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Abstract

In this paper we give prove some fixed point theorems for contractive conditions in
vector metric space, our results are generalized form of some well known results. Our results
are motivated by Ishak Altun and Cuneyt Cevik [10]
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Theorem 1.1Let X be an vector metric space with E is Archimedes, suppose the mappings
F.&:X = X satisfies the following conditions
forallzyeX (gc,)
< Kyule,v) + Kyd( B B ) + Ky[d(F, 6,0 + diB,. 6, )] + Bi[d(5.6,) + d(F. 6, )]
+ Ks Min {d(F. ¢, ). d(F. 6, )}
Where & € [0,1] is a constant and

1
ule,y) € {85, ) dlE, 6,).d(F,.6, ). [d(5. 6,) + d(£,.6, )}

G(X) S F(x)
F(XlerG(X)is complete subspace of X, X, + X, + 2K, + 2K, = 1.
Then G and F have a unique point of coincidence in X, moreover of F and G are weakly
compatible, then they have a unique common fixed point in X.
Proof:-Let x.x, € X define the sequence {x,}by Fx,,, = Gz, =%, forn e N
8 (% Va1 = KE(0 1. ¥
We have that 8, ¥, 4 1) = 8l0x,, Gryy )
LKy uleg g+ Kpd(F o Fop )+ By [80F G )+ d(Fag,y, Gy ]
+ Bld (R, Gy )4 dlF g, G ]
+E Min (d{Fx, Gy, JdFr,  Gr, 0}
d[}’wj’ﬂ+1] = d[lﬂxﬂ,ﬂxﬂ_,_l:l
= Kl“[xwxﬂ+1]+ Hz[d[}’ﬂ—v Tﬂ]] + Hﬂ[d[}’ﬂ —1JTﬂ:| + d[}’w}’ﬂ +1.:|:|
+ Hd-[d[}’ﬂ—v}’ﬂ +1.::I + d[}’w}’ﬂ]] + K Min {d [}’ﬂ—v ¥n +L]'dr.yw}’ﬂ]
= Kl“[xwxﬂ+1]+ &, [}’ﬂ—v Tﬂ] + K,y [d[j’ﬂ—v }’ﬂ] + & (¥ ¥nar) + Hd-[d[}’ﬂ—v }’ﬂ] + d[}’w}’ﬂ +1.:|:|

Kl
= ?d[}?ﬂ—vj‘rﬂ +1.:I + sz(}’ﬂ—v }’ﬂ] + Kz[d[}’ﬂ—v}’ﬂ] + d[}’w}’ﬂ +1.:|:| + Hd-[d(}’ﬂ—v }’ﬂ:' + d[}’w}’ﬂ +1.::|:|

Kl
= ?[d[j‘?ﬂ—v }’ﬂ] + d[}’w}’ﬂ +1.:|:| + K, d[}’ﬂ —lJfP’ﬂ:' + H![d[}’ﬂ —iJTﬂ] + d[}’w}’ﬂ +1.::|:|
+H4:E|:;d[}’ﬂ—v}’ﬂ]+ d[}’w}’ﬂ +1.:|:| ¥
1 1
< (24 Bt By + By ) + (54 B+ K 400 5000)

K L
8% Y pr (1 — El Ky — Ey) = a1 Tﬂ](?"‘ H, +E,+ K,

(Bt r, + &+ 1)

€Y Fn-1) = K ¥ —10¥n)
o Er)

Bl Y —yd = R (%1, %)

i‘-+.ﬂc+.=‘:+.aac\L
Where +2— EK‘}:R.H’1+K2+25’;+2H4=:1.

[y
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6V Yoy = A )
d(}’w}’ﬂ+p) = d[}’w}’ﬂ+1] + I3”:}’1'1+1.43"1:| +:!::I + -t E, +p-1+n +j‘J:|
£ [Rﬂ+Rﬂ+1+ Hﬂ+2 ...+ "'+Hﬂ+p_1]@[:..-}rj_:|

€Y Fnep) = m (. ¥, )

