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Abstract

The notion of intuitionistic fuzzy set was introduced by K.T. Atanassov as a generalization of the notion of fuzzy
set. Intuitionistic fuzzy topological spaces were introduced by D. Coker and studied by many eminent authors
like F. Gallego Lupianez, K. Hur, J. H. Kim and J. H. Ryou. R. Biswas applied the notion of intuitionistic fuzzy
set to algebra and introduced intuitionistic fuzzy subgroup of a group. In this paper, we will study intuitionistic
fuzzy topology by involving the algebraic structure on it and introduce the notion of group intuitionistic fuzzy
topological spaces. We will examine many properties of these spaces and obtain several results.

Keywords: Intuitionistic fuzzy topological space (IFTS), intuitionistic fuzzy subgroup (IFSG), group
intuitionistic fuzzy topological space (GIFTS), intuitionistic fuzzy point (IFP).

1. Introduction

The concept of fuzzy set was introduced by L.A. Zadeh [16]. Since then the concept has invaded nearly all
branches of Mathematics. C.L. Chang [4] has introduced and developed the theory of fuzzy topological spaces.
A. Rosenfeld [15] introduced the theory of fuzzy subgroups. Since then various notions in classical topology and
group theory have been extended to fuzzy topological spaces and fuzzy group theory respectively. K.T.
Atanassov [1, 2] generalised fuzzy sets to intuitionistic fuzzy sets. On the other hand, D. Coker [5] has
introduced the notions of intuitionistic fuzzy topological spaces. R. Biswas [3] introduced the concept of
intuitionistic fuzzy subgroup and some other concepts. The concepts of quasi-coincidence for intuitionistic fuzzy
point was introduced and developed by F. Gallego Lupianez [7].

In this paper, we will study the intuitionistic fuzzy topological spaces by involving group structure on it
and introduce the notion of group intuitionistic fuzzy topological spaces. It will be shown that group
intuitionistic fuzzy topological spaces are different from intuitionistic fuzzy topological group, introduced by K.
Hur, Y. B. Jun and J. H. Ryou in [10]. The cases when the two structures are same, will also be highlighted.

2. Preliminaries

In this section, we list some basic concepts and well known results on intuitionistic fuzzy topology and
intuitionistic fuzzy groups for the sake of completeness of the topic under study.

Definition (2.1)[1] Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS) A in X is an object having
the form A = {(x, pa(x), va(x))/ x € X}, where the functions ps : X — [0,1] and v, : X — [0,1] denote the
degree of membership (namely pa(x)) and the degree of non-membership (namely va(x)) of each element x € X
to the set A respectively and 0 < pa(x) + va(x) < 1 for each x € X. Denote by IFS(X), the set of all intuitionistic
fuzzy sets in X.

Definition (2.2) [1] Let A and B be IFS's of the form A = {{x, ua(x), va(x))/ x € X} and B = {{x, up(x), va(x))/
x € X}, then

(1) A€ B ifand only if pa(x) < pp(x) and va (x) >vp(x) forall x € X;

(ii) A=Bifandonlyif AS Band B € A;

(iii) A" = { {x, va(x), pa(x))/ x € X };

(iv) AN B = { (x, pa(x) A pp(x), valx) V ve(x)) x € X };

(V) A UB={(x, pa(x) V pg(), valx) A vex))y/ x € X }.

Definition (2.3)[5] Let X be a non-empty, then a subfamily & < IFS(X) is said to be an intuitionistic fuzzy
topology (IFT) on X, if it satisfies the following:

o 2les
U4
(i) If {A; :ieA} b, then =4 € §;
(iii) If A, B e dbe any two members, then AN B € d.

If § is an intuitionistic fuzzy topology on X, then the pair (X, ) is called intuitionistic fuzzy topological
space (IFTS). The members of d are called d-open sets. An IFS A of X is said to be d-closed in (X,0) if and only
if A®is 8-open set in (X,9).

Remark (2.4)(i)The members 0. and 1. are constant intuitionistic fuzzy sets on X defined by
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0 x)=(0,1); Vxe X and 1 x)=(,0); Vxe X. (i1) For the sake of simplicity, we
denote the IFS A={(x, pa(x), va(x))/ x € X} by A= (Ua, Va)-

Definition (2.5) [14] Let X and Y be two non-empty sets and f: X = Y be a mapping. Let A and B be IFSs of
X and Y respectively. Then the image of A under the map f is denoted by f (A) and is defined as

Sup{ p,(x) :x € [ (N} Inf{v,(x):x € f'(y)}
Hyn(¥) = and v, ,(y)= :

