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2. INTRODUCTION

Fixed point theory plays basic role in application of various branches of mathematics from elementary calculus
and linear algebra to topology and analysis. Fixed point theory is not restricted to mathematics and this theory
has many application in other disciplines.

The study of non-contraction mapping concerning the existence of fixed points draws attention of various
authors in non-linear analysis. It is well known that the differential and integral equations that arise in physical
problems are generally non-linear, therefore the fixed point methods especially Banach’s contraction principle
provides a powerful tool for obtaining the solutions of these equations which were very difficult to solve by any
other methods. Recently Verma [13] described about the application of Banach’s contraction principle [4].
Ghalar [8] introduced the concept of 2-Banach spaces. Recently Badshah and Gupta [5], Yadava, Rajput and
Bhardwaj [14], Yadava, Rajput, Choudhary and Bhardwaj [15] also worked for Banach and 2-Banch spaces for
non-contraction mappings. In present paper we prove some fixed point and common fixed point theorems for
non-contraction mappings, in 2-Banach spaces motivated by above, before starting the main result
first we write some definitions .

Definition (2.A), 2-Banach Spaces: In a paper Gahler [8] define a linear 2-normed space to be
pair (L, ||., ||) where L is a linear space and ||., || S non- negative, real valued function defined on L
such that ab,c € L

(1) ||a ’ EJ" =0ifand only if aand b are Linearly dependent
G lla,bll=1Ib,all

i lla, Bbll= 1B llla, bll . B isreal

@) lla,b+cll<lla,bll +lla,cll

Hence || , e || is called a 2- norm.

Definition (2.B):
A sequence {xﬂ} in a linear 2 — normed space L ,is called a convergent sequence if there is , x & L, such

that lim,, . ||x,, — x, yl| =oforalye L.
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Definition (2.C):
A sequence {xﬂ} in a linear 2 — normed space L.is called a Cauchy sequence if there exists y, z € L , such
that y and z are linearly independent and

lim "xm — X .}’" =0

m,n—* 00
Definition (2.D): A linear 2-normed space in which every Cauchy sequence is convergent is called 2-Banach
spaces.

Theorem (2.E) (Banach’s contraction principle) Let (X, d) be a complete metric space, c€(0,1) and f: X—X be a
mapping such that for each x, y €X,
d(fx, fy) <cd (%, y) Then f has a unique fixed point a €X, such that for each

xe X, lim,_.. f™(x) = a.

After the classical result, Kannan [11] gave a subsequently new contractive mapping to prove the fixed point
theorem. Since then a number of mathematicians have been worked on fixed point theory dealing with mappings
Satisfying various type of contractive conditions.

In 2002, A. Branciari [3] analysed the existence of fixed point for mapping f defined on a complete metric
space (X,d) satisfying a general contractive condition of integral type.

Theorem (2.F) (Branciari) Let (X,d) be a complete metric space ,c & (U,l) and let f : X— X be a mapping
such that for each x, y €X,

d (fx,f d
fo (Fefy) B(t)dt<c fﬂ () O(t)dt where B:[0,+ 00) —»[0,+ 00} is a Lebesgue integrable

mapping which is summable on each compact subset of [0,+ 00] , hon-negative ,and such that for each
3
>0, -’ru @(t)dt, then f has a unique fixed point a €X, such that for each x € X,

lim, .. f*(x)=a.

After the paper of Branciari, a lot of research works have been carried out on generalizing contractive condition
of integral type for different contractive mappings satisfying various known properties. A fine work has been
done by Rhoades [5] extending the result of Branciari by replacing the condition [1.2] by the following

d(x.fyid(y.fx
J-Dd{fx,f}rj O(t)dt < J-Umax{d{x,y],d{x,fxld@-,fyl . )}Eﬁ(t)dt.

