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1. Introduction
Bhaskar and Lakshmikantham in [15] introduced the concept of coupled fixed point of a mapping F: X = ¥ — X
and investigated the existence and uniquencess of a coupled fixed point theorem in partially ordered complete
metric space. Lakshmikantham and Ciric [16] defined mixed g-monotone property and coincidence point in
partially ordered metric space. V. Berinde and M. Borcut[18] introduced the concept of triple fixed point and
proved some related theorems. Following this trand, Karapinar[19] introduced the nation of quadruple fixed
point. The object of this note is to prove quadruple random fixed point theorem in partially ordered metric
spaces.

2. Preliminaries
Definition 2.1[19]. Let (X =) be a partially ordered set and F: * — X. The map F has the mixed monotone
property if F(x w. 2.t) is monotone nondecreasing in x and z and is monotone nonincreasing in 3. t; that is, for
anyx . et e K,

¥, Xy EX ¥ =% = Flrlyet] 2 Fx.pet)
VeV EX vi =¥, = Flry.zt) = Flry..zt)
2,2, E X, 7, =2, = Flx, vz, t) = Flxy z..t)
t.t. E X, t, =t, = Flx,vat) = Flxyat,)
Definition 2.2[19]. An element (x. 3. =) € ¥* is called a quadruple fixed point of a mapping F: X* — X if
Fix,v.zt) =x, Fiy,zt.x) =
Fiz,tx vl =z Fit.z, wz) =t

Definition 2.3[20]. Let (¥ =] be a partially ordered set and F: ¥* = X and g:X — X. Then the map F has the
mixed g-monotone property if Fiz 3. =t} is monotone g-non-decreasing in x and = and is monotone g-non-
increasing in ¥ and t; that is, forany = v € X

¥ ¥ EX g(x) £ gl%) = Flapyat) € Fla,yzt)
VeV EX 0] =gy, )= Flxyzt) = Fix,ye.zt)
21,2, E X, g(zy) = glz;) = Fleyznt) 2 Flryznt)
bt EX git,) < glty) = Flroyzt) = Flry at,)

Definition 4[20]. An element (x.w. z.t) € X* is called a quadruple coincidence point of a mappings F: ¥* — X
and :X = Xif
Flx.w.zt) = gix). Fiy, =t =) = g,
Fiz tx. vl = glz), Fit,x v2) = g(t)
Definition 5[20]. Let F: ¥* - X and g:% — X be mappings. We say F and g are commutative if
e(Flx,v.2t)) = Flglx), g(3). g2, g(D) ) forallx v z.t € X.
Let & denote the all functions g: [0, x) — [0, &) which are continuous and satisfy that
(i) @lt) =t,
(i) lirng(t) < tforeacht = 0.
mtt

Let i I1. £} be a measurable space with E, a sigma algebra of subsets of [l and let (. 4} be a metric space. A
mapping T: I — X is called measurable if for open subset I of ¥, T ~{11) = {ex: T{ca) € Ul € E. A mapping

T: [l % X - ¥ is said to be random mapping if for each fixed x € X, the mapping TC..=): [l —+ ¥ is measurable. A
measurable mapping & Il — X is called a random fixed point of the random mapping T: [l = X — X if

T( o, 8(eo) ) = {ca) for each e € 1. A measurable mapping & [l — ¥ is called a random coincidence of

TillxX—=Xand gl %X = X if T{w, ilw)) = gl w, 5w ) foe each e € 1.