Now since E is Archimedean then {3,} is an E-cauchy sequence since the range of F contains
the range of T and the range of at least one is E-complete. There exists & z € F{X) such that
Fz, = Z Hence there exists a sequence {&,} in E such that an and é{Fzx,.2) = e,. On the other
hand, we can find w € =, such that 5, ==
Let us show that &, ==z we have di@,.z) = dlty,, Gx,)+ dlfx,.z)
= koulr,wl+ K, d(Fx, B )+ K [dlFx,. G, )+ dlR,. &)
+EdFx,. 0,0+ d0F,. Gr ]+ B Minld(Fe, 6,808, Fr i+ ogyy
A, z) = Kjulrw) + Kd(Fr,.2) + K [d(Fx,.Gr )+ dlt,, 2]+ K [dFr,.z) +dlrr,. 2]
+E; Min{diFr,2)dGx .20 1+ 64
L Rulr w4+ KadlFr,z) + Ky[dFe,.z) + dlz rr, )+ dl . 27]
+ Ky [d(Fxy.z)+d(Gr,2)] + Ky MinldiFr,.z). dltx, 20 1+ 6,4y
Case-1 when Min {d(Fx,.z). ditrx, 201 = d(Fx,.2)
= Kyulocyw) + (K, + Ky + Ky + Kydd (Fay,z) + Kydl,, 2) + (kg + Kdd (Gxy2) +oy 4
(1- K:i:''5!3':'51-.-“';{:I = Kyule,w) }[HL; KQ'EK4 }K]EJ%I-E[HKE +KH4 +1ﬁ]'5"ﬂ+1
1 L+ By + By + A 1t A+
@Gy 2) = (1 - R‘,) ulegwl+ ——F—p 9 et T gy O
dlty,. z) = Rjulepwl + Ryog + Ryog,
For all n, since.

1
u[:rﬂ,w] £ {d[Frﬂ,Fw]d I:Fxﬂ,tr'rﬂ]. dlf,Fw, G‘.,.]l E [d[F:::ﬂ,GW] + d(Fw,Gxﬂ:l]

At least one of the following four cases hold for all n,
Case-l1l dif,.z) = dlFx R, )+ Ryoy + Ryt 4y

= dlFug,z) + Ryt + Ryt 4y

= b+ Ryt + Rty

Bl z) 214+ R)ey, + Ryoy .y = 20y

Case-1ll  difr,.z) = d(Fux, Cxy )+ R0y + Ryt
Al z) = dlF x,z) +dlx,.2) + Rooy. +Ry0041

= AP, 2] 4 6pyy + Raby + Ryt

= a7 (Fay,z) + (1 4+ Rydog . + Moy

S+ R og+ 1+ Ry)og,y = 36,

Case-1V ditr,.z) = ki d(R,. 6]+ Rotig + Ryt e

= &, [d(R,.z) + dlz. 0,0 + Ryo, + Ryoy,

ditn,. 2 = kldjl;t?w,z] + (R + Ryloy

difr,. z) £|:1_—KL]|;RE + Rylo,

Case-V  d(6,.z) E?[d'&?xwtﬂv] + diR, Grp)+ Ryog + Ry

1
[diFx, o) +dlF,. 20 +dlz.rxr, )]+ Roty + Aoty

14

1A

1
[e(F . Gy, 1]+ 5 Batt + 364y + Ry

1A

1
[e(F . Gy, 1]+ 5 Batt + 364y + Ry

1
[diFxc,. G, 0]+ (E-'— Hg) Bnyy T Ha g

14

I
(R XYY Y X Sy

1
[4(Fi,,2) + dlz, 6,)] + (E+ Rg)aﬂ+1+nzaﬂ
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1 1 1
= E[d[ﬂw,z]'] +E fyy + Aoty + (E+ Rg) By 1
1

i 1
= Ed'it?w,z:' + (§+ Hz) fy + (E"_Rg) [
dltn,. z) £ (1428, Joy + (1 + 2R Jog .y
Since the infimum of sequence on the right side of last inequality are zero then
dlfn,.z) =0 tef, ==z
Therefore z is a point of coincidence of F and G if Z, is another point of coincidence then
there is w, € ¥ with Z, = Gw, = Fw, now
diz, z,) = dlfr,, frw, )
= kyu (wowy ) + Ko dR, Fuw )+ By [d(R,. 6,0 + dlFw, Gw )]+ B [d(E,. G, ) + diFw,, tw]]
+ky Min{d(F,. ) + d(F,, Gw, )}
= Ejulw,w, ) + Epd(z 2z, +Eqldiz. z) + dlz. 2] + B [dlz. 2,0 + iz, 2) ]

+ &K Min {diz,z) + dlz,.z) }
= Kjulw, w, ) + K, d(z, z,) + Kydlz. z ) + 2k,dlz,2,)
= Ky wlw,wy ) + Cky + By + 28,00z, 2,0
Where