0 ; otherwise 1 ; otherwise
Also

the pre-image of B under 1 is denoted by /~'(B) and is defined as
& (B)(x)=B(f(x)) ; VxeX
Remark (2.6) Note that x,(x)< ,uf(A)(f(x)) and v, (x) 2 V_,,(A)(f(x)) ; VxeX,

hold when f is bijective.
Definition (2.7)[5]Let (X;,0,) and (Y, 8,) be IFTSs. Then the function : (X, 8;) = (Y, 8,) is called
(i) intuitionistic fuzzy continuous: if and only if foreveryBe &, = f'(B)e §,.
(i1) intuitionistic fuzzy open: if and only if for every A e 8§, = f(A)e ..
(iii) intuitionistic fuzzy closed: if and only if image of every §;-closed set is d,-closed set.
(iv) intuitionistic fuzzy homeomorphism. if and only if f'is bijective, intuitionistic fuzzy continuous

and intuitionistic fuzzy open (or intuitionistic fuzzy closed).
Definition (2.8)[10]Let A be a IFS in X and d be an IFT on X. Then the induced intuitionistic fuzzy topology on
A is the family of subsets of A which are the intersections with A of 8-open sets in X. The induced intuitionistic
fuzzy topology is denoted by 84 i.e. 5, ={A N U : V U € 3}, and the pair (A, 3,) is called an intuitionistic fuzzy
topological subspace of (X, 9).
Definition (2.9)[11] For any p, q €[0,1] and xe X, a fuzzy set x(,q in X is called an intuitionistic fuzzy point
(IFP) in X if

and equality

(p,q) ;ify=x
x(pq)(y): . 5 vyGX.
’ (0,1) otherwise
The intuitionistic fuzzy point x, q) is said to be contained in an intuitionistic fuzzy set A, denoted by x(, € A , if
and only if pa(x) 2 p and va(x) <q.
In particular, if xq S yes) ©x=yandp<r,q=>s.
The intuitionistic fuzzy characteristic mapping of a subset A of a set X is denoted by (4 is defined as
(1,0) if xe A
X (x)= ] , VxeX.
(0,1) otherwise
Obviously, a intuitionistic characteristic function ) is also an intuitionistic fuzzy set on X and for any non-
empty subsets A and B of a set X, we have A < B if and only if ys < Xs.
Proposition (2.10) Let G be a group. Then the subfamily T of IFSs A = (ua, va) on G such that
_ -1 _ -1y .

My ()=, () and v, (x)=v,(x7); Vx € G'ThenTis an IFT on G.
Proof. Straightforward.
Remark (2.11) In the definition (2.3) if condition (i) is replaced by (i)” V p, q€[0,1] such that p + q < 1 and xe X,
an intuitionistic fuzzy point x, q) in X, defined by

(pq) ;ify=x
x(p,q)(y):{ 9 vye X7

0,1) ;otherwise SR . .
©.h) (called constant intuitionistic fuzzy set in X), are in §, then

d is called fully stratified intuitionistic fuzzy topology and the pair (X, d) is called fully stratified intuitionistic
fuzzy topological space (see [12]).
Definition (2.12)[3, 13] An IFS A= (u,, va) of a group G is said to be intuitionistic fuzzy subgroup (IFSG) of G
if
® Ha(xy) 2 min{pa(), pa()} (i) MaGe™) = pa(x);
(iii)) Va(xy) < max{Va(x), Va0)}  (iv) Vax™) =Va(x); VX, y€G
Or equivalently pa(xy™) = min{pa(x), pa()} and va(xy ) < max{va(x), Va()}.
Then the following results are easy to verify
Result (2.13)[9](i) If H is a subset of a group G, then ¥y is a IFSG of G if and only if H is a subgroup of G.
(i1) All constant intuitionistic fuzzy sets of a group G are IFSGs of G.
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X, € A then (x_1 ) € A.
(iii) If A is an IFSG of a group G such that (pq)

Definition (2.14)[12] Let G be a group and & be an IFT on G. Let A, B €d8. We define
AB = ,V andA’1=< ,,V,>
<'UAB AB> avte At by the respective formula:

U5 (x)= Sup {IUA(a)a :ug(b)} and Vs (x)= Inf {VA(a)a Vg (b)}

x =ab x =ab
do(x)=p,(x") and v (x)=v, (x7'); forxeG.

Definition (2.15)[12] Let G be a group and let (G, 8) be a fully stratified IFTS. Then (G, d) is an intuitionistic
fuzzy topological group if it satisfies the following conditions:

(i) The mapping f: (G, 8) X (G, 8) — (G, d) defined by f'(x, y) =xy is intuitionistic fuzzy continuous;

(ii) The mapping g : (G, &) — (G, d) defined by g(x) = x " is intuitionistic fuzzy continuous.

Example (2.16)

(i) Let G be a group and & be the collection of all constant intuitionistic fuzzy sets in G. Then (G,d) is a
intuitionistic fuzzy topological group.

(i) Let G be a group and & = IFS(G) be a discrete intuitionistic fuzzy topology on G. Then (G, 9d) is a
intuitionistic fuzzy topological group.

