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ABSTRACT 

In this paper, we used wreath products of two permutation groups  in constructing transitive supersolvable 

permutation groups. We verified these groups using some groups theoretical concepts and also validate our work 

using a standard program; GAP (Groups Algorithm and Programming).  

 

1.0 Introduction  

Supersolvable groups are very important in the theory of groups as they play an important role in the theory of 

groups with finite order. For instance, finite abelian groups can be used to construct a group in which all its 

subgroups are solvable, because all abelian groups are trivially solvable since a subnormal series being given by 

just the group itself and the trivial group. But non-abelian groups may or may not be solvable. Thanos Gentimis 

(2006), showed that any group of order up to 100 and not 60 is solvable. For this research, we shall use Wreath 

Products of two permutation groups to construct locally solvable groups.   

1.1 Definition (Milne, J.S, 2009) 

The series of subgroups  

 Such that  where  is abelian is called a 

solvable series.  

1.2 Definition (Milne, J.S, 2009) 

A group G is solvable if there is a finite collection of groups  such 

that  where  and  is abelian. IfIf  then G is a 

solvable group. 

 

1.3 Definition (Kurosh. A. G, 1956) 

The series in 1.1 above where each subgroup is normal in the next one is called a normal series for the group G 

 

1.4 Definition (Kurosh. A. G, 1956) 

A group G is called supersolvable if it has normal series with cyclic factors. 
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1.5 Definition (Audu M.S, 2003) 

The Wreath product of C by D denoted by W = C wr D is the semidirect product of P by D, so 

that , with multiplication in W defined as for 

all . Henceforth, we write  instead of  for elements of W.  

 

Theorem 1.1 (Audu M.S,2003) 

Let C and D be permutation groups on Гand  respectively. Let  be the set of all maps of into the 

permutation group C. That is . Let  in  be defined 

in by , (M. S. Audu, K.E Osondu, A.R.j. Solarin, 2003) 

Remark 

i. Thus    is a group with respect to multiplication defined above. (We denote the group by P) 

ii. With respect to this operation of multiplication, acquire a structure of a group. 

Lemma 1.1 

Assume that D acts on P as follows: . Then D acts on P as a group.  

 

Theorem 1.2 (Audu M.S, 2003) 

Let D act on P as a group. Then the set of all ordered pairs  with  and  acquires the structure of 

a group when we define for all  

 
Theorem 1.3 (Audu M.S, 2003) 

Let D act on P as  where  Let W be the group of all juxtaposed 

symbols , with  and multiplication given by  Then W is a 

group called the semi-direct product of P by D with the defined action.  

Based on the forgoing we note the following: 

v If C and D are finite groups, then the wreath product W determined by an action of D on a 

finite set is a finite group of order  

v P is a normal subgroup of W and D is a subgroup of W.  

v The action of W on Γ × ∆ is given by  

2.0 Preliminaries  

The following Theorems are important in this work. 

Theorem 2.1 (Thanos G., 2006) 

 is solvable if and only if  for some n. 

 

Theorem 2.3 

 A group G is solvable if and only if it has a solvable series. 

 

Proof  

Suppose G is solvable. Then by the definition of “solvable,” in the derived series of commutator subgroups we 

have  = (1), for some . By Theorem 2.2, in the series 

, we have that  is normal in  and //  is abelian. So the 

series is subnormal (because each subgroup is normal in each previous subgroup) and is also solvable (since the 

quotient groups are abelian). 

Now suppose  is a solvable series. Then 

is abelian (by definition of solvable series) for . By Theorem 2.2, for 

. 

Since in the derived series of commutator subgroups we have , then 

 

  

 

 

 

 

. 
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But  so it must be that  and  is solvable. 

 

Thus, we give the following illustrations: 

(i)  

 

 
has the subgroups as follows; 

 

 

 

 

 

 

 
has a solvable series which is   hence solvable by Theorem 2.3 

(ii) The dihedral group   is solvable since  

Let D16 be the Dihedral group of Degree 8 given by: 

 

 

 

 

whose subgroups are as follows; 

 

 

 

 

 

 

 
 

Hence   

Proposition 2.1 

Let G be solvable and . Then  

3. H is solvable.  

4. If , then  is solvable.  

Proof  

Start from a series with abelian slices. . Then 

. When H is normal, we use the canonical projection 

 to get  the quotients are abelian as well, so  is still 

solvable. 

Proposition 2.2 

Let . Then  is solvable if and only if  and  are solvable.  

Proof 

( ) This is obvious by Proposition 2.1.  

( ) Stick together a series for  with abelian slices with the lift to G of a series for , using the fourth 

isomorphism law. 

Proposition 2.3 

Let G be a group with a composition series. Then the following are equivalent: 

i. G is solvable. 

ii.  All composition factors are abelian. 

iii.  All composition factors are cyclic of prime order.  

Proof 

i. ii. Apply  Proposition 2.2 to a composition series.  

ii.  iii. Simple abelian groups are cyclic of prime order.  
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iii. i. Take the composition series as the subnormal series with abelian factors.  

 

Thus, , is not solvable. is not abelian. Note that solvable groups with a composition series are finite. 

Theorem  

Supersolvable groups are closed under passage to subgroups, quotients, and direct products 

Corollary  

Let G be a group with normal subgroups H and K. If G/H and G/K are supersolvable then G/(H ∩ K) is 

supersolvable 

Theorem  

Let G be any group and N C G. If N is cyclic and G/N is supersolvable then G is supersolvable 

 

RESULTS 

2.1 Consider the permutation groups  and  acting on 

 respectively. Let . Then  . The 

order of the wreath product is given by  

The mappings are as follows  

The elements of W are 

 

 

Further, 

We obtain the following permutations by the action of W on  

 

 

Rename the symbols as 

     

     

And in summary, 
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Then the permutations in cyclic form  is 

 
Some of the normal subgroups of  are; 

  

{(1),(123)(465),(132)(456)} 

{(1),(132),(123),(465),(132)(465),(123)(465),(456),(132)(456),(123)(456)} 

                                                

 

  is transitive with chief series as   with cyclic factors  and  

 

2.2 Consider the permutation groups  and  

 

acting on the sets  respectively. 

Let  

We can easily verify that is a group with respect to the operations  

 . 

The wreath product of  and  is given by  , where 
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Some of the normal subgroups of  are; 

  

  

  

  

  

 

 
 is transitive with chief series as   with cyclic factors   

  and  

 

2.3 Consider the permutation groups  and  

 

acting on the sets  respectively. 

Let  

We can easily verify that is a group with respect to the operations  

 . 

The wreath product of  and  is given by  , where 

 

,

,
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Some of the normal subgroups of  are; 

  

 

 
 

 
 

,

,

 is transitive with chief series as   with cyclic factors     and  
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