Theorem (2.G):
Let T be a mapping of a 2 — Banach spaces into itself. If T satisfies the following conditions:

(1) T? =1 , where [ is identity mapping

lx—Tx,all ly—Ty.all ly —Ty.alllly-Tx.alllx—Ty.all +lx—y.all?
@ |ITx—Tv,all = « = = - - =
I y,al lx—y.al F lx—y,all?
lx—Tx.all+lly-Ty.all lx—Tv.all+lly-Tx.all
’j—" +0

2 2

1 |lx =y, all

Where x#= V,a>> Qisrealwith8 @ + 105 + 4y + 28 + 31 = 4. Then T has unique fixed

point.
Our main result is modified the above result in integral type mapping.
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3. MAIN RESULTS

Theorem 3.1
Let T be a mappings of a 2- Banach space X into itself. T satisfy the following conditions :

1) T2 =1 , where [ is identity mapping,
[x—Tzx.allly-Ty.al

- f"Tx_Ty’a"Qﬁ!(t]dt:_} a fu lx—y.all O(t)dt+p

(]
IIJ:—I"JhaIIIh:—r.r,allIlnc—lz::nr‘n:tlI+I|.:c—:|r‘n:tlI3 llx—Txall +lly—Ty.all
f.;. llx—y.all E’(ﬂdh}’fu 2 O(t)dt
lx—Ty.al+ly—Txall le—v.all
+8 2 O(t)dt +'qf0 - B()dt
lz—Tyvalllly—Ta.all

R/ J‘D [lr—y.all ﬂ(t]dt

Forevery x,y €X, @, [3,¥, 0,1 € [0,1] with x#and
8a+ 108+ 4y + 35+ 2n+ 4W > 4 Also D:[0,+ ©0) —[0,+ 90) is a Lebesgue

integrable mapping which is summable on each compact subset of [0,+ 00] , non- negative ,and

£
such that foreach & = 0, fu @(t)dt, Then T has unique fixed point .

Proof : Suppose x is any point in 2- Banach space X.

Takingy = i (T+1)x z= T(y)

lz—x.all ITy -T2 x4l ITy-T(Tx).all
Jy B(t)dt= [ B(t)dt= | o(t)dt
ly—Ty.alllTe—TiTx).all+
= a fu Ny -Tx.all fﬂ(t]dt
ITx—riTa).allliTe—Tyallly—T(Ta)all+ly-Txal?
"'ﬁ qu [ly—Tx.all2 ﬁ(f]df
ly—Ty.all+lirx—T(Tx)all lly—T{Ta)all +ITx—Ty.all
vy 2 B(t)dt+6 | 2 @(t)dt

ly=TiTx)alllTx-Ty.all

f) TN o@dew [ P gt

ly—Ty.allra—x.al

> « J-D Ell.r—rx,all ﬂ(fjdt

ITa—zalllllTx—yall+lly-Ty.allly—xal+ly-Txal?

Lx-Tx.all2
B |, ST O(t)dt
Ny —Ty.all +ITe—x.all ly—z.all HiTz—y.all +lly —Tv.all
vy O(t)dt+d | 2 O(t)dt
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lly xaIIIIT.:c—r} all
I.:c' Taall

+n |, -l O()dt +¥ [ @(t)dt

o]

>2a [ g(o)ar

1
Ta— :J:,all[ |be—Tax,all +lly—Ty. all] II-:l."—l":J.",aII+§Il.nl."—1":mlls‘l

—II:t*—T:J:,-:tIIz
+B O()dt
ly—Ty.all+lira—xal 2llx-Tx.all+3llx-Txall+lly-Ty.al

A 2 O(t)dt+5 f 2 @(t)dt
+??J|- 2|lx—T.all G(t)dt +T-F_,r"Tx yoall+lly- Tvallm&)dt

la—Tazall?

a[Slle-Tx.all +lly-Ty.al |+ B(t)dt+y

-7 q J-"v Tvﬂ"ﬂijdf ,EJ-

ly-Ty.al+liTe—zall lx—Txall+lly-Ty.all loe— T,
O(t)dt

2 B(t)dt+6 | 2 @(t)dt +ﬂj

0

+Wf5||x—?‘x,a||+||y—?y,a|| ﬁ(f)df

0

ly—Ty.all x—Tx.a y—Tv.a
-9 f,:.” T3 ﬂ[ﬂdhgff" Tx.all+ally-Ty.alll ﬂ(t]dh}f

|y =Ty.all+lrr—x.al llx—Taxall+ly-Ty.al -

o odt+s [ 2 O(2)dt + [ O(t)dt
E||:-v¢¢—1?":m,n1||+||J?—I""3u',a||

+Y |2 O(t)dt

>(L+L42424 )f"x T”"m(t]dt+(2cx+2ﬁ+§+§+1}')

