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Abstract

In this paper we have improved the result of Saurabh Manro [7] by using the concept of occasionally weakly
compatible Maps and proved some results on fixed points in menger space.
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1. Introduction:

In 1942 Menger [4] introduced the notion of a probabilistic metric space (PM-space) which is in fact, a
generalization of metric space. The idea in probabilistic metric space is to associate a distribution function with a
point pair, say (X, y), denoted by F(x, y; t) where t > 0 and interpret this function as the probability that distance
between x and y is less than t, whereas in the metric space the distance function is a single positive number.
Sehgal [8] initiated the study of fixed points in probabilistic metric spaces. The study of these spaces was
expanded rapidly with the pioneering works of Schweizer-Sklar [1]. A weakly compatible map in fuzzy metric
space is generalized by A. Al. Thagafi and Nasser Shahzad [1] by introducing the concept of occasionally
weakly compatible mappings. Our paper improves the result of Saurabh Manro [7] by using of occasionally
weakly compatible Maps and proved some results on fixed points in menger space.

2. Preliminaries:
First, recall that a real valued function f defined on the set of real numbers is known as a distribution function if
it is nondecreasing, continuous and inf f(x) = 0, sup f(x) = 1. We will denote by L, the set of all distribution
functions.
Definition 2.1: A probabilistic metric space (PM-space) is a pair (X, F) where X is a set and F is a function
defined on X X to L such that if x, y and z are points of X, then
(F-1) Fp(t) = 1foreveryt>0iffx=y,
(F-2) F, (0) = 0,
(F-3) Fx,y(t) = Fy,x(t)a
(F-4)if F,,(t) = 1and F, ,(s) = 1,then F ,(s + t) = 1forallx,y, ze X ands, t>0.
For each x, ye X and for each real number t > 0, F,,,(¢) is to be thought of as the probability that the distance
between and y is less than t.
It is interesting to note that, if (X, d) is a metric space, then the distribution function F(x, y; t) defined by the
relation F(x, y; t) defined by the relation F(x, y; t) = H(t — d(x, y)) induces a PM-space where H(x) denotes the
distribution function defined as follows:

0 ifx<0
HE) ‘{1 if x>0
Definition 2.2: A t-norm is a 2-place function, t:[0,1]x[0,1]—[0,1] satisfying the following:
(1) (0,0) = 0, (i1) t(0,1) = 1, (iii) t(a, b) = t(b, a), (iv) if a < ¢, b < d, then t(a, b) < t(c, d),
(v) t(t(a, b),c) =t(a, t(b, ¢)) for all a, b, ce [0,1].
Definition 2.3: A Menger PM-space is a triplet (X, F, t) where (X, F) is a PM-space and t is a t-norm with the
following condition:
(F-5) Fy (s + p) 2 t(Fx (s), Fy, ,(p)).for all x, y,ze X ands, p>0.
This inequality is known as Menger’s triangle inequality.
In our theory, we consider (X, F, t) to be a Menger PM-space with the additional following postulate: (F-6)
lim Fy,(t)=1VxyeX
Definition 2.4: A menger space (X, F, t) is said to be complete if and only if every Cauchy sequence in X is
convergent.
In 1996, Jungck [2] introduced the notion of weakly compatible maps as follows:
Definitoin 2.5: A pair of self mappings (A, S) on set X is said to be weakly compatible if they commute at the
coincidence points i.e. Au = Su for some ue X, then SAu = ASu.
We need the following Lemmas due to Schweizer and Skalr [1] and Singh and Pant [6], in the proof of the
theorems:
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Lemma 2.1: Let (X, F, t) be a menger space and if for a number k € (0,1) such that

F.y(kt) = F,(t). Thenx =y.

Definition: Let X be a set, fand g selfmaps of X. A point xe X is called a coincidence point of f and g iff fx =
gx. We shall call w = fx = gx a point of coincidence of fand g.

Definition 2.6[3]: Two self mappings A and S of a non-empty set X are OWC iff there is a point xe X which is a
coincidence point of A and S at which A and S commute.

The notion of OWC is more general than weak compatibility (see [5]).

Lemma 2.2[3]: Let X be a non-empty set, A and B are occasionally weakly compatible self maps of X. If A and
B have a unique point of coincidence, w = Ax = Bx, then w is the unique common fixed point of A and B.

