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Abstract

A formula for calculating the numberof irreducible representations of degredor r a prime number was
derived. Let|G| = r and Z(G)| =r' with s=t < w. We have that whenw < 2, thens = t = 0. Furthermore
min(s) is attained whenv = 3,s =t = 1 and mayx), which is equal to magy(, is attained whem > 4 and
s=t=w - 1. In this paper we are interested in thetreeof finite non abelian groups. In particularggps of
prime power order. These groups have the proplkeatythe centre is non trivial. So, we are concemmith finite
groups where the size of the centre is at leasin2upper bound for the size of the centre of fimiten abelian
groups has been achieved by Cody (201Q(&) < ¥%4[G|.
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1 Introduction

Denote by(G) the centre of a group. We intend to see ho#(G) determines the degrees of the irreducible
representations of a gro@ We require the following preliminaries.

1.1 Definition
The centr&(G) of a group is the set of element® Z(G) that commute with every elemeanin G. That is:
Z(G) ={zU G:zq=qz, for all qLIG.

We note tha?(G) is a commutative normal subgroup ®f The quotient of5 by Z(G) is isomorphic to the
inner automorphism d&.

The groupG has trivial centre iZ(G) = {€} wheree s the identity element d. We call the elementd ] Z(G)
central elements and the elemeyit$G- Z(G) non central elements.

1.2 Definitions

() If a, q JG, we say that is conjugate ta if there exists an elemegtl]G such that gq = ag. The
conjugacy class & denoted byC(a) is the set of all elements Gfthat are conjugates # That is:

C(a) = {g'ag: g OG}.

(i) The centralizelCg(q) of an elementjin G is the set of all elementg 1G that commute witly. Equivalently
we write:

Co(a) = {g LJG:gq =qg, for anyqLIG}
The index ofCg(q) in G is the size of the conjugacy clask)) of qin G. That is:
G(a)l = G: Ce(9)]-
In particular €(q)| divides G|. If gL1Z(G) thenCg(q) =G.
Next we make an important remark
1.3 Remark

The centr&(G) of G is maximum whert is abelian. That iZ(G) = G andG/Z(G) = {€}. The centreZ(G) is
minimum whenZ(G) = {e€}. In this caseG/Z(G) = G.
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However our work is based on non abelian grotipat is, where :
eH< Z(G) < G.
We observe that:

() zOZ(G) if and only if its conjugacy class has one elemenich isz itself.
(i) Conjugate elements lie in the same conjugacy eladshave the same order.
(iif) The conjugacy classes of a group are disjoint &edunion of all the conjugacy classes forms the

group.
The next theorem is the classical Lagrange’s Thmore
1.4 Theorem
If G is finite andH is a subgroup of G theH|| divides §|.
More over the number of distinct left cosetdbin G is denoted byd:H|and
G:H|= GI/H.
From 1.2, we have the following:

1.5 Proposition

If a, q LJG then:
(i) eitherC(a) = C(q) orC(a) () C(q) = ;

(ii) if a is conjugate ta) in G, thena® is conjugate t@° in G for every integec. Moreover,a andg have the
same order.

In 1.6 we determine the size of the conjugdag<of an element @.
1.6 Theorem

Let (5] <, gL1G then the conjugacsiass C(q) of g in G is given by:

€@l = B:Ce(a)] = BICe(a)l.
Consequently i&, g are in the same conjugacy class t&n(f)| = [Cc (a)|. So if
C(q) ={q ,1 < i <k}, then
2 IC@)] = G: Co(m)lICo(a)| = Bl

The next Theorem presents the class equatidinfte groups whose proof follows readily from61
1.7 Theorem

Gl =2IG: Ce(a)l 0.

where the sum runs over the elements from eanjugacy class db.