J'Dl'li Ty, all m( ]dt

>1@p+y+6+n+¥) [ 0(0)de st (da+ 4B +y + 6 +2¥)

f"”v_r”v’a" G(t)dt (3.1.1)

1]

Now for
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ITx—Ty.all

l—2,all |2y—z—=x.all
Jy d(t)de= [, G(t)dt= [, oO(t)dt
=T a.alllly-Ty.all lly—Ty.alllly-Txall—Ty.all+lx—y.all?
[lx—y.all lx—y.all2
>af A G()dtep | = B(e)de +y
laz—Txall+lly-Ty.al lx—Ty.all+lly—Tx.all

lx—y.all

J 2 O(t)dt+6 [ 2 G()dt +7 [, O(t)dt
lx=Tyallly-Tx.all

L fu laz—y.all Eﬁ(t]dt

lx-Txallly-Ty.al lly-Ty.aliZlle-TxalZle-Txal+Zllx-Tx.al®
Zllx-Txall 2)x-Txall2
= a fﬂ, : m(ﬁ]df+ﬁ fo g T @(t)dt
le—T2all+|ly-T.all 2llx-Txall+3lx-Txall
vl 7 O(t)dt+65 [ g d(t)dt

1 1
le.r r.rJaIIzII.r Txall

+TFJ'E"X—TX,E" ﬁ(f)dt +t.pf0

0

1
Ellx— Tx.all

O(t)dt

lv—Tv.all ly-Ty.all +=llx-Tx.al
= 2a jﬂ B(t)dt + B jﬂ 2 O(t)dt+y
lx—Txall+lly-Ty.al lx—Txall

[, = o@dees [, = 0@®dten 2 p0ar
@(t)dt

1

+1Ffd:5

l2—T2.all

g ¥ & 7 w lx—Tx.all ¥ ly—Ty.all
2(5+5+5+5+;)j0 Eﬁ(t]dt+(2a+ﬁ +5) Jy B(t)dt

J-llx— Tx.all
1]

== (B+y+8+0+¥) O()dt+ (4a+28+7)

f""v_ma" @(t)de (3.1.2)

0

Now

lz—w.all lz—x.all lx—wu,all
J. d(t)de= [, G(e)dt+ [, O(t)dt

0

lx—Tx.all

:_:=§(_3ﬁ+y+5+n+w1ju' m(t)dt+§(4a+4ﬁ+y+5+2w1

[rrvel 6y ar S (BHy+6+n+ W]fcflx_”’“" B(t)dt

0
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1 ly—Ty.all
—(da+2B+y) Jy G(t)dt

=3 BB+y+6+n+¥+B+y+6+n+¥) [ Go)ar

0

Aa+ap+y+6+2¥+da+2p+y) [ o@ar

0

0

> (p+2y+25+2n+29) [ 00t
2A@Ba+6p+2y+5+29) [T gyar

1]

On the other hand

lz—w.all IT(v)—(2y—=).all
Jy G(t)de= [,

O(t)dt

_ fﬂllr"\,vll—zy+?{,ﬂﬂ|| G(t)dt
o [l g gy
So
2 [, 0)de =1 4B+ 2y +26+ 2n+29) [ o)
= (8a+6B+2y +5+2¥) 2l g)ar
B(t)dt =

Ty —y.all

[4— (Ba+68+2y+6+2¥)]]

0

@p+2y+26+2n+29) [ o()ar

lx—Tx.all s—(ga+6p+2y+6+2w) plliTy—yall
t)dt < T t)dt
fn O(D)dt < [ +2y+28+2n+2¥ "rﬂ o(®)

J-"x—Tx,a" ﬁ(tjdti:kfﬂi"y—y,a" f’j(fjdf

i) i)
as(8a+ 108 + 4y + 36 + 20 + 4¥ > 4)

4—(Ba+65+2y+5+2¥)

