@)@ + (@) + P20)® + B20)P) DD (050) G0
HD® + (a5)® + 26)) ((230) (426) P G35 + (a20)P (@30)® (426) P G35)
(D + B30 = (120502015050 +(B20) 5 289,30) T3 )} = 0
+
(DO + B3)@ = ) ON(D® + (@3 + (p3)©)
(D@ + @5)© + B3)) (@55) @633 + (a35) (432) 65, )]
(D@ + ©5)@ = (52 @)s(33),69)T5s +b53) V552,39 T5s)
+ (D + (@) + (33 ©) (@3) 63 + (252)® (452)©635)

(D + (b1)© = (13) )5, 62y T3 + (B33) @532, 8 T52 )
(W) + (@)@ + (@)@ + 0:3)® + 3)®) D)

(DO + (3@ + (B3)© = (5@ + (5)@) (D©)
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+ (D) + (@)@ + (@5)@ + 13)® + (03)) D) (43)© G
+((A)(6) + (a,32)(6) t (p32)(6)) ((a34)(6) (QSS)(G)G§3 + (a33)(6)(a34)(6)(Q32)(6)G§2)

(((/1)(6) + (béz)(ﬁ) - (rsz)(G))5(33),(34)T§3 +(b33)(6)5(32),(34)T§2)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and this
proves the theorem.
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