From 1.6, equatiori) becomes

GI= K(G)| +XIG: Ce(a)l ()
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The sum ini{) runs overg; from each conjugacy class such thais not an element &(G). From 1.2 and
equation ij) above we have:

GI=E(G)| +ZIC(a)| (i)
1.8 Remark

In the abelian environment, the sum in equatibhabove is zero. Consequently, the class equaioglévant
only when we are in the non abelian environment.

The motivation for this work is from Audu, M.S aiMbmoh, S.U (1993) who achieved a lower bound fer th
minimum number of faithful generators of a tranvgtiand faithful p - group. However, in this work the main
task is to determine the minimum and maximum nunabéreducible representations of prime degreeafoon
abelian group using its centre.

A main theorem for this consideration is due to ¥;dd (2010) in which a bound for the size of thatoe of a
non abelian group was given. Precisely, Cody workedhe commutativity of non abelian groups witterest

in measuring the probability that pairs of elemenit& selected at random commute. He discovered that thi
probability is 1 for abelian groups. In the nonlabecase, he discovered that the probability & $his occurs
when the order of the centre of the group is attriiosf the order o6.

For any non abelian group, the maximum size ottmre is given from Cody (2010) by:
1.9 Theorem

If G is a finite non abelian group, then the maxim possible order of the centre @f is Y4{5|.That is,
[2(G)| < /45|

Pr oof

Letz[1Z(G). SinceG is non abelianZ(G) # G. Thus there exists an elemepitl/G such thag is not in the
centre. This implies th&g(q) # G andCg(q) # Z(G). Sincez[1Z(G) every element in G commutes withsoqgz
= zq. It follows that

z [ Cg(q). Sinceq [ Cg(q), we have thaZ(G) is a proper subset @;(qg). Since a group that is a subset of a
subgroup under the same operation is itself a swipgof the subgroup, we find tha{G) is a proper subgroup
of Cs(q). By 1.4, it follows that:

Z(G)|< 1/2L4(9)|.

Now, since we assumdd;(q) # G, thenCg(q) is a proper subset @. Therefore by 1.4 and the fact that the
centralizer of any group element is a subgrou@,ofre find that Cg(q)| < 1/2G|.That is:

IZ(G)| < 1/12E5(9)]
1/2(1/26))

IA

IN

1/43).

We have a corollary to 1.7 which requires the folly definition.

1.10 Definition

Letr be a prime number. Théhis called arr - group if the order o is a positive power af.

From Houshang and Hamid (2009) we have:
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1.11 Corollary
If |G| is a power of a primethenG has a non trivial centre.
Pr oof
Let G be the union between its centre and the conjugasges say of size greater than 1.
Thus from equationiif) of 1.7
Gl = E(G)] +XIC3)

Each conjugacy clask has size of a powev say of primer such thatv > 1. In this case w = 0 for classes
whose elements are central elements. Since eagigemy classJ; has size a power ofthen Jj| is divisible by
r. Furthermore as r divides |G| it follows thatgcatlividesZ(G)|. AccordinglyZ(G) is non- trivial.

What follows is the definition of an important capt..
1.12 Definition

A representation of a group over a fieldF is a homomorphism from G to GL(n, F), the group of by n
invertible matrices with entries Ffor some integen . Heren is the degree of, and we write:

n:. G— GL (n, F).

Consequently we say thats a representation & if (aq)x = (@) n(q)=, for alla,q ] G.
A representation without proper sub representat®said to be an irreducible representation.
1.13 Definition

The characteX (q) of a representatiom is the trace afir namely:

XA(q) =tr (gn) for allqUIG .

The charactelX,(q) is said to be irreducible (respectively redudihfeit is the character of an irreducible
(respectively reducible) representation. We cadirabters of degree 1 linear or trivial characters.

We outline the following from Herstein I.N (1964rfreference.
1.14 Theorem
0] Every group of order” where r is a prime is abelian;

(ii) Letn; be the degrees of the irreducible representafi@ then G|=Y n?.
1.15 Proposition

(i) The number of the irreducible representatiohary groupG is equal to the number of conjugacy classes of
G;

(i) Every irreducible representation of an abeligroup G over C, the set of complex numbers is one
dimensional.