3. Main Result
Theorem: Let (X d) be a complete separable metric space, and let [fl.Z} be a measurable space and ¢ € & . Let
F:ll xX* = Xand g: 1 % ¥ - X be mappings such that

(1) Fles..) glea,.) are continuous for all & € L1,
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(2) Fi.,ul g(..¥) are measurable for all u € ¥* and v € ¥ respectively,
(3) F:llxX* = X and g: 11 % X — X are such that F has the mixed g-monotone property and
Al g e, 50, glen ) ), dl glen, 73, glen, w)),
(Pl Gy, 9)) o Gawn )] < [m{ Al 2), gl 1)) Ao, ), gles, ) H @
Forall % vz z.uwrt € X for which gle, ) = glow,ul, glony) = glo.w), gl 2) = glo,.r) and
glon, s) = gl t) for all @ € Il Suppose gl x X) = X for each e € L And g is continuous and commutes with
F and also suppose either
(@) Fis continuous or

(b) X has the following property:
(i) If anon decreasing sequence {xp} —+ = then zp = x for all z,
(if) If a non increasing sequence {s,} — w then 37 = ¥ for all o
If there exist measurable mappings 5. Mg g ppt I8 = X such that

glen 5 () = F o, (5 (] mg oo, Golend, polen) ).
glenmalen)) = F (e (npled. o (e, polesd. 5p0e))).

Forall e £ [,
glon ) = F o (e, polesd, Bplesdmoled )],
gles,pole)] = Flen, (pp (o), Eplendmplen). ) )
Then there are measurable mappings & 1. & p: I = ¥ such that
F(m, (leod, e, 2ca), plen) )) = gl o, 5{e) ),
Fle, (ne), glea), pla), 8ea) ) = glean(e)),
For all w € 11,

F{an, (7o), plaa), Ela) e ]) = glleo, e,
Fla, (pla), glednlw), ) )] = glaple))

that is, F and g have a quadruple random coincidence point .
Proof . Let @ = {F: 1 —+ X7 be a family of measurable mappings. Define a function k : Il x X = &7 as follows:
hie ) = dlx gla, ). Since x = gle, ) is continuous for all & € 1L, we conclude that A (e, .J is
continuous for all o € [1. Also, since o —+ o, x7 is measurable for all x € L. we conclude that f2{es, .7 is
measurable for all oz € Il (see Wagner [11],page 868).Thus, ki ) is the Caratheodory function. Therefore, if
F: 0l = X isameasurable mapping, then & — ({f{ax, F{aa)) is also measurable (see [9]). Also, for each f € &,
the functiony : L = X defined by nfe) = gl Flaz) ) is measurable; that is, 1 € ©.
Now, we will construct four sequences of measurable mappings £, 1. ingk {2} and {pg + in @ and four

sequences Lgl e, £, () )} glon g {eod 1 fglen, 20 {ead 11, and {g (e, pplnd )} in X as follows:

Let £p. Mg Cp. pp € © such that

glos, {0} = Flla
a2l e,y () ) = F(

ACTENCIRADENE))
NORADEREYRAD))
gles, o (e0)) = F{o, (Gl polend. 5y (o) mplend )

glen polen)) 2 Flo, (poled, fplad.n (o). 3(e)))
Since Filey % X%} € ¥ = glw x X, then by a sort of filippov measurable implicit function theorem [1,5,6,24] ,
we can choose &;.1;. 5. Py € & such that

gleg () = Flo, (), mples), gy (), pylea)))
glean, ()] = Fla, (nyle), o). pplea). £y () ))
glengyle) ) = Flon, (Gl poler), g (). mg(e)])
(e pylen)) = Flen. (pplan), gylen) mplend, 7 () ] ]

for all o e 1. 2

.-"_‘\1"_‘\,-'_\-\.\.1"_‘\

for all w g [, ?3)

gl
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Again taking into account that Flea x ¥*) € X = gles x X and continuing this process, we can construct
sequences { &} tnn 1 (T} and {py 3 in X such that
gles Faa () = Floo, (ale0), (o), Zaleod, pnles) ).

oo, s () = Fleo, (nnles], ales). paled, Eales)]).