Where k= <1
48 +2y+25+ 2429

1
LetR:;(T+I),then

fﬂ"R {x]—R{x],a"m(t)dt:fc:m{ﬁ{x]]—ﬁ{xj,a"m(t)dt
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0

i} J.||,1z.:3,-]—y,a|| ﬂ(tjdtziﬂb—ﬁha" G(t)dt

E pllx—Tx.all
< Jy o(t)dt

By the definition of R we claim that {R™ (%)} is a Cauchy sequence in X , {R™(x )} is converges to so
element X in X . Solim,,_, . {R™(x)} = x5 . Hence T(Xy ) = X,

So Xy is a fixed point of T.
Uniqueness:

If possible let ¥, # X is another fixed point of T . Then

225 =35 .l T2, —Tvg.all
) G(t)de = [, o(t)dt

0

llarg—Txg.allllye—Ty pall
llxg—ynall
= +
>af O(t)de+p
lly D—T}'Daﬂl”I}'D_Tfl-'o-ﬂl”l-rn—”lz"_‘.lf'g,m|+||-ID—J:D-'1”E' lzg—Txgall+llyo—Tyo.al
KXo~V 2
i B(t)dt+y [ O(t)dt +

[lxg =Ty gall +ll3g —Txg.all

o f 2 fﬂ'[f)df +?}lf

0 0

x5 —vg.all

O(t)dt

llag—Typallllyo—Txg.all

L J‘D lxp—ypall ﬁ(f]df

> g [N gydes s [ d0)des n [0 oe)dt
7 f;lx"_y"’a" O(t)dt
>@+6+n+ ) [ d(p)ar

Which is contradiction as 8a + 108 + 4y + 36 + 2n +4¥ >4

s0 Xy = Yp. Hence fixed point in unique.

Theorem 3.2
Let T and G be two expansion mappings of a 2- Banach space X into itself. T and G satisfy the following
conditions:

(1) T and G commute
@ T?=1and G% =1, wherel is identity mapping,

7
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lex—Taxalllcy—Ty.all

ITx—Ty.all

@ Iy O@dt= a [, 1 o@)desp
lley-Tvallley—TralllGx—Ty.al+lcx—6y.al? lex—Tx.all+lley—Ty.all
J_D lcx—Gy.all m(fjdf+}’j0 z O(t)dt +
lGx—Ty.all+lcy-Txall lGx—Gy.all
5 [, 3 6®de+q [, 7 O(®)dtep
fmax{”t?x—?"x,a" lGx—Ty.all.} O(t)dt

0

Forevery x,y €X, &, 3,7V, 8,1 € [0,1] withx# YV and ||Gx — Gv|| # 0 and

B+ &+ n4p =1 As0 B:[0+ 00) —[0,+ ©0) is a Lebesgue integrable mapping which is
summable on each compact subset of [0,+ OO] , non- negative ,and such that for each £ == (),

[; o@at

Then there exists a unique common fixed point of T and G such that T(x,:.] = Xgand G(l’oj =

Xo.
Proof:-
Suppose x is point in 2- Banach space X ,itis clearthat (TG )* =1

e (e2x-T (e2x)alllle (62v)-T (62y)q

(G2x)—G 1 G2y,
E‘f’(ﬂdtr_} a J'D ”G~G -GG }:'ﬂ”

J-II 6.6 (x)-T6.6(y).all
0

G(t)dt +f3

I (623 -1 (6%n)allle (623)-T (62x)allle (6%0)-T (62y)al |6 (62x)~6 (62y)al®

fﬂ lc EGZ-I}-G'ZGZ}‘}NF {?j(t]dt
le (&2x)-T( 6%x)al+]l6 ( 62)-T (6Z3)a
SN 2 O(t)de
l6 (622)-T (62y).all+]|6 (6% -T (62x).a]
+8 2 O(t)dt

Z.on 2
mfollc:{s x)-G (G2y).all B(D)dt
max{|G ( 6%x)-T (62x)al|l6 ( 62x)-T (62)all.}
Jy B(t)dt

|cx—Te(cx)allley—Tel6y)all

[
= afo llx—cyall ﬁ(t]dt
ley-Teicy)allcy-Talcxallllcx—Teicy)all+l Gx—cy.all?
— 2
+ﬁf0 lGx—Gv.all ﬂ(ﬂdf +y
lex-Teic)all+llcy—TE(cyv)all llcx—TeiEy)all ey -—Teicx)all
. 2 O(t)dt+ 6 jﬂ 2 O(t)dt
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lGx—Gy.all {lx-T6(6x)alllGx-TG(Gyv).all.}
+T}fﬂ x—Gy.a m(t]dt+#f;:zax x (cx)alllcx (Gy)a m(f]df