3. Group Intuitionistic Fuzzy Topology
In this section, we will introduce group intuitionistic fuzzy topological spaces and give basic properties of this
structure. We also discuss similarities with and difference from other intuitionistic fuzzy topological spaces.

— . —1
T={4: A€ IFS(G) st. %, e A=(x") e A}

Definition (3.1) Let G be a group. Then the collection
is an intuitionistic fuzzy topology on G and G with this intuitionistic fuzzy topology is called group
intuitionistic fuzzy topological space (GIFTS). It is denoted by (G,T).

Proof. Since 0. and 1. are constant intuitionistic fuzzy sets and are therefore IFSGs on G. Therefore,

-1 -1
Yoo € 0= (x )(,,,q) €0 and Yo € 1= (x )

€l .0 1
(P9 holds, i.e., = €T and = €T.
Next, let A, B € T be any two members.

Let x,,€AdNnB = u,,(x)2p and Vv, ,(x)<g
= min{u, (x), 4;(x0)} > p and max{v,(x).v,(x)} < q
= p,(x)zpand y,(x)=zp and v, (x)<gand v,(x)<gq
= p,(x)zpand v, (x)<gand g,(x)=p and v,(x)<gq
= x,,€4 and x, €B
= (x ')(M)e A and (x l)(M)e B
=

(x_l) e AnNnB

(p.q)

Thus, AnB eT.

Let x,, € ,UA" implies ,uU Al_(x)Zp and VU 4 (x)<¢q
Further, let { Aj:ie A} cT. ieA ieA ieA
Sup{ g, (x): i€ A}2p and Inf{ v, (x): i€ A }<gq.

{ ’uAf (x) F1EA } and { VA" (x) 1A }are subset of a bounded set [0,1].
:UAJ.(X)ZP and VAk(x)S‘I-

As both the sets

Therefore there exist some j and k in A such that
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Now,,uA/(x)Zp = VA/(x)Sl—p and v, (x)<q = u,(x)21-q andso

€ 4, and so (x"l)

x(p,lfp)

e 4, clJ4. Similarly, (x7') 4, cl]4.

ieA ’ ieA
ie, (x7) and (x) elJ4 .
(p.1-p) (1-9,9) Pyt

So, ,uUA_(x’l)Z p and Ui (x")<1-p andalso ,uUA_(x’l)Zl—q and VUA_(x’l)S q

€A €A e €A

(p,1-p)

Therefore, we have luL/J\AL (x")= p and V.UAA‘ (x")<gq.ie. (x‘1 )(M) € gAi'
Thus x, € U 4, = ()c‘1 )(M) € U 4,. So, U 4, € T.
€A ieA €A
Hence T is an intuitionistic fuzzy topology on G..
Remark (3.2)(i) An IFS A of a group intuitionistic fuzzy topological space (G, T) is called T- closed if A°eT.
One can easily verify that 0_ and 1. are T-closed and if A, B are T-closed, then A U B is also T-closed and if
N4

{ A;:1€ A} bean arbitrary family of T-closed sets, then A is also T-closed set.
(1) When GIFT is clearly understood from the content and there is no confusion about it, we may denote the
GIFTS (G,T) simply by the symbol G, which is used for the underlying set of elements of G.

It is easy to observe that the GIFT as defined in Definition (3.1) is finer than the IFT on the group G as
defined in proposition (2.10).
Theorem (3.3) An IFS A= (u,, va)of the GIFTS G is T-closed if and only if A is T-open.
Proof. Let A be T-open set, then x;,q €A = (x™h o € A 1. Ha(x) 2 pand va(x) <q = ualx ) =p
and vo(x ") <q.

Let xpq €A° = Va(x) =p and pa(x) <q = Vax) ’</ p and pa(x) % q

-1
= Xgp € A, le., (x )(‘“’) ‘ A,i.e., ta(x™) % q and va(x ™) )</p
= uar ) <q and vax ) =p.ie, (x ey € A
Thus xpq €A° = (x)pq € A. Hence A°is T-open set, i.e., A is T-closed set.
Converse is also true.
Now, we give an example of discrete IFTS which is not a GIFTS.

Example (3.4) Let G = (Z , +) be the group of integers under addition. Let & = IFS(G) be the discrete IFT on G.
We show that (G, 8) is not a GIFTS.
Let N, the set of all natural numbers. Define an IFS A= {(u,, va) on G as follows:

w=1? TXEN ol v=ld TEEN (0,17 st.p +q <I
x)= and v, (x)= , where p, qe (0,1] st. )
Ha 0 if xe Z\N 4 | if xe Z\N P-4 prd

X, X
Consider xeN, then we see that (79 e A but (Pa) g A, Thus, A¢ T, where T is the GIFT on G. Hence &
is not a GIFT on G.
Now, we show that under certain condition on G, a GIFTS is also a discrete IFTS.