1
ulwwy) € {ALE,, Fu JAE,, G, )d(F wy, Gwg) + 5 [4(F,, Gw) + (5, 6,1}

= 0,d(=z{]
Hence diz.z,} = O that isz =z,
If F and G are weakly compatible then it is obvious, that Z is unique common fixed point of F
and G.
Theorem 1.2 :- Let X be an vector metric space with E is Archimedean, suppose the mapping
F;&; X - X satisfies the following conditions
forallxveX (diG,.0,)
= Kule,y) + K, d (5. B) + & [d(5 . 6,0+ d(E,.6,)] + K, [d(E.6, )+ d(5.6, )]
+K; min{d(£. 6, (5, 6, )}
where k € [0,1] is constont ond
2ey) € 60(5,6,)5 (065, 63 +4(5, 6, )] 505, 6,) + (5, 5,

1. C{ S Fix), b+ K + 2K, + 2K, = 1,

2. F(X) or G(X) is E-complete subspace of X then F and G have a unique point of
coincidence in X moreover if F and G are weakly compatible then they have a unique
common fixed point is X

Proof:- Let us define the sequence {x,}and {1} as in the proof of theorem we show that

8l Y asd = K&y %)

d[}’w}’ﬂ+1] = I:"'1'[':"-1'?:!'-ITIﬂH.II
=k U L )+ Kyl P Frr o I+ Byl (F e, G )+ @6, Gy )]
+ H4[d[FIﬂ" Erﬂ+1]+ d[Fxﬂ'l'l" E‘Tﬂ:l] + Kﬁ Miﬂ {d[F‘rﬂ" E‘rﬂ+1:|d|:'::xﬂ+l" Exﬂ:l}

We have to consider three caseulic,. x4 = 8%, _ .10

1 1
M|:3'L'1'4J-JJ’:1'1+1.:I = E [dI:}’ﬂ—LJ }’ﬂ] +d I::’?ﬂ-'yﬂ+1.:l] end u[‘rﬂ’xﬂ+1:| = E [d(yﬂ —1:¥n +1.::I
Only second case if ulx,,x,,,) = i [y _p V) + 8 (s Y 4 )]

d[}’wj’ﬂ+1:l = Iil:'::x'm'5-'1’-'1:|+1:I = Hlu[xﬂ,xﬂ+1:|+ Hy by 1 ¥n)
+K, [0, _ v J + Al 300 0]+ K[ 800 _ 0¥ v ] + 8009 ) + Ky Min {dl, 9, o) 803, v
= Kju I:xwxﬂﬂ.]"' szl:}’ﬂ—j.* Tﬂ] + K, [dl:}’ﬂ—r Tﬂ] + dl:yﬂ-'j‘?ﬂ +1.:|:| + Kd[d[}’ﬂ 410 }’ﬂ] +d I:yﬂ-'j‘?ﬂ +1.:|:|

Kl
= ?d[j?ﬂ —1!3’11:' + E d{j‘?ﬂ-':’?ﬂ +1.:I + Ko B (v 1. ¥n) + Ky [d[}’ﬂ —1 Tﬂ:' + d[}’w}’ﬂ +1.::|:|
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+H'4[d'i}fﬂ_p:rfﬂ?ﬁ_+ % ¥ 417 .

i

d[:’?ﬂ’yﬂ+1] = (?"' Kz + H! + Kd-) d[:’?ﬂ—l’yﬂ] + |:§+ K! + H4]d|:yﬂ’:’?ﬂ+l:|
1 K,

(13 ~ Ky~ )8l 50) S (2 K 4 Ky B, ) 609

2
(Bt k4K, + 5,

¥ Yo £ 7 0¥ 1 Y
(3-% - &)
Where
(El

L4 Ky + Kyt K
= I sinee &y + K, + 2K, 4+ 2K, = 1.

(3-% - &)
d[}?ﬂ’}?ﬂ+1] =R d[}?ﬂ—l’}?ﬂ] Hence (4]