3. Main Results:
In our result, we used the following implicit relation:
Definition (Implicit Relation): Let I= [0, 1] and Q be the set of all real continuous functions ¢ : I*>R
satisfying the condition:
(i) ¢ is non increasing or non decreasing in third and fourth argument and
(i) If we have 0(u, v, 1, 1,v,v) 21, forallu,ve(0,1) > u2=v.
Example: We define ¢ : I*>R by ¢(uy, vy, Va, V3, V4, Vs) = U; - Vi+ Vp - V3t V4= Vs
Then clearly continuous function such that if we have ¢(u, v, 1, 1, v, v) 21, for all u, ve (0, 1),
Then 0(u, v, I, I, v,v)=u-v+ 1-l+v-v=u-v21=uzv.
Theorem 3.1: Let (X,F,t) be a Menger space. Let A, B, S and T be self maps of X satisfying the following
conditions:
1. (A, S) and (B, T) are owc.
2. there exist k €(0,1) and Pe £Z such that

0 ((Faxmy kD), (Fxiry (), (Faxsx(®), (Fayry ), (Faxiry (8), (Fay5x(®)) 21 (1)

forallx,y e Xand t>0.

Then there exists a unique point w € X such that Aw = Sw = w and a unique point z € X such that Bz =Tz = z.
Moreover, z = w, so that there is a unique common fixed point A, B, S and T in X.

Proof: Since the pairs (A, S) and (B, T) are owc, there exist points X, y € X such that Ax = Sx, ASx = SAx and
By =Ty, BTy = TBy. Now we show that Ax = By.

Then we have by inequality (I),

0 ((Faxmy kD), (Fsiry (), (Fazsx (®), (Fayiry (©), (Faxry (0), (Fay,sx(®))) =1

0 ((Faxmy kD), (Fsiry (), (Fazsx (©), (Fayiry (©), (Faxry (0), (Fay,sx(®))) =1

0 ((Faxay (k0)), (Fary (8)), (Faxax (8)), (Fay,y (8)), (Fax,y (), (Fiyax (8)) 2 1

0 ((Faxay (k0), (Fay (£)), 1L, (Fae sy (), (Fiyax (8)) ) 2 1

0 ((Faxay (k0))) = (Fasy(®))

Thus by lemma 2.1 Ax = By. Therefore Ax = Sx= By =Ty.

Moreover, if there is another point z such that Az = Sz. Then using inequality (I) it follows that Az = Sz = By =

Ty, or Ax = Az.
Hence w = Ax = Sx is the unique point of coincidence of A and S. By lemma 2.2, w is the unique common fixed

point of A and S. Similarly, there is a unique point z€ X such that z = Bz = Tz. Suppose that w #*z and using
inequality (I), we get

0 ((Fuz (), (Fuz (), (Fue (), (Foz(®), (Faua(®), (Fy () ) 2 1

0 ((Fuz (), (Fua(0), 11, (Fyp(®), (B () ) 2 1

8 ((Fy (kD)) = (Fy2(®))

Thus by lemma 2.1 w =z.

Therefore z= Sz =Tz = Az =Bz.

To prove uniqueness, let u and v are two common fixed points of A, B, S and T in X. Therefore, by definition,
Au=Bu=Tu=Su=uand Av=Bv=Tv=Sv=v.

Then by (I), take x =u and y = v, we get

0 ((Fuw (k0)), (Fuw(®), (Fuu(®), (Fop(®), (Fuw(®), (Fou (1)) =1
0 ((Fuw (k0)), (Fuw(0), 11, (Fup(®), (Fo ) 21
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0 ((Fup (k1)) = (Fup(®))

Therefore, by lemma 2.1, u=v.

Hence the self maps A, B, S and T have a unique common fixed point in X.

Theorem 3.2: Let (X, M, t) be a menger space and let A, B, S, T, P and Q be self maps of X satisfying the
following conditions:

(3.2.1) the pairs (A, SP) and (B, TQ) are owc;

3.2.2) there exists ke (0,1) and 0eQ such that
¢{FAX,By(kt)' FSPX,TQy (t): FAX,SPX (t)' FBy,TQy (t)' FAX,TQy (t): FBy,SPx (t)} 21,Vx, ye Xandt>0,

(3.1.3) the pairs (A, P), (S, P), (B, Q) and (T, Q) are commuting;

then A, B, S, T, P and Q have a unique common fixed point in X.

Proof: Since the pairs (A, SP) and (B, TQ) are owc, so there are points x, ye X such that Ax = SPx implies
A(SP)x = (SP)Ax and By = TQy implies B(TQ)y = (TQ)By.