Theorem (3.5) Let (G,T) be a GIFTS such that x' = x, V xe G. Then T is a discrete IFT on G. Proof. Let
X,
AeIFS(G) and x € G be any element. Then for any p, qe[0,1] such that p + q < 1, we have (P9) e A = Halx) 2
. 1 1 (x_l )( ) .
p and VA(x)<q,i.e., ua(x")=p and vo(x ) <q = 71 e A ie., AeT. So IFS(G)

c T. Hence T is a discrete IFT on G.

Remark (3.6)(i) If there exist atleast one element x in a group G such that x"' # x, then the GIFTS on G is not a
discrete IFTS.

(1) If |G| = 2, then the GIFTS(G,T) on G is not an indiscrete IFTS, i.e., there exist Ae IFS(G), which is different
from &_ and G. such that AeT.

Theorem (3.7) Every intuitionistic fuzzy subgroup of a group G is T-open set in GIFTS.

Proof. Let A = (u4, va) be any IFSG of the group G. To show that A € T.
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Letxpq €A = Ha(x) Zpand va(x)<q,i.e, uax ) =pandvy(x Y <q = (x'l)(p,q) € A.SoAeT.
Remark (3.8) Converse of theorem (3.7) is not true i.e. T-open set need not be IFSG of G.
Example (3.9) Consider the group G={ e, a,b,ab }, where a*=b*=¢ and ab = ba be the Klein four group.

|4
Define an IFS A = <’uA’ A> of G by

1 if x=e 0 if x=e
0.3 ) = 0.4 i =
=1 TETE gy =0t T
04 if x=b 03 ifx=b
0.2 if x=ab 0.5 if x=ab

Clearly, A is not an IFSG of G. But A is T-open set, where T is a GIFT on G.
Now, the question arises, when a T-open set of G is an IFSG of G. In this direction, we first
prove the following lemma

Lemma 3.10) Let A is a intuitionistic fuzzy subgroup of G, then

forall x, . ,y,, € A wehave (xy),, € A, where u=min{p, r} and v=max{q, s} Proof.

Xp) > Yors) €A

Let A = (ua, va) be a IFSG of G and then we have

H,x)Z2p ; v,x)<q and u,(y)2r; v, (y)<s. Therefore
M, (xy) 2 min{se, (x), p,(y)} 2min{p, ry =u and v, () <max{v,(x), v,(y)} <min{q, s} =v

implies #£,(xy)2u and v,(xy)<v, Le., (xy),, € A
Theorem (3.11) Let A be a T-open set in GIFTS (G,T), then A is an IFSG of G if and only if
forall x, . ,y,, € A wehave (xy),, € A, where u=min{p, r} and v=max{q, s}

Proof. When Ae T and is also an IFSG of G, then the result follows by lemma (3.10).
Conversely, let A = (Mas Va) be T-open set such that

VX, s Yoo € A wehave (xy), ., € A, where u=min{p, r} and v =max{q, s}

To show that A is an IFSG of G.

Letx, y € G be any element and suppose that pa(x) = p, va(x) =q and pug(y) =1, va(y) =s
Case(i) when (p, q) # (r, s) , then either p # r or q # s or both

Subcase (i) whenp #1r and q=s, wlogletp <rand q=s, then min{p, r} =u.

Now, Ua(x) =p and Ug(y) =T>p = Xpq,>VpgEA . AsAeT, so (y'l)(P,q)e A.

Thus Xpq > 0 Deg€A = (0 g €A ie. ta(xy") =p=min{p, r}=min{us(x), La(y)}
and va(xy") < q=max{q, s}= max{va(x), Va(")}.

Subcase (ii) when p =r and q # s, wlog let q <'s, then max{q, s}=s.

Now, va(x)=q<sand Vg() =S = X5 ,Vps €A . As AeT, s0 (y’l)(p,s)e A

Thus X , (y_l)(p,s)EA = (xy_l)(p,s) €A ie. Wa(xy")2p=min{p, r}=min{us(x), Ha(y)}
and vA(xy") <s=max{q, s}= max{V,(x), Vo(»)}

Subcase(iii) when p #r and q #s, wlog let p <r, q <s then min{p, r}=p and max{q, s} =s
Now, ua(x) =p and ug(y)=r>p and vo(x)=q<sand vp(y)=s

implies X(g) > Vo €A . As AET, 50 ()€ A

Thus Xgpg > (7 po€A = (0 )pe €A ie. Ma(xy™") 2 p =min{p, r}=min{u(x), La(y)}
and vo(xy™") <s=max{q, s}= max{vA(x), va()}.

Case(ii) when (p, q) = (r,s) > p =1 and q=s, then min{p, r}=p and max{q, s} =s

Thus X, (7 ps€A = (0 )ps €A ie. Ma(xy") 2 p=min{p, r}=min{us(x), ua(¥)}
and va(xy") <s=max{q, s}= max{va(x), Va(»)}.