forall o € [ (4)
o0, 2 () = Floo, () pa ), Fyla), mles)), e
g s (63) = Flo, (paleo). a () ma), Ga o) )]
We shall show that
glon gnlw)) = glen Gy (el glenmp, () = gl nn'ioﬂl} forn = 012 -
glen Zale)) = glo uys () ) gl poes (o) = (e poled) o

For this purpose, we will use mathematical induction. By using (2) and (3), we obtain

al oo, o) ) = F( (g Ceod, g (en], T ea), pu[m])) S URAD)
gl mple)) = F( (o len). g (oo, ppleal, Eplen) J = gleamy (o))
glles, Zpled) = F (e, (gple). py (), Bylen) mplea) )] = (m 7, ()
zlen, pplan) ) = F(m,(pD[m],ED[mlnD(mlﬂD[m] ) (e, pylead )

For all e € LI,

Therefore (5) hold forn = 0.
Suppose that (5) hold for some 1 = 0. Then since F has the mixed g-monotone property and by (4) we

have

glen Baes (1) = Floo, (Fales) naleod. Talea), pales))

(o0, (mas (0 maleod, Galed, pales)))

(o0, Cmaa (0 le0), Gy (), pn0) )

= Fleo, (s () Mgy (690, Gy () P )

Flo, (uea (600 M (). G s (). e (1) = e B ()
Flao, (Nava (), Gara(0). payr (o) B r (0])

= Flo, (s () o), pasa (@), B yafa)))
Fle, (Mg

=F
=F

I.-"'L |'“l.

"-'-" MNo+2 Ii‘i'-":'

(es), Zale0). iy (e0), gy ()
< Fle, (ngle). ), pryy (). Eple)))
&, (1 (), Zaes), p0), Ba () = g0, M (0]
(0, (Gl pafed o] nyled )
(o0, (Zaea . palesd B (end males)))
(o0, (Zara ), pres (0] Ealeod, g () )
(
(

1

ERAEY) B

£

o, (T (), prrs () n s (el mia (0] ))

E
=F
=F
=F
= o0, (Zas (0], P (0D a g () g (00))] = g0 Zasa ()

g6 pra(e)) = Flo, (b (00 a s (0] My (00, Gy ()
= {0, (paes (0], (0] My (60, G (1))
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= Flo, (pa ) falod My (), Guan ()
= Flo, (pa (o) galo) nuyy (), Gale))
= Flo, (pa (0] fale). ma), 2 (6))) = g0, pyale))

Thus (5) holds for all n z 0.

Assume, for some n € N, that

glon faled) = gloo b led),  glonnnlel] = glonp,(e) ],

glon fnled) = glon faya o)) glonpale)] = glo pyled)

Then, by (4), [ (e}, n{e), Zlard, plerd ) is a quadruple coincidence point of F and g. From now on, assume for
any 7 € & that at least

glon gale)) # glongualod),  glomaled) # gl nn,, o))

glenlen)) = glonTaeled ) gl pplad) = glo ppy (@)
Due to (1) and (4), we have

& {gen B e} glles, By ()]

= 4(F (o (a0 a0 s ) s () F (0 ), ), G, p(e))

m[d(g(m@u_lwlg(m,sutmn)Jd(g(mnn_Ltmng(mJnntmn),H "

=9
a(glon Gaoy (). gles, lend)) (gl paoy () ) gl 0, pnleo) )

d {gl(en (o)), e My (e )]
= 4(F (o, (a2 (), Bas (0] pms (), B2 (6)) F {0 (nals), Gl paf) B ()
[a(g(m,nn_lwl gloo )] aglo am_LthJ,g(mJautm:'J),”
rnax (7
a(g(e pa-s(0)). gl pale)]), dg e fany () g0, 5ale)))

=9

a{glen ale ). gleo uas ()
= 4(F (0 (ta (0, paca 0] By (01 (6))) F (10 (), pfe) a0, )
{d(g(m, s o)) gl Talw))), (gl paoa () ) g, pales))) ”
T (€)
4 gl ay ()} e 5al))), 2 (g0 o (), gl ()