We claim that Ax = By. Now by inequality 3.2.2)
Of{Fax By (KD, Fspx may (0, Faxspx (), Fay1ay (D), Faxrqy (), Fayspx(D} > 1,
We have, q){FAX,By (kt)' FA)(,By (t)r FAx,Ax (t)r FBy,By (t)' FA)(,By (t)' FBy,Ax (t)} 2 1,

¢{FAX,By(kt): FAX,By(t)' 1r1' FA)(,By (t)' FBy,Ax (t)} 2 ls
= Faxpy(kt) > Fay gy (1), thus by lemma 2.1 Ax=By.
Therefore Ax = SPx = By = TQy = z (say), then Az = SPz and Bz = TQz.

We claim that Az = Bz. Now by inequality (3.2.2)
¢{FAX,By(kt)' FSPX,TQy (t): FAX,SPx (t)' FBy,TQy (t)' FAX,TQy (t): FBy,SPx (t)} 2 la
We have, q){FAZ,BZ (kt)' FSPZ,TQZ (t)' FAZ,SPZ (t)r FBZ,TQZ (t)' FAZ,TQZ (t)' FBZ,SPZ (t)} 2 la

¢{FAZ,BZ(kt)' FAZ,BZ (t)r 1'1' FAZ,BZ(t)' FBZ,AZ (t)} 2 1,

= Fp,p,(kt) = Fp, (1), thus by lemma 2.1 Az = Bz. Therefore Az = SPz =Bz =TQz.

Now we prove Az =z, Now by inequality (3.2.2), we have (by taking x =z and By = z)

(I){FAZ,Z (kt)' FAZ,Z (t)' FAZ,AZ (t)' Fz,z (t)' FAZ,Z (t)' FZ,AZ (t)} 2 17 ¢{FAZ,Z (kt)' l:Az,z (t)' 1'1' l:Az,z (t)' l:z,Az (t)} 2 17

= Fpz,(kt) 2 Fp,, (1), thus by lemma 2.1 Az = z. Therefore z= Az =Bz = SPz=TQz.

Now we put X = Pz and y = z in inequality (3.2.2) we get
O{Fap282(K0), Fspps 1oz (6), Fapz,sppz(0), Fezrz (), Faps oz (8, Ferspp (0} 2 1,

Since (A, P) and (S, P) are commuting; d){FpZ’Z (kt), Fp, , (), Fp,p, (1), F, 2 (), Fp,, (1), F2p, (t)} > 1,
¢{FPZ,Z (kt)' FPZ,Z (t)' lrl' FPZ,Z (t)' FZ,PZ (t)} 2 la

= Fp,,(kt) > Fp,,(t), thus by lemma 2.1 Pz=z. Since z=SPz = Sz =z.

To show Qz = 2z we put x = z and y = Qz in inequality (3.2.2) we get
¢{FAz,BQz (kt), Fspz1qqz(D), Fazspz (D), Feqzmoz(D)) Fazrqz (D), Feqzspz (t)} 21,

Since (B, Q) and (T, Q) are commuting; (I){FZ,QZ (kt), F,0z(0), F,2(0), Foz0: (1), F102(1), Foz2 (t)} > 1,
(I){FZ,QZ (kt)' Fz,Qz (t), 1'1' Fz,Qz (t)' FQz,z(t)} 2 17

= Fqg2(kt) 2Fq, (1), thus by lemma 2.1 Qz = z. Since z= TQz = Tz = z.

Therefore Az =Bz =Sz =Tz =Pz = Qz=z. i.e. z is the common fixed point of A, B, S, T, P and Q.

To prove uniqueness: let r and s be two distinct common fixed points of A, B, S, T, P and Q.

Then Ar=Br=Sr=Tr=Pr=Qr=rand As=Bs=Ss=Ts=Ps=Qs =s,

Now by inequality (3.1.2), we have (at x = r and y = s) ¢{F,.s(kt), F,(8), Fr.. (1), Fss (1), Frs (D), Fs (D} > 1,
O{Frs(kt), Frs(0, L1, Fros (0), Fo,r (D} 2 1,

= Fs(kt) > F (1), thus by lemma 2.1 r =s.

This completes the proof of the theorem.

Conclusion: Our theorem is an improvement of theorem 3.1 of saurabh manro [7]. In our theorem we do not
require the completeness & continuity of the space and also condition (1) of [7, theorem 3.1]. Our theorem is
true for any continuous t-norm. In our result we do not require to define many implicit relations.
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