Thus in all the cases, we see that A is an IFSG of G.

Remark (3.12) The GIFTS on the group G is fully stratified intuitionistic fuzzy topological space by remark
(2.11)(i1) and Theorem (3.7).

Lemma(3.13) Let (G,T) be an GFTS on the group G and A, BeT such that x;,q€ A and y.€B, then (xy)q,v
€ AB, where u = min{p, r} and v = max{q, s}.

Proof. Since x, ()€ A and yq5€B = Ha(x) 2, Valx) <q and pg(y) 21, ve(y) <s.

= min{a(x), Up(¥)} = min{p, r}=u and max{va(x), vg(y)}< max{q, s}=v.
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Now, pap(xy) = Sup{min{ua(x), Us(»)}} Zu = Has(xy) >u and
Vap(ry) = Inf{max{va(x), Vg()} } <V = Vap(xy) < v.
Thus, pap(xy) >2u and Vap(xy) <V = (X))uv) € AB.
Theorem (3.14) If A and B are T-open sets in G, then AB is also T-open set provided G is an abelian group.
Proof. Let x, )€ A and yq € B, then by lemma (3.13), we have
(*))v) € AB, where u = min{p, r} and v=max{q, s}.
Also, because A, BeT .. (x'l)(p’q)eA and (y'l)(r’s)e B. Again by using lemma (3.13), we have
Y Dww €AB = (%) Dy €AB, ie., (%) )y € AB [ As G is abelian ]
Thus, (x))uy) € AB = () )y €AB = AB eT.
Theorem (3.15) Let H be a subgroup of a GIFTS (G, T), then the relative IFT Ty on H is a GIFT on H.
Proof. The subset H of G has an intuitionistic fuzzy characteristic function ¥y defined as:
(1,0) if xe H

2=ty Vi) O.1) if xe H
Clearly, xu(x) = (1, 0), V xe H is a constant intuitionistic fuzzy set on H.
LetTy={ Anyxy: V AeT }. Then we claim that Ty is a GIFT on H.

For, choose 0 €T, then as (Q N Xp)(x) = (min{0,1}, max{1,1}) = (0,1) = 0 (x) , so we have 0 € Ty. To Show
that H_e Ty, choose g the characteristic function for G, then (Yg M Xu)(x) = Yu(x) , so we have H_e Ty.

U4, ﬂzﬂ){UA,-jﬂzH €T,
Further, let {A;N %y :i€ A }< Ty. Then, €A feA

Also, let Ay N xy and A, N Xy be any two members of Ty Then

Arnxa) N (AN xa) = (A1 N A) Ny € Ty. Hence Ty is an IFT on H.

Further, let T, is a GIFT on H, then we show that T, = Ty.

Let AN A GTH, let Xp,q) € (A M XH) = Wanyn) (x) >p and V(AmxH) (x) <q.

= min{pa(x), ixu(x)} 2p and  max{v,(x), vu(x)}=<q.

As xeH therefore, uyu(x)=1 and vyxu(x) =0, so ua(x) =min{ pa(x), uxux)} =p

and VA(x) = max{ Vo(x), Vxu(®)} <q - Xpq €A. AsAe T= (x7) g €A

Also, pyu(x ") =1 and vyu(x") =0, as such min{ps( x ), pxu(x )} = p and max{va(x™), vxa(x)} <q
implies that (x ").q € (A M %xw).

Thus, Xp,q) € (A M XH) = (x -1)(p,q) € (A M XH) and SO, AN XH € Tl, i.e., TH c Tl.

Further, let B € T, and so if x5 € B= (x'l)(r,s) € B.

Also, B=B nyye Ty. Therefore, T; < Ty and hence T, = Ty.

Hence relative intuitionistic fuzzy topology on H is the GIFT on H.

4. Functions on Group Intuitionistic Fuzzy Topological Spaces

Theorem (4.1)Let /:G — G’ is a group isomorphism and T, T” be GIFTs on groups G and G’ respectively. Then
fis intuitionistic fuzzy homeomorphism between GIFTS (G,T) and (G, T")

Proof. Let f : G — G’ be an group isomorphism, where G and G” are groups. We show that " is a intuitionistic
fuzzy homeomorphism.

For intuitionistic fuzzy continuity: let B be any T’- open set and let x,q) € f (B). Then

/lf,l(B)(x)Zp and V‘/,,I(B)(x)Sq = Uy(f(x)=zp and v (f(x)<g

ie, (f(x)),, €B.AsBeT wehave ((f(x)"') eB,ie, (f(x),, €B
= pu(f(x))2zp oand v (f(x')N<qg = p,,(x")2p and v, (x)<q,
ie,(x"), € f(B).Thusx, € f(B) = (x),, € f (B).So, f(B)eT.