Proof

(i) The class functions are determined by theiugalon the conjugacy classes2fThese are complex vectors
spaces. They have dimension equal to the numbmnjfigacy classes.
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But irreducible characters form a basis for the esaector space. Thus the number of conjugacy deemse the
number of irreducible characters are the same.

(i) Since G is an abelian group it haG||conjugacy classes. From) &bove, it shows tha has |G| number of
irreducible characters and from 1.14 (ii), we hthad:

ql = n12 + n22 + ... +n|G|2.
It clearly shows that this can be satisfied onhewn;, = 1 for alli.
2 Results

We determine the minimum and maximum number oftnieral irreducible representations of prime degfee
non abelian groups in the following results.

2.1 Theorem

Let G be a finite non abelian group of ord¥rsuch thatZ(G)| = r' with t <w, r a prime number, andw
positive integers. The@:

0] does not have an irreducible representation ofedggyreater than 1 whenever 0;
(i) has its minimum number of irreducible representetiof degree greater than 1 whenever= 3.
Proof

(i) If t =0 the centre is trivial. From 1.11 it follows th@& cannot have a trivial centre when> 1. Accordingly
G has (5] conjugacy classes ar@| jrreducible representations each of which acogrtld 1.15 cannot be greater
than 1 whenever= 0.

(i) SinceG is non abelian, there exists an elengdnitG such thaX(g) =r > 1 ( 1.15). Les be the number of
irreducible representations of degrewith s=t <w. Then from 1.9,

Z(G)|< 1/4 (5.
That isr' < 1/4r". This implies that:
4™ or 2 < ™

To find the minimum irreducible representation ker take its minimum value which is 2 (minimum prime).
Then we have that =w - 2. It follows that:

s=t=w- 2.

Howeverw # 0, 1, 2 sincet > 0 ands > 0. Accordingly, the minimum value af is 3 which gives the
corresponding minimum values @fandtas t=1,s=1 andr > 1.

2.2 Theorem

Let G be a finite non abelian group of orde¥ whose centre is of siz& Wherer is a prime number. Then the
maximum number s of irreducible representationegfrde r such that

r>1is:
(i) s=w-1wheres=t<wand

(i) w>4whent>1
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Proof:

(i) Now by the definition o6, t # w, else we will be in the abelian environment. Boni hypothesis < w, this
implies that the maximum value thatan attain isv - 1, sincet andw are positive integers. Accordingly

s=w-1.

(ii) In 2.1{i) we have that the least numiseof irreducible representation of degree> 1 is 1 when the value
of wis 3 and = 1. But fort to be greater than 1, given thatnust be greater thanthenw > 4.

3. Discussions

1. In theorem 2.1y w < 2,s=t = 0. This implies that for aly in G, X,(g) = 1. This holds in the abelian
environment, wher&(G) = G. Heret =w.

2. From 2.11i()
w=3,s=t=1

so that@| =r® and Z(G)| =r*. There is only one irreducible representationegreer, wherer is a prime. That
iss=1

If for exampler = 2, then

Gl=2'=8 KG)=2
and soG has only one irreducible representation of de@ree
3. Forw > 4, in particular letv = 4. ThenG| =r* giving

s=w-1=3.
Letr = 2 then from 2.2i{),
|G|= 2 =16. This gives:
s=w—-1=4-1=3.
AccordinglyG has 3 irreducible representations of degree 2.
Forr = 3, and
IG= 3, s=3-1=2.

So for 5| = 27,G has 2 irreducible representations of degree 3.
4 Conclusion

This paper achieved the minimum and maximum nurobé@reducible representations of prime degreeafoy
non abelian group by using the centre.vBy 3, we mean that the order of the group for a mimmis at most®

for a primer. For the maximum the order of the group is attleas That isw > 4. With this the minimum and
maximum number of the irreducible representatioas be determined with little or no knowledge of the
information about the group or it's elements.
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