Journal of Natural Sciences Research www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) NJ.I.I
Vol.7 No.24 2017 “S E

CONSTRUCTION OF TRANSITIVE SUPERSOLVABLE
PERMUTATION GROUPS

M. Bello
Mathematics and computer science department, Federal University Kashere, Gombe State, Nigeria
P.M.B 0182, Gombe State Nigeria.
Tel: +2348060971976, Email: mbatap560@gmail.com

Mustapha Danjuma

Mathematics and Statistics Department, School of science, Abubakar Tatari Ali Polytechnic, Bauchi State
Nigeria
Tel: +2348037025131, Email: mustaphdanjuma@gmail.com

Sani Musa

Mathematics and Statistics Department, School of science, Abubakar Tatari Ali Polytechnic, Bauchi State
Nigeria
Tel: +2348028909358, Email: aksanimusa@gmail.com

Raliatu Mohammed Kashim
Mathematics and Statistics Department, Abubakar Tatari Ali Polytechnic Bauchi, Bauchi State, Nigeria
Tel: +2347088110109, Email: raliaumax@gmail.com

The research is financed by Federal University Kashere and Abubakar Tatari Ali Polytechnic, Bauchi

ABSTRACT
In this paper, we used wreath products of two permutation groups in constructing transitive supersolvable
permutation groups. We verified these groups using some groups theoretical concepts and also validate our work
using a standard program; GAP (Groups Algorithm and Programming).

1.0 Introduction

Supersolvable groups are very important in the theory of groups as they play an important role in the theory of
groups with finite order. For instance, finite abelian groups can be used to construct a group in which all its
subgroups are solvable, because all abelian groups are trivially solvable since a subnormal series being given by
just the group itself and the trivial group. But non-abelian groups may or may not be solvable. Thanos Gentimis
(2006), showed that any group of order up to 100 and not 60 is solvable. For this research, we shall use Wreath
Products of two permutation groups to construct locally solvable groups.

1.1 Definition (Milne, J.S, 2009)

The series of subgroups

frps oy fiyauu iy Such thatfe = &y 2 & = &y A---4 o, = (17 where /¥y, is abelian is called a
solvable series.

1.2 Definition (Milne, J.S, 2009)

A group G is solvable if there is a finite collection of groups &g {7y vy iy such

that (1) = g = fy S+ C Gy = & where f; & .4 and &, /(% is abelian. If || = 1, then G is a
solvable group.

1.3 Definition (Kurosh. A. G, 1956)
The series in 1.1 above where each subgroup is normal in the next one is called a normal series for the group G

14 Definition (Kurosh. A. G, 1956)
A group G is called supersolvable if it has normal series with cyclic factors.
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1.5 Definition (Audu M.S, 2003)
The Wreath product of C by D denoted by W = C wr D is the semidirect product of P by D, so

that. W = {{f.d)| f € F.d € I}, with multiplication in W defined as (f, d,(f, 8. = fi T e da) for
all fi. fi € Fond d,. 8, E I} Henceforth, we write fe instead of [f, &) for elements of W.

Theorem 1.1 (Audu M.S,2003)
Let C and D be permutation groups on I'and & respectively. Let £ be the set of all maps of A into the
permutation group C. That is % = {f1A— 1% f, fi € €% Let i £ in £% be defined
v 6 ind by U f2 )08 = f{8)f(8), (M. S. Audu, K.E Osondu, A.R.j. Solarin, 2003)
Remark
i. Thus % isa group with respect to multiplication defined above. (We denote the group by P)
ii. With respect to this operation of multiplication, £ *acquire a structure of a group.

Lemma 1.1
Assume that D acts on P as follows: £2(§) = f(§d " )forall & € A,d £ I. Then D acts on P as a group.