=9

a{gleo. palen)) gles, poyy (e)))

({0 (pacs (00, Bt ) a4 (0, T () F {0 (L), B ), ), Tl

=

m{d(g(mpn_LthJ,g(mnthJ),d(g(m@u_lmlg(mancm:ﬂ)” o

4 (glona-1(0)) glomalen)). d{glo tai(w)) gl )
Having in mind that (t) =t for all = 0, so from (6 )-(9 ) we obtain that

. {d (g0 Bale) ) glen Baya ()] g (o (), g(m,nmm:@)}
afglen o)) glen Gy fe] ). d {2l palend ) glon pys () )]
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{ (eco paos (o)) gl paled)), dfglo ooy ()] gl i), ”

T 4 (el macalo)). glomate)) a (2o o)), el 2l
{ (gl paos ). g I:aﬂ)) a{g(e0 s ()] glon Tale))). }

S el mans00) e mal)) ). g e oy ) gl 7))

=i (10)

It follows that

d{gle, Bylad ). glen by (), a{glen by () ) gleo, Eale) ).
4 {gles,males) ). glen g (), af gtm o) ) g, ma(e))),
a{gles led ) glen G (). a(gle Gamg (). g, ales)).
d (g, palen)). glen, payy ()] a (g, pg_y(e)), g(m pale)))
d{gle taled ) glen b,y ()], d {glc nntmﬂ g(e, nm':mn) N _
Thus, max is a positive decreasing
a{g (e Zale)) glen, Tuya () )], (g o, pale) ). gle pyy(a)]]

sequence. Hence there existr = 0 such that

{ (glen Zalen)). gl Boys ()], d {0 male)). gl gy Ll ).
(gtm,auw),g(m,amm) (e paleod) gles prga ()]

r = 0. Letting rn =+ @ in (10),we obtain that

. [d(g(m pacs (o)) gl pale))), d {glen tay (o)) gl ) ”
& (oo Mg () ) glenmnle) ) adf gl(en, oy (o], s, ) )

lirnrmax
O—aea

} =r  Suppose that

=
0= 11_31'£1ﬂn;p

= limplt) =+
t—=r*
It is contraction. We deduce that

[d(g(m, £ (o) :| g(m, Enpq L) :I) d (g(m, Mg ) :' E(w, Ny oo j) } —0 (11)

4 (gl %)) gl Gara () 4 (glen pale)], glen paya (o))
We shall show that there exists 1z e, £ (eod 11, {2l an g Cend ) gl co, 2, (end 1 and {gl( o, py (end 1} are
Cauchy sequences. Assume the contrary, that is one of the sequence |z ca, &, [e) 1} {2 [ ea, 1y Cend 11,
Tzl . 2 () 1} or {2l o, py (o)} is not @ cauchy sequence, that is,
dim d (g (ea, g lend ), 2w, By () :lj #0 o limd (g (oo, Mg (o) ), g, nn[m]:l) =0
Or

lirmrmnax
O—ica

m{ailed (g (o0, Zglead 1, gl o, ﬁnl:m]:l) =0 or m{ailrilmd (g (o, pmles] ) gl oo, polea) ]) =0

This means that there exist € = 0, for which we can find subsequences of integers {1y, + and {ry, } with
g, =ty = & such that

{d (g (m, Em, [m]), g (m, fm [m])) .d (g (m,ﬂm [m]), g (m, ur {m])) ,} .
d(g (o:, T, [m]) g (m, Ty (oﬂ)) . (g (m, P, [oﬂ) g (m, P, [m]):l -

Further, corresponding to my, we can choose 1y, in such a way that it is the smallest integer with
g, == 1y, and satisfying (12). Then

rmax BN BRI E)) RICIEANS) LS E))} <z (13
a5 (e 2, )2 (00 2y (g {00, () 2 (s )