Hence f is intuitionistic fuzzy continuous.

(p.q)

, 2r and Vv, <s
For intuitionistic fuzzy open mapping: let AeT and y., € f (A) = #y (4 ») 4 (A)(y)

= M, (x)2r and v, (x)<s

[ = f isisomorphism . (£, (D).V 00 ()= (1,00 (LCNV 00 (F()) = (1,(x), V,(x))]
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= X, €4 AsAisT-opensetso (x ), €4 ie p,(x)=r and v, (x )<s

Again, as f is isomorphism, we have f(x )=y and g, (x")=r and v, (x")<s
Thus, ;uf(A)(y_l) = ;uf(A)(f(x_l)) =H, (x_l) 27 and Vf(A)(y_l) = Vf(A)(f(x_l)) =V, (x_l) <s
= (y_l)(m,) € f(A4). So, f is an intuitionistic fuzzy open mapping.

Hence f is a intuitionistic fuzzy homeomorphism.

Theorem (4.2) Let /: (G,T) 2 (G,T") be a mapping. Then f'is intuitionistic fuzzy continuous if and only if [
=)', vxeG.

Proof. Firstly, let f (x") = (f(x))", V x € G hold.

Let B be any T’- open set and let x, ) € f (B). Then

Mo ()2 p and v o (x)Sqg = u,(f(x)2p and v,(f(x))<q

ie., (f(x)),,€B. AsBeT wehave ((f(x)™') eB,ie, (f(x),,€B8
= (ST zpoand v (f(x')N<Sqg = pu,,,(Hzpand v, (x)<q,
i.e.,(x’l)(p’q)e £ (B). Thus X, € (B = (x’l)(m)e f'(B).So, f'(B)eT.

Hence f is intuitionistic fuzzy continuous.

(p.q)

Conversely, let f: (G,T) = (G",T) be intuitionistic fuzzy continuous mapping.
To show f(x™) = (f(x))", V x €G.
Let xe G = f(x) € G”. Suppose that B be an T’- open set such that {f(x)} s € B

Hp(f()2zr and vy(f(x)Ss,ie, 4, () 2r and v, (x)<s, ie, x, € SH(B).

As the map f is intuitionistic fuzzy continuous .. f~'(B)e T, so (x"l)( € f7(B)

= ,uf,,(B)(x_l) >r and Vf,l(B)(x_l) <s,ie, g, (f(x)=r and v, (f(x")<s
So, (f(x™)., € B. Thus, we see that if (f(x)),,, € B = (f(x7)),, € B.

Let H = { f (), { f )}"}. Clearlyy, H < G’. Define the IFS C on G as follow:

r if yeH s if yeH

e ()= ) and v.(y)= i ; where 1, se (0,1] such thatr +s <1.

{0 if ye H {0 if ye H
Obviously, C eT’. As proved earlier, {f'(x)}.s€ C = {f (x'l)}(r,s) eC
This means that /' (x') = {f(x)}"". Hence proved.
Theorem (4.3) Group intuitionistic fuzzy topological space is an intuitionistic fuzzy topological property.
Proof. Let (G,T) be a GIFTS and f:(G,T)— (X,T) be a intuitionistic fuzzy homeomorphism. We will show that
(X, T") is also a GIFTS. To prove this, we first show that X is a group under the operation:

Viva=f(x) f(x2) =f(x) Le. yiy2 :f(f-1 (YI)f-l 0))=fxx2) 5 V oy, yeX

Closure property: let y; y,€ X, then yiy2 =/ (f" (y).f~ () =f (xix)e X.
Associativity: let y, y2, y3€ X, then
Yi(y2y3) = yi(f (2x3)) = f (x0)(f (x2x3)) = 1 (x1(x2.x3)) = f ((x1x2) x3))

=/ ((n1x2) x3) = f (x13x2) f(x3) = (f (x1) f (x2))(f (x3))

=(y1Y2) Y3
Existence of identity element: let € be the identity element of G.
We show that f'(e) is the identity element of X.
Let ye X be any element. Then yf(e) =/ (/" /" () =" M=, )=y
Similarly, we can show that f(e)y=y.
Existence of inverse: let ye X. Then 3 xe G such that y = £ (x). We show that y"' =f(x"") is the inverse of y. Now,
yY = O o= U ST FENI =, 0x ) =f(e)
Similarly, we can show that y'y = f(e). Hence X is a group.
Next, we show that the topology T is the GIFT on X.
Let T” be the GIFT on X. Then we show that T"=T".
Let ye X be any element then 3 a unique xe G such that f'(x) =y
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Let Be T’ . As f is intuitionistic fuzzy continuous .. f '(B)e T.As T is a GIFT on G
Therefore x, ,€ /7' (B) = (x'),,€ /' (B)