Theorem 1.2 (Audu M.S, 2003)
Let D act on P as a group. Then the set of all ordered pairs [f. &) with f € P and & € I acquires the structure of
a group when we define forall £ 1, o€ F

4 it |
ond dy,  dp € D{fl.d)(fa. 8 = (fifs™"  ,dyd,)
Theorem 1.3 (Audu M.S, 2003)

LetDactonPas f4 (5} = f(5d *)where f € F,d € Dond § € 4. Let W be the group of all juxtaposed
symbols fd, with £ € P, d € D and multiplication given by (£, (£, da1 = ™ 1 {d,d,). Then Wis a
group called the semi-direct product of P by D with the defined action.
Based on the forgoing we note the following:

% If C and D are finite groups, then the wreath product W determined by an action of D on a
finite set is a finite group of order |W/| = |I£'||"J'I 8]
P is a normal subgroup of W and D is a subgroup of W.
The action of W on " x A is given by let: £ fd = laf(f), fdlwherea € Iond § € A,

o,
0‘0

KD
°e

2.0 Preliminaries
The following Theorems are important in this work.
Theorem 2.1 (Thanos G., 2006)

fr is solvable if and only if &% = 1, for some n.

Theorem 2.3
A group G is solvable if and only if it has a solvable series.

Proof

Suppose G is solvable. Then by the definition of “solvable,” in the derived series of commutator subgroups we
have ™ = (1), for somen € N.By Theorem 2.2, in the series

=60 =68 == 6@ = (1), we have thatr“* is normal in &% and /5 4*1 is abelian. So the
series is subnormal (because each subgroup is normal in each previous subgroup) and is also solvable (since the
quotient groups are abelian).

Now suppose & = fry = &y =+ === iy, = (1] is a solvable series. Then

{7/ &, Lis abelian (by definition of solvable series) for 0 = @ = n — 1. By Theorem 2.2, {7y = {7} for

D =it=n-—1

Since in the derived series of commutator subgroups we have & = fz R . G‘), then

GoeGy =6 =6%

Biwrly =AGo0) st

By = ein) =50

G[H. = Gl-.r = I:G(q :] = G(E+L‘l

G gag = (BN 2) =68,
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But &, = (1) so it must be that ™ = {1) and f is solvable.

Thus, we give the following illustrations:
() & ={{1),(28765), (47586), (46857) (45678], (132),
(132)(48765), (1321 (47586, (1321 (468570, (132] (4567 8], (123,

(1231148765), (123)(47586), (1230 (468571, (123)(4567 87
has the subgroups as follows;

Hy =(1)
Hy = ({1),(123], (132))
H, = {{1),(48765), (47586), (46857), (456787
H, =1{(1),(48765),(47586); (46857), (45678), (132);
(132)(48765), (1320475867, (132) (46857), (132)(48678), (123),

(1231148765), (123)(47586), (1230 (468571, (123)(4567 87
has a solvable series which is (1} = A = H; =1 H; = {x hence solvable by Theorem 2.3

(ii) The dihedral group D, is solvable since D &= {p} = {1}

Let Dy4 be the Dihedral group of Degree 8 given by:

Dy = £(10, (2800370 04a), (150 (26) (371 (48], (153 (24) (8], (17530 (2864),
(17){26)(35),(1357)(2468), (13)148)(57), (187 65432),
(18)(27)(36)(45), (14725836), (142(23)(58) (67), (16385274), (16)(25)
(34) (78], (12345678}, (12)(38)(47)(567]

whose subgroups are as follows;

Hy = (1]

Hy = {01, (18)(263(37)(480) = g}

Hy =100, (28) (371(4a), (150 (260 (370 (48), (150241 (680, (1753) (2864,
(17)i26)(35),01357)(2468), (13)(48)(57), (18765432],

(18)127)(36)(45), (14725836), (143 (233(58) (67), (16385274), (167(25)
(343 (78], (12345678), (127 (38904730561}

Hence Dyy = Hyt= Hy = H, = (1]
Proposition 2.1
Let G be solvable and ' = . Then

3. His solvable.

4, If H =1 &, then &/ H is solvable.

Proof

Start from a series with abelian slices. & =y = Gy E--+k= & = {1} Then

H=Hnbt, & HnN G k= H NG, = {1} When H is normal, we use the canonical projection
T 6 = GfHtogeth/H = mliy) &= Iz wlfz, ] = {1} the quotients are abelian as well, so &/ H is still
solvable.

Proposition 2.2

Let & 4 fr. Then fr is solvable if and only if & and &/ are solvable.