By triangular inequality and (13), we have

(12)
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d (E (m, Fm, [m]); g (m, iy [m]))
« (g {005, (1) 5 {10,y 1)) + (g {00,510 ) {00,y L))

==+d (g (m, Enk_llim])J 4 (m, Fny, [m]))
Letting k — =2 and using (11), we get

ﬁﬂﬁd(g(m’iﬁ[mn’ Y Enk[c-:]')) md(g(m,ﬁq[m]), e, by - L[m])) ==
Similarly , we have
)

hm d (g (m M, [oﬂ) 4 (m Ty, {mj)) 1_111; d(g (m, Ny, [oﬂ) . (m, 'r]nk_i[o.ﬂl ) =
=1

{ {
hmd( ( [m]_) g(m ﬁnk[oﬂD _ul;md( (mjmk [m]_); (m Ty iim])) =&
)=

Jim d ( (m Prm, [m]) z (m P, [m])) lim d (g (m, Prm, [m]), (m Py —1 (o) )
Again by (13) ,we have

(8 (). (0.5, () = (2 (0., ).y )
(g (o0 5my -1 0) g {0 By -1 (o)) + 2 (g {1 () (0,5 ()
= afg (0.5, () £ {0 5 -s ) )) + ({00, 5y 1)) {0, gy ()
(g {005y (9 {0,y 1))+l {0,510 {00, By () )
< (g{0tm (@) £ (0 by (0) ) + (2 {0 260 (00, ()
et afg (o5 -1()). {0, 2y )

z
=

Letting k = 2 and using (11) we get

&i_}mud (g (m, Fm, [m]) o, En, [m])) = llmd (g 1':0.1]' m Eny— 1[0:]) ZE (14)
Similarly , we have

Jimd (g (m Mim, I:m:l c-J r]nk[m])) = lirnd (g -:u M ,_l:o.'n:l oJ Mg ,_I:c-.'n:l)) <z (15)

&Lm“d( (0.1 {m, l:m]l r_u iny (m])) d(g 1':0.1]' m Tny - 1[0:])) =E (16)

L}ui-:m-ad (g (o.'n, P I:o.'n:l) o, pg, Los) ) = llmd(g o: Prmy — ,_I:o.'n:l -:u Py ,_[o:-]_)) <= ()

Using (12) and (14)-(17), we have

Hmm{d(a (0 5m, (2). 8 {0y £ (5 (00,1, ). (o nnk'iml'))a}
(g (%, 1), a( T (0] )& (0 pa, ()2 . iy () )
{d(g (0 Emy 1)) (0, By o)) ) [ (00, 1)) g {01y - x'iwi'J)}

LY Y S ) WL (M) ) I Y (A S ) I A ) )
=t (18)
Now using inequality (1) we obtain

d (g (m, Fm, [oﬂ), g (m, Enk[cu:'))
= d(F (. (s () i 1 00 G (). 1 C)) ) F [, (g (. (. G (), pnk[m])))

(g (e Bmy-a(e) ) {0, B (0] ] g {0,y s )} {0 () ).
rnax (19)
(g (0.5, 1)) 2 (0.0, (1)) 4 g {0, prmy 1.0 ). £ {0 iy ()

= lirm max

=9
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d (g (o.M, L)), 2 (wJﬂnk'ioﬂD
_ d(F (6, (M -1.C0). B -1 (). iy 1 (), 1 Ce) ) ) F (0, {1y (), (), iy (). iy [oﬂ)))
{d (g (m,nmi_,_[m]_), g (m, My I:cu:l)) .d (g (m, T, _l[m]) g (m, Ty, [oﬂ)) H
rnax (20)

d (g (m, P, _ilioﬂ_) ‘g (r_u, P [m])) d (g (m, Emk_ilim]) e (m, By, [m]))
d (g (m, ﬂmk [m]), g (m, ﬂnk[m:'))