Taking G(x) = p, G(y) = q, where p#q

lp-Teipralllg-Teighall

> {Ifu lp—g.all O(t)dt
lg-Teigralllg-Tep)alllp-Te(gLal+llp—q.all®
+,[? J‘ﬂ lcx—Gy.all2 ﬁ(tjdt+}’
lp-Teiplal+llg—Teigall lp-Teig).all+llg-Teirhall
. 2 O(t)dt+ 6 jﬂ 2 O(t)dt

lp—q.all max{llp- .allllp— all,
+7}f0p q O(t)dt +u J-D {lp-rGc(p).allllp-T6(q).all.} O(t)dt

Taking TG = R we get

lp—rip)alllg—rig).all

f||R{p:|—R{q],a|| m(f]df:_:’ (Ifﬂ llp—g.all ﬂ(t]dt

0

lg—rig.alllg-ripralllp—rig)all+llp—g.all®

By e o(t)de
llp—riphall+llg—Rig.all lp—Rigurall+llg—rip).all
+y |, 2 O()de+5 [ 2 6(t)dt

+nfc:|p—q,a|| O(t)dt " f;nax{llp—ﬁ{pj,all lo—R(g).all.} O()dt

Itis clear by theorem (1.1) ;that TG =R has at least one fixed point say Xy in K thatis R(xﬂ,] =
TG(Xg) =X,

And so T.(TG) X = T(Xg) or T?(Gxy) =T(Xg)

G(Xg)=T(Xg)

Now

ITx5—2g.all |Txg—12 {x,;,:,,a,"
| O(t)dt = jﬂ O(t)dt

0

_ J‘J'TXD_T'T{XD}JE" m(t]dt
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l&ixg)—-Tixgalllle T xg) —T-T(xg) .all

> a J‘ﬂ lGixg) —GT(2g) .all ﬂ(t]dt

NG(Txg) —Ti(Txg) alllle(Tay) —Tixg) allle(xg) —T(Txg) all+lle(xg) —6(Txg) al?

{ -G all2
+ﬁf0 IIG\.r._-,} G{Txg) all m(t]dt

leixg) —Tixg) all+lE{Trg) —T(Txg) .all
+y ju 2 @(t)dt +
[lGiagy —TiTxg) all+ll G Tag) —Tlag) .all

o fﬂ z ﬁ(fjdt +nf||5{x,]:| —G(Txg) all

0
max {6 (xs)-T () allll G2, ) -T(Tx,)all}
e

0 O(t)dt

O(t)dt

IT2x5—2x4.all

=B+8+n+u) 6(t)dt
So T(xg)=xp (B+6+7mn+u>1
Thatis Xy is the fixed point of T.

But  T(xg)=G(Xp) s0G(Xg)= X

Hence X is the fixed point of T and G.
Uniqueness:

If possible let X5 F= Vg is another common fixed point of T and G.

[P—— 172 () -T2 voy.all
) B(t)dt= [, O(t)dt

0

=IJ|T(T(ID N-T(T (o))l O(t)dt

|G Tag)—T(Txg).allll Ty —T.(Tyg) .all
lG{Txg) —G(Tyqa) .all
> afﬂ (Txg) —G(T¥o) ﬂ(t]df
&(Tyq) —TiTyg) alllle(Tyg) —TiTxg) allle(Txg) —T(Tyg) all+lG{Trg) —G(Ty ) .all@

- G Ty all?
+ﬁf0 I6(Txg) —G(Tya) all O(t)dt

l6{Txg) —TiTxp) .all+llG{Tyg) —T(Typ) .all
+y g O(t)dt
[l&(Txg) —Ti(Tva) all+lle(Tyg) —Ti(Txg) .all 16(Txg)
s}

ey z B0yt + f, 5T 7T <l Gpyae

ax | G{Txn:]—T{TxDj,a" I G{Txnj—T{TyD:],a”,}
+ JI'D

O(t)dt

10
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g —vq.all

=B+6+n+u)f, - 7 O()dt

Buuf+ 6+ n+u =1

So Xg = V. so common fixed point in unique.
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