Proof

(=) This is obvious by Proposition 2.1.

(&) Stick together a series for & with abelian slices with the lift to G of a series for &r /¥, using the fourth
isomorphism law.

Proposition 2.3

Let G be a group with a composition series. Then the following are equivalent:

1. G is solvable.

il. All composition factors are abelian.

1. All composition factors are cyclic of prime order.
Proof

i. =ii. Apply Proposition 2.2 to a composition series.
ii.= iii. Simple abelian groups are cyclic of prime order.
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iii. =1. Take the composition series as the subnormal series with abelian factors.

Thus, n = 4, 5,is not solvable. Ayis not abelian. Note that solvable groups with a composition series are finite.
Theorem

Supersolvable groups are closed under passage to subgroups, quotients, and direct products

Corollary

Let G be a group with normal subgroups H and K. If G/H and G/K are supersolvable then G/(H N K) is
supersolvable

Theorem

Let G be any group and N C G. If N is cyclic and G/N is supersolvable then G is supersolvable

RESULTS
2.1 Consider the permutation groups ;= f{1}.{123},(1323} and Iy = {(13.{12)} acting on
¥ ={1,23)ond A= {1,2] respectively. LetF, = £, = {fiA, = £,1 Then || = |€,|™] = 3% = 9. The
order of the wreath product is given by |4/ | = |E',_||ﬁ1| w o = 3f w2,
The mappings are as follows
ftl=(12 = (17
fotl—= (1233, 2 = (123
fiil= (1323, 2 = (132
Hr1 =102 = (123
frl=ilh.2 = (1327
fil=(le3)2 =(1)
HFrl=01227.2 = (1)
farl=1320,2 = (123
farl = (1233, 2 = (132)
The elements of W are
(fdod (8, U 0 (R 8o (A d ) TR o (AL ) T a0 UL 6y
U do) (e did LR do ) U d ) U, o) U d ) U dy ) U iy U
(@63 = (af(6) 6d),
Further, I # A = {(1.1), (1.2}, (2,10, (2,20, (3.1), {320
We obtain the following permutations by the action of W on ™ = 4
(e 1f 6y = (afil5) 8d,)
(11)fd, =01£00),14,0 =(1.1)
(120 fid, =14 02).2d 0 =(L2)
(2.10fd, = A, 1d 0 =(21)
(2.20fd, = A (2).2d 0 =(2.2)
(3.10fd, =(3£01).1d ) =(3.1)
(3.2)fd, =(3f(2).2d 0 =(3.2)
Rename the symbols as
L1y =1 (21) =2 (3.1) =3
(L2) =4 (2.2) =5 (32) =6
And in summary,

ity < fLHLAGDEARTES

(11002 (2.0 (2.203.1002.2)
(1,1001.23(2.1)(2,2303.13(3.2)
Lauianenaine,
(1,000,230 2,1)(2.2303.10(2.2)
(210022030 (3001102

{ )
{ )
{Llljllzj 21)(2.2)(3.1 32]
{J ,[,][,][,][,]]
{ )
{ )

(T 3 &) 2!

(T 34y Feuty?

Cfaad 2
(Fd) (z2zu0EaEnLan1

(1,161,230 21) (2.23(3, 10 (3. 2)

(GUEALDS21002.2
(11000, 2302,1)(2.2303.13(3.2)

EAEDDLERADED

(T 3 4) Bty

(T 3 4) Bt
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AR = (1,101,200 21 (2.0 1003.2)

(2201100500012 06.10

e ity - (AR D 22001 .:3,2]]

(3100220 L 0 (200210022

T AV {Ll,ljll,zj[z,lj (2:2)(3.1)(3:2)

GauiLaEnaGEy
(1,106,230 2.1) (2. 25031003, 2)

e _
(Fd) TGO
: (1,102 (212,203 1003.2)

Cfpadad —
(Fd) AL oG L
- (1100123020 (2. 203.10(3.2)

e _
(Fd) a [2,1][3,2}[3,1][1,2][1,1][2,2]]

[1,101,2)(2,1)(2.2) [3,1}[3,2}}

XA s bgdi= {[2,2] (3100329011 (L2)(2.1)