=g

a (F (0 (T - 10D, 1 (). -2 ). My 1 () ) F 0, (). prg () By [m],nnk(m])))

=g

a(g (e -1 ). 6 {02y ()], 4 (g {0, prmy -2 () ) {0,y (e ),

Tnax (21)
ag e by -1 (0)). g {20 5y (0] ) (g {0y -4 (7). ¢ {0 )

d (g (0, pom, (1) g {02 [m]))

a (F (0, {Pamy -1, B 1 (). i -1 (601 T 1 ()} ) F 0, (i (), Enh(m],nnk[mlﬁnh(m])))

=

P

o {d (E (WJ Py, -1[cu:'J 8 ("—'JJ Py, [m])) . (g (mJ ‘ﬁ_l[m]) '8 (ﬁ-h oy [m]D H

d (g (m, T, _llim]) B (m,'r]nk [m])) . d(g (m, ﬂm_,_l:m]) JE (m, Ty, [m]))
(22)

From (19) — (22) we deduce that
{d(g (m, Fm, [m]), g (m, Eny l:m:l)) .d (g (m Ve, I:m:l g 0, gy L0
riax

)
dlig (m, T, [m]) g (m, Ty [m])) . d(g (m P, (m] g o, P, o) )
(

{d(g(m,Em‘_ltm:‘),g(m,‘énk[m:')),d( (m Ve, - l[m]) g m'r]nk[m]_)) H
a2 (e o100, g0 7, ()] 42 (10 pmms (). £ {0 i, () )

Letting k - © in (23) and having in mind (18) we get that
D=== llmcp[t} = &

It is contraction. Thus {g[m En[m} W el mpled 1] Tzl e, 2 () 1} and {g{ oo, pp ()]} are Cauchy sequences in
(3, .

Since (X d) is complete and glea > ¥) = X then there exist By, 8. Mg Uy € & such that

= ¢
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Limg(e p(e)) = glon Bp(ea)), limgleomp ()] = glea, 8y (),
limg(es galea)) = gles g (), limg{es, pp(ea)) = g(wmn[w])-}

Since gl e, Bp(ca) ), gl s, 8 (e ), 2l e, up (e ) and gl ea, 1, {ea) ) are measurable, then the function
£lew), m(eod, Peod and plesd | defined by
Hlo) = glen, By (w) ), nlw) = E(WJED[Q’]]J}

(24)

) = elen uplead), plesd = g, vpler)) =
Are measurable too. Thus
limglant(e)) = 5la), limglany () = nla),
Ai_ﬂg(m,ﬂn[m]] = Zlen). &i_}n;g(m, pn[m]] = p(m]‘} (26)
Since g is continuous, (26) implies that
limg (o, ge () }) = glles, 5lesd), lirng { o, g0, ma))) = gles, ()
e 27
lirng (o, glen Qe ) = gl 2], lirag (o0, e, pale))] = glev, pled). 0

by using the fact that F and g are commutative, From (4)
F (o (e 2l ) o mafe)). g0, 2. e )

= gl Fo, (gale) males), a ), pale))])

= g{er. g B ra(e))) (28)
F (o (gl maed), 0 2l g pfed) o 2l

= gl Flo, (nale). Zale), pale), 2ale))])

= g{e. g0 Mgy ()] (29)
(o (8o taled). gl pale) ) e 5ale)), e 0mal))

= gl Flo, (7o), pale), 5ale) )]

= g{er. g Gara(e))) (30)
(o (gl paed), e, 2ale)). g0 male)) 0, )

= ¢l Flo, (pala). ale) male), 2ae))])

= g{e. gl paas ()] (31)

Now we will show that if the assumption (a) and (b) hold, then

F{ oo, (5le) mle), 7o), plend )) = glan, e},
Flea (nled, te), plad, 8lad )] = glannla)),
Fle, (2e), plan). Ele).n(e) )] = glengled )