. -1 -1
i.e. ,uf,.(B)(x)Zp and V_/.,.(B)(x)Sq = ,uf,.(B)(x )= p and V‘/_,.(B)(x )< g

ie. g,(f(x)2p and v,(f(x)<qg = w,(f(x"))2p and v, (f(x")<gq
ie. uy(y)2p and vy(y)<q = u,(y")2p and v, (y')<q
ie. y,,€B = (), ,€B.5 Be T [~ T”isa GIFT on X]

Thus Be7' = BeT” .. T c T

Conversely, let B € T”. Then for any element y € X, 3 unique xe€ G such that f(x) =y

Now, y,,€B= (v ), ,€B ie u(»)2p and v,(»)<q = p,(y")2p and v,(y ') <gq
ie. Wy(f(x)2zp and vy(f())<q = (f()2p and v,(f(x")<q

ie. ,u/.,l(B)(x) > p and V_/.,.(B)(x) <qg = ,u/.,.(B)(x_l) > p and V_/.,I(B)(x_l) <gq

ie. X, € f'(B) = (x’l)(p,q) e f7'(B) ie. f'(B)eT.

As f is open mapping. Therefore f(f'(B)eT” ie. Be T

Thus Be T = BeT so T < T. Hence T'=T"

Corollary (4.4) Let /: (G,T) > (G/,T) be a intuitionistic fuzzy continuous mapping and K ={ xe G : f (x) = ¢’}.
Then the topology induced on the set K is a GIFT, where ¢’ is the identity element of G”.

Proof. Let Ty= { Anxx: V AeT }. Then we claim that T is a GIFT on K.

Letx € K be any element, then f(x) =¢”. Now f(x )= {f(x)}' = {e'} ' =¢’= x 'eK.

Let x(p,q)e (A (@) XK) = }.L(Ame)(x) > p and V(AQXK)(X) < q.

= min{ PA(X) , Wk (x)} 2p and max {Va(x) , V;x(¥)}<q

= Ua(x) 2p and VA(X)<q [As Wx(x) =1 and vk(x) =0 ].

So xpqpeA. As AeT = ™M paEA, ie., ua(x) = p and va(x')<q, also

Wek(x) =1 and v,k(x) = 0. Therefore min{pa(x™"), ek (")} = p and max{va(x"), vx(x)}<q

e, Wang @) 2p and Vianm XN <q ie (pge (AN
Thus xpge (AN k) = ™ 0. € (AN yk). Hence Tk is a GIFT on K.

Theorem (4.5) Let /: (G,T) = (G,T) be a mapping from a GIFTS (G,T) onto itself defined by f (x) =x" ; V x
€ G. Then f'is bijective and intuitionistic fuzzy continuous.
Proof. Clearly, /is one-one and onto. Let B T be any open set. Then we show that /™'(B)e T.

Let x,, € /7(B) = Mg () Zp and v, (x)<q

= U(f()2p and vy(f()<q = 4 ({f/@}")2p and v, ({r@}")<q
ie, ty(f(x)2p and v (f(x")<q = ﬂffl(B)(x_l)Zp and fol(B)(x_l)Sq,
ie, (x )(M)e f7N(B). Thus, x,,€ f(B) = (x )(M)e 77U(B).

So, f'(B)e T. Hence f is intuitionistic fuzzy continuous.

5. Product of Group Intuitionistic Fuzzy Topological Spaces

In this section, we study the product of group intuitionistic fuzzy topological spaces. We also discuss similarities
with difference from product of intuitionistic fuzzy topological spaces and also from the intuitionistic fuzzy
topological groups.

Theorem (5.1) Let (G4, T;) and (G,, T,) be two GIFTS. Then product intuitionistic fuzzy topology on
G X G, is contained in the GIFT on G; X G,. The equality between the two topologies need not hold.
Proof. We know that G; X G, is a group under the point wise operation defined by

(1, 1) (2, 32) = (x1x2, Y1 ¥2) ; V(xi,01), (e, 1) G X Gy
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The element (ey,e,)is the identity of Gy X G,, where e, e, be the identities of G;,G, respectively Let (x, y) be any
element of G, x G,. Then (x”, y'l) is the inverse of (x, y) in G| X G,. Let T” be the product IFT on G;x G, and T
be the GIFT on G| X G,. We show that T'c T. Let A € T” and let z = (x, y) be any element of G; X G, Then

Z,y € A=BXC, where BeT}, CeT, = w, (x,y)2p and v, (x,y)<q
= min { 4, (x), 4-(¥)}2p and max{ v,(x), V.(»)}<q

=> () 2p, 4 (y)2p  and vy(x)<q,V.(y)<q

= M (x)Zp,vy(x)<q and u.(y)zp,v.(y)<q

= x,,€B andy, ,eC = (),,€B and (y"),,€C [~ Bel,Cel,]

(p.9)
= Uy(x )2 p,v,(xN<q and u.(y N2 p, v (y)<g

= u,(x)2p, g (y)2p and v,(x)<q, v.(y")<q

= = min { #,(x"), 4(y")}2p and max{ v,(x), v.(y )}<gq

= Upe(x L,y D)2p and vy (x7,y)<q, ie, fy (z)2p and v, (27)<q
= p,(z)2p and v,(z7)<g,ie, ), €4

Thus z,,€ A = (), € 4.So, A€ T. Therefore, T'cT.