Then the permutations in cyclic form is
(13, (14) (251 (36), (123) (456), (1534260, (132)(465) »
W _{ {162435),0456), (142530, (465), (1436257, (123], }
L (1526340,(1320, (1635240, (1341 (456) , (35),
{12310465), (1510261 (347,
Some of the normal subgroups of W} are;
Hy =1)
Hy ={(1),(123)(465),(132)(456)}
Hy ={(1),(132),(123),(465),(132)(465),(123)(465),(456),(132)(456),(123)(456)}
(10, (43 (asa 2], (123004567, (1534260, (1320 (465,
S { (162435), (4567, (142536),(465), (1436 25), (123), }
1 (152634),(132), (163524), (1343 (4567, (35),
{123 (4651, (151 (26] (34].

W, is transitive with chief series as Wy = Hy = H, = H, = Hy = [1] with cyclic factors £5.Cy and €4

2.2 Consider the permutation groups €y and &y

€, =110, 1120} 0, = {{1),135){46), (3654), (3456) }

acting on the sets 5= 11,2} pnd A,= {3,4.5,6] respectively.

Let P = C,% = {fid,— C,dthen|P| = |0,1% = 2% =16

We can easily verify that fry is a group with respect to the operations
(Afad8y = 6 0f B dwhere b E A,

The wreath product of £ and Iq is given by W4, where

WZ

= {1}, 0780, (5a) (78, (56, (3430780, (34), (240 (5a), (34 (560078, (123034) (561 (78), (1220340 (56), (12)
(34, (120 (a0 7al, (2305e), (123 (5a) (7a), (1200780, (12), (175300280840, (176425530, (17630 (2554,
(175428630, (17040028530, (175328640, (17540 (28630, (176328540, (18540 (2763,

(18632754, (18640027530, (185327040, (18630 (27540, (185427630, (18530 (27 64,
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(186427530, (153 (26) (371 (48], (15)(261(3748), (15260(3748), (15261 (373048), (15)126)

(38) (470, (1510260030470, (15261038477, (1526) (380 (47), (1610250 (38) (47), (1610251 (3847), (1625)
(38470, (162500380 (470, (16) (250(37)(48), (160 (25) (37480, (16250 (3748), (162500370 (48,

(13571 (24680, (13572468), (13880 (24670, (135824677, (13680024570, (1368 2457), (1367)

(24587, (1367 2458), (14580(2367), (14552367), (14570 (2368), (14572368), (1467)

(23587, (14672358), (1468)(2357), (146823577

Some of the normal subgroups of W, are;

Hy =1(1)

H, = {(1], (12)(343(567(78)}

H, = ({1, (12)(96), (341(78), (12)(34)(56) (783}

Hy = {(1], (342 (78}, (561(78), (341 (56), (123 (78), (12)(34), (123 (58], (12)(34)(56)(78) ]

H, =10, (12) (343, (1220340 (56), (123 (56), (340 (56), (12), (34), (56, (78), (123 (78], (340 (78],
(123343 (783.0560078), (120 (56) (78], (241 (5620780, (12)(34)(563(78))

H =
{ﬂ] JE6), 078N (ea) 7Y, (340 07E), (34005600780, (340, (340 (567, (150 26) (370 (48, (15260037 Jida),

(153260 (3748), (1526) (3748), (150 (260380 (47), (15260038 (470, (15) (26] (38471, (1526) (384 7), (16)
(2531370 (48).(1625)(37)(48), (16) (253 (3748), (16251 (3748 ), (161 (25) (381 (47),{16253(38)

{473, (16) (250(3847), (16250 (38470, (123(56), (127, (120 (563 (78], (120 (78), (12) (34)i(56) (78], (12) (342 (78],
(12334 (5a), (127034}

Hy
= {(13, (78], (56) (78], (56), (3470780, (34), (34) (56, (343 (5a) (78], (12) (342 (56) (78], (1230340 (58], (12)
(234, (12)(24)(72), (120 (56), (12) (563 (78), (L2) (78}, (12), (17830 (2864),(17642853), (1763) (2854),
(17542863), (17640 (28530, (17532864, (17540 (28630, (176328540, (18540 (2763),