( A plend, Elead, ple], e) )) = gl e, plea) ).
Suppose (a) hold from (26), (27), (28) and the continuity of F. we obtain

Forall ca € Il .

glen ) = limg{ e, glen fuay ()
= JimF (ws (e, Eale)). gl male)), gl G e)). 5o, pn'ioﬂ']l))

= F( (ﬂlmg( En[m:l:l llmg(m ﬂn[m]:l 11mg|:o.1 ﬂn(m]:l hmg(m pn(m]]))
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= Fla, (5, nle). 7e), ple)))
and similarly

glenfe)) = lime{e, glenn, (@) )
= lim (o (g0 ma ) 0, ). g p ). g0 B )

-

= F(ma (‘gi_,nglﬂ gleo () ). Limg(en, 3o (w)), lim glen, p (eo] ). limg{en, B e0) ]D
= F{a, (n(e). dla), pla), glw) )]
glen ) = limg{ e g0 7.y ()]
= HmF (wa (gllca, Zale)). gllen, paleod ). gllco, B () ). gco, nnim]]))
F (m: (‘:1‘1_3:11“ glo. Zala) ), limglw, pale)), limgle, g(w)), limg(w, nyle] JD
Ffen. (2e), plad, e nle) )
glen ple)) = limng (o, gl payale)))
s (m, (e, paleo) ), glen, () ), el en,ma ) ). o, Eu'im])))
=F (m: (‘gi_,rg gl paled ). lmg (.5 (), limglo. ny(e)), limgl o, tlo] )D
= Fla, (pla), ). nles). 7e))

Thus , we proved that [ £(c), n{e], Zes), plend ) € X* is @ quadruple random coincidence of F and g.
Suppose, now the assumption (b) holds. Since

gleo, By ()] = gleo, By (e0) ) = ),

gl oo, Mulen)) = glen, B (ead ) = mlal,

glen, Tnlend) = gf oo, g (ed ) = ),

gl pale)) 2 glangle)) = pla).
Therefore, by the triangle inequality
gl 00 ), F (o0 (5 m ), e, ) ) 5 @ g ) ), {0 g0, B )

(g (o gl Baaa () F{ o, (5e), ), 20, ple)))

dwﬁwnmm@ﬁmn
(P (o (e ), om0 ) o () o, (), s ) |
< gl 5. g (0 gl Bura )

{d( ( o, |: ,‘ﬁn[m])),g(m,‘ﬁ[m])),d(g (m,g(m,nn[m])_);g(m,n[m])),H
d(g (m, zl o, ﬂn[m])),g(m, ﬂ(oﬂ)) d (g (m, al o, pn[oﬂ:l) Jglen, p[oﬂ:l)

+

+g

And since @lt) = ¢, we have
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(gl 5 ). F (o, (50 e, ), ple))) ) = g 0500, 2 (gl e a))

d (g (m, al o, £ (o) :IJ sl o, E(e) j) .d (g (m, zl e, r]n[oﬂj) IR :l) .
d (g (r_u, g(m, 7 len) j_) g(m, Plen) j) .d (g (m, g[m, pig o) j_) g(m, plea) :l)

=+ mmax

Letting n — &2 and by (27), we get

(g0 £} F (0, (5 (e (), o)) ) = 0
But g le F@)) F (w0, (5 mad. (e, ple) ) ) 2 0
Hence  af g(w,£0)). F (w0, ().l (). ple))) ) = 0

Hence F(m,[f[m},n[m],l,’[m],p[m])) = gl Flw))
Similarly, we can show that

Fle, (ne), glea), pla), 8ea) ) = gleanle)),
Fle, (7). plesd, £l mles) ) = glen, e,
F{e, (ple), Besd, mleo), 2le))) = glen, ples) )

Forall « £ I1.

Thus we showed that ( {ead, (), 7le), plw) ] € ¥* is a quadruple random coincidence of F and .
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