In the proof of theorem, that {x,} is an E-cauchy sequence then there existz e FlX)., weX is
(oo E suchthat s, =z, diFfx,z) = o,
Now we have to show that &, =z we have
a2 = dlf,. Gr,)+ (0 x,.2) = ulr,wl + 6,4,y
= Ky by w) + Ky dlF oy B + Ky[d(Fay, Gy )+ dUR,, 0, 0] + By [d(Fx,, 6,0+ R, Gx,)]
+E Min {d(Fx .0, )+ d (B, x4 6.,y
Aty 20 = Kyullegow) + Kod(Fxy,z) + KyldiFc,.2) + diz 6x )+ A, 21]
+E[dFr,.2) + a2 ]+ K, Min {dFr, . zld e,z 14 6,4
Case-1 when Min {d(Fx,,.2)dlGe,,. 20} = dlF«,.z)
= Kyulepw) + Ky dlFx,,z) + Ky[d(Fxy,,2) + dlz, G )] + dl6y,, z) + Ky[dlFx,,2) + ditrx,, z)]
+E{d(Fxyz) )
(1- K!:'d':'jwﬁj = Klulixwwzll:}i: I:K,_;- H!; Kd.;']Ks:'% L}[K! E{" K41+_:| L,
1 1+ By + Ay + A 1t i+
8l 2) = 1% alz,,wl+ 1-%, By -,
8. z) < Riulagw) + Byt + Ry,
ulr, wl € {d[Fxﬂ,Fw]é [d(Fzx,.trxr)+ diF, . G,]] +%[d{FIﬂ,Gw] +dlR,. Gx, ]
At least one of three cases holds for all n, consider only the case of
ulxg,w) = 5 [6(Fx,, Fx,) + d(F, &, 1] because the other two cases have shown that the proof of

theorem it is satisfied
R
8, 2) = E[d[ﬁxﬂ,axﬂﬂ AR, Gyl + Rybg + R,y

B+t

R
=S80 y2) + a6y, 2) + AR, 2) + 6 (2 5,)] + Ryoy + Ryt
R R
=S lon+ opial + S dlGy. 2) + Ryoy + Rao s
R R R
82 $58(6 2 + (541 a0+ (542 gas
This is difr,. 21 = 4n,
Since 4e, = 0then &, =z hence z is a point of coincidence of F and G the uniqueness of z as
in the proof of theorem 1.1 also if F and G are weakly compatible then it is obvious that z is
unique common fixed point of G and F by [1.1]

Theorem (1.3) Let X be an vector metric space with E is Archimedean suppose the mapping
F.G:X - X satisfies the following conditions
1. Forallzy eX
gl by) = b d(Fx, Gx) + o d(Fy, Gyl + edUFx, ry) + FE(Fy Gx)
+gdlFx, Fy) + hd(Fx, Fy) + ild(Fx, Gx) + d(Fy, )]
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+ildlFx, &) + d(Fy, £x)]
+R Min {dlFx, Gy, d(Fy, G2
Where b,c,d,e,f,g,h,i,j and R are nonnegative and b+c+d+e+g+h+i+j+R<1

2. GLX) S FX)

3. F(x) or G(x) is E-complete subspace of X then F and G have a unique point of
coincidence in X moreover if F and G are weakly compatible then have a unique
common fixed point in X

Proof:-Let us define the sequence {x,}and {,} as in the proof of theorem (1.1) we have to

show that

(% Vaer) = KE(¥, 1. ¥o fOr some & € [0,1] and all n consider Fx,,, = tx, =%, for all n then.

b Vna) S+ g+htitet D8V ¥+ o+ i+ e+ 280V Vet

and

e ¥l = B+ it i+ i) tle+g+h+i+ F+2680m 0]
Hence
(-4 2i+2i+o+alldlpmme) =G+ 2g+2i+2h+ e+ 4 cld (W ¥
b+ 25+2h+2i+9+}+c]d

[2—(b+c+e+2i+ 2] O -1/

_th+e+ +r+2g+2R+20

If we choose &, =

Then
K, e[01]
In the proof of theorem (1.1) we illustrate that {,} is an E couchy sequence, then there exist
ZeF(X) weXand(e,) iINEsuchthat &, =2, d{Fx,.Z) <o, ondo, L0
Let us show that ow = Z we have d{tw,z) = dltw, Gx,)+ d(Gx,.z)
dlitw.z) = b+ f+i+ditw. D+ e+ F+g+at+i+fdlFa,zl +lc+e+i+j+ 1d{Gx,.2)
+R Min{d(z, Gx d( Fx,, Guw)
ditw,z) = b4+ F+i+j+Rdlw.zl+e+Frg+h+itj+Rln,
+lc+f+g+h+it+i+Rlog,,
=+ F+it+f+Ra(owz)+ 20+ 2F+ 25 +2h+ 2i+ j+ R oy
il 2) = 2e+2F+ 2+ 2R+ 2i+j+ A)
SN I R
For all n. then é{tw.z) = 0 i.e.tw = z. Hence Z is a point of coincidence of F and G. Then
uniqueness of z is easily seen. Also if F and G are weakly compatible, then if is obvious that z
is unique common fixed point of G and F by [1.1].
Acknowledgement: Author [Rks] , thankful to Ishak Altun and Cuneyt Cevik for motivation
by their results for extension.

B ¥V 4] =

[2—CB+c+a+2i+2)0]
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