Next, we show that the equality between T and T’ need not hold.

LetG,=(Z,+) and G,=(2Z,+). Let T|, T, be the GIFT on G, and G, respectively. Again suppose that T”
be the product IFT on G;x G, and T be the GIFT on G, X G,.

Consider the subset H={(2, 4) , (-2, -4)} of G| X G,. Define the IFS A on G;Xx G, such that

1 (x.y) = p if(x,y)eH and  v.(xr.y)= q if (x,y)eH
A 0 ; otherwise A 1 ; otherwise
But the smallest T’-open set containing A is B x C, where B € T| and Ce T, defined as:
p ifx=2,-2 q ;ifx=2,-2
x)= and v(x)=
Hs (X) {0 ; otherwise ) {1 ; otherwise
p ifx=4,-4 q ;if x=4,-4
He(x) = , ) and  V.(x)= _ .
0 ; otherwise 1 ; otherwise Then

(BXC)(xay):(lquC(xay)’ VBXC(x’y)):(min{luB(x)uuC(y)}’ max{VB(x),VC(y)})
z{(p7Q) lf‘ (xay)e {(254)5(27_4)5(_274)7(_25_4)}

(0,1) otherwise

Thus, A ¢ T’. Hence, T # T.
Remark (5.2) If in the above theorem (5.1), we have x'=x and y"' =y for all xe G, and for all ye G,, then the
product IFT on G| X G, is same as the GIFT on G| X G,.

Next, we show that GIFTS (G, T) is not a intuitionistic fuzzy topological group as defined in (2.13)
Example (5.3) Consider G ={1, w ,w*}, where w is non-real cube root of unity. Then (G, *) is a group. Consider
the IFSs A and B on G as follows:

A ={<1, 0.9, 0.1> , <w, 0.6, 0.3> , <w’, 0.6, 0.3>} and B = {<1, 0.8, 0.1> , <w, 0.3, 0.5>, <w’, 0.3, 0.5>}.
Clearly B ¢ A.

Consider T ={J_, G_, A, B}. Itis easy to verify that T is a GIFT on G.

Define the mapping f:G>G by f(a)=a™' ;V aeG and

g:GxG>G by g(aby=ab ;V a beG.

Clearly, the map f is intuitionistic fuzzy continuous by Theorem (4.5). Further, let A €T, then

{7 (4)}(a, b) =(,ug,](A)(a, b), Vg,](A)(a, b)) = (u{g(a )} v.{g(a b)})z(,uA(ab), v,(ab)), V(a, b)e GXG.

ie, g'(A)=1{<(1,1),0.9,0.1> < (1,w), 0.6, 0.3> < (w,1), 0.6, 0.3>, < (1, w), 0.6,0.3> < (w’1),0.6,0.3>
< (w, w), 0.6, 0.3>, < (W', w), 0.6, 0.3>, < (w, w), 0.6, 0.3>, < (w’, w’), 0.6, 0.3>}. Now, we show that g '(A) is
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not open set in product fuzzy topological space (G,T)x(G,T), for then g "'(A) = CxD, for some C, De T, which is
not possible in this case.

Now, the question arises, when a GIFTS be a fuzzy topological group. In this direction we have the
following result.
Theorem (5.4) Let G be a group such that x'= x, for all xe G. Then the GIFTS (G,T) is same as the intuitionistic
fuzzy topological group.
Proof. It follows from Theorems (3.5) and Example (2.16)(ii)

6. Conclusion

In this paper, the notion of group intuitionistic fuzzy topological spaces is introduced. It has been observed that
the group intuitionistic fuzzy topology is different from discrete and indiscrete intuitionistic fuzzy topology, the
cases when they behave same have been examined. It is seen that group intuitionistic fuzzy topology is a
hereditary property subject to the subgroup of the group G. Also it is noticed that group intuitionistic fuzzy
topology is a topological and productive property. Moreover, it has been seen that the notion of group
intuitionistic fuzzy topology is different from that of intuitionistic fuzzy topological group as introduced by Hur,
Jun and Ryou. The cases when the two are same have also been established.

7. Scope of further study

Many properties like intuitionistic fuzzy connectedness, intuitionistic fuzzy compactness, intuitionistic fuzzy
separation axioms, convergence of sequence in group intuitionistic fuzzy topological space (G,T) are yet to be
examined. This work is under progress.
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