(186322754), (18640 (2753), (19532764, (1863) (2754, (185427637, (1853 ) (2764,

(186427530, (15)(26) (371 (48], (15)(263(3748), (15260(3748), (15260 (372(48), (15)(26)

(38 (47, (153026003847, (15261 (38477, (15267 (382 (47), (161(25) (38) (47), (16)(25)(3847), (1625)
(38470, (162500380 (470, (16) (250 (37)(48), (160 (25) (37487, (16250 (37487, (162500371 (48],
(13571024680, (13572468), (1358 (246 7), (1358246 7), (12680(2457), (1368 2457), (136 7)

(24587, (1367 2458), (14580(2367), (14552367), (14571 (2368), (14572368), (1467
(2358),(14672359), (1468)(2357), (1468235771

W, is transitive with chief series as Wo = Hy = Hy t= Hy = H, &= H, = H, = [1) with cyclic factors £3.C, €,
Ly and £

2.3 Consider the permutation groups '3 and Iy

= {013, (15432), (14253), (13524), (123457} Dy = {1, (6733
acting on the sets 5y = 11,2345} ond A,= {8,7] respectively.

Let P = 4™ = {fidy— Cylthen|P| = |c,l% =52 =25

We can easily verify that fry is a group with respect to the operations
(Afad8y = 6 0f B dwhere b, E A,

The wreath product of £ and I is given by W4, where

Wo ={(1),(610987),(697108), (6810 79), (678 910),(15432), (154 3 2)(610987),
(154232(697108), (154320068107 9), 01542200678 910),(14252),
{14252)(610987), (1425300 7108),014253)(681079),(1425%
(6780910),(135243,013524)(610987),(1 3524369 7108),(13524)
(6B1079,(13524)(672010),(122345), 0122453061098 7),(12 245)
(607108),(12348)(681079),0(1.23458)(678910), 0163027103 8)(4 93( 5100,
(16510493827),(164927510348).0163685102748),(16273849
5109,(11059483726),(11048265037),(11037592648),(1102637
485901100, (26)(371(48)(59),(19472105836),(19365821047),
(192103647581 9(2100(36)(473(58).,(19584736210),(1831057
2046),(1829310465 7018302903100 (46)(5 7, (18574631029,

({18462057310),(1 72683941056 (1702803 2)04100056), (1756410
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3928, (174102856390, (1739562684107}
Some of the normal subgroups of Wy are;

Hy=(1)
H::{El],[15432][6m98?},[14253]{69?1n BLi135243(681079),(1234 %)
(6789107}

H, = {{1),(15432),114253), (13524}, (123450 (6109870, (1543 2 61098 7),(14253)
(610887),013524)(610987),012345)(610987),(697108),(15432)
(ao7i08),(14253)(627106),(13524) 69 7108), 0123450069710 8],
(eei079, 0154320681079, (14253068107 9), (135241068107 73],
{123458)(681079),(6708910),(15432)(6708910),(14253)( 678 910)
A13524)(6780910),(12345)(67 8910))

Hy={1),(610987), (697108}, (681070, Ca78 910), (15432),{154 3 2)(610987),
(15432)(697108), (15432068107 9),015432)(678 910),(14253],
{14253)(p10987), (142530 p07108),014253)(681079),(14253)
(678910),(13524), 0135 24)(A10 987,01 35240 69 7108),(13524)
(6B1079,0135 24)(670910),(12345),01 234 5)( 61098 7),(123485)
(607108),012345)(681079), (12345067 8910), {1 a)02 7103 804 93 510],
(165104938 27).(16492751038),(16385102749).(16273849

5109, 011059483 726), (110482659370, (11037592648), (1102637
48501100, C26)( 370483059, (1947 2105836, (19365821047),

(102103 64758), (19021 (36)(47)(58),(19584736210),(1831057
2946),(18293104657),0160(29003100(48)(8 7185746 31029),
(18462957310).(1 7283941056, 017302803 90(4100(56), (1756410
3828, (174102856390, (1739562684107)

W, is transitive with chief series as Wy = Hy &= H, = H; = H, = (1] with cyclic factors €. 5 €5 and 5
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