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Abstract

The subclass P(j, 4, a,n) of starlike functions with negative coefficients by using the differential D™
operator and functions of the form f(z) = z — X34, axz"® which are analytic in the open unit disk is
considered. The subclass P(j, A, a,n,z,) for which f(z,) =z, or f'(z,) = 1, z, real is examined by
Kiziltunc and Baba (Kiziltunc and Baba, 2012). The modified Hadamard products of functions
belonging to the class P(j, 4, &, n, z,) has been obtained.
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1. Introduction
Let A denote the family of functions f of the form

f(2) =z =37 1, 2" (1.1)

that are analytic in the open unit disk U = {z € C: |z| < 1}}. A function f € A is said to be starlike of
order a (0 < a < 1) if and only if

zf'(2)
Re {ﬁ} >a, (z€U). (1.2)

Let S*(@) define the class of all such functions. Adititionally, a function f € A is said to be convex of
order a (0 < a < 1) if and only if

zf''(2)
Re{1+ f,(z)}>a, (z € U). (1.3)

Let K (a) define the class of all those functions which are convex of order « in U.
Note that $*(0) = S* and K(0) = K are the classes of starlike and convex functions in U, respectively.
Let A(j) denote the class of functions of the form:

f@)=z+37 a2 (GGEN={123..}) (1.4)
which are analytic in the open unit disk U.

For a function f(z) in A(j), the Salagean operator introduced by Salagean (Saldgean, 1983) is as follows
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D°f(z) = f(2)
D'f(z) = Df(2) = zf'(2) = z + Xi- j41 kayz"
D?f(z) = D(f (2)) = zf'(2) + z*f"(2) = z + Y= j1 kP az®
and for n = 1,2,3 ... we can write
D f(z) = D(D™'f(2)) = z + Yz jp1 kParz®  (n € Ny = NU{0}). (1.5)

With the help of the differential operatér D™, M.K.Aouf and H.M.Srivastava (Aouf and Srivastava, 1996)
said that a function f(z) belonging to A () is in the class Q(j, A, a, n) if and only if

. {u_m(mﬂz))’m(n"“f(z))'} (1.6)

(1-)D"f(2)+AD™+1f(2)

for some @ (0 < @ < 1) and 1 (0 < A < 1), and for all z € U. Additionally, T(j) denoted the subclass of
A(J) consisting of functions of the form:

f(2) =2z— Y3 1, az" (ap = 0;j €EN) (1.7)
Further, M.K.Aouf and H.M.Srivastava defined the class P(j, 1, @, n) by
P(,Aan)=Q(,Aan)nT(). (1.8)
For a function f(z) in P(j, A, @,n), M.K.A ouf and H.M.Srivastava define with
D°f(2) = f(2)
D'f(2) = Df(2) = zf'(2) = z — LiZj 1 karz®
D2f(z) = D(f(2)) = zf'(2) + 22" (2) = z — L% ;41 K2 ay 2"
and forn = 1,2,3 ... we can write
D"f(z) = D(D"f(2) = 2z = L ju kP apz®  (n € Ny =N U {0}). (1.9)
In (Aouf and Srivastava, 1996), M.K.A ouf and H.M.Srivastava obtained coefficients inequalities,
distortion theorems, closure thorems, and some properties involving the modified Hadamard products for
functions belonging to the class P(j,A,a,n). They also determined the radii of close-to-convexity,

starlikeness, convexity for the class P(j, A, a, n).

In order that prove our theorem, the following lemma is needed.

Lemma 1.1. (Aouf and Srivastava, 1996) Let the function f(z) be defined by (1.7). Then f(z) €
P(j, A, a,n) if and only if

Yiejrr KMk —a){1+ (k—DAlay <1-«a (1.10)
(ap=20;neEN;0<a<1;zeU;0<A1<1).

In (Schild, 1974), Schild investigated the class of univalent polynomials of the form f(z) =z —
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YN_,a,z™ where a, = 0 and in the disk |z| < 1. In (Silverman, 1975), Silverman dealt with functions
of the form

f(2) = a1z — Xy apz" (1.11)
where either
a, =0,f(zy), (-1<zy<1;2zy+#0) (1.12)
or
a,=20,f'(z)) =1, (-1<z,<1). (1.13)

So(a, zy) studied the subclass of functions starlike of order « that satisfy (1.12), and S;(«,z,) examined
the subclass of functions starlike of order a that satisfy (1.13). Also defined by K,(«, zy) and K, (a, z;)
the subclasses of functions convex of order a that satisfy, respectively, (1.12) and (1.13).

We denote by P(j, A, a, n, z,) the subclass of P(j, A, &, n) involving any fixed point.

In order that prove our theorem, the following lemma is needed.

Lemma 1.2. (Kiziltunc and Baba, 2012) Let the function f(z) be defined by (1.7). Then f(z) is
P(j, A, a,n, zy) if and only if

S [ () 1+ k- DD - 25 e < 1 (1.14)

(ap=20;jJEN;nEN; 0<a<1;,z€U 0<1<1; z €R fixed point).
In (Kiziltunc and Baba, 2012), H.Kiziltunc and H.Baba, studied the class P(j, 4, @, n, z,) involving any
fixed point and we determined coefficient inequalities for functions belonging to the class P(j, 1, @, n, zy).
As special cases, the results of this paper reduced to Silverman (Silverman, 1975).
In the present paper, I shall prove that the class P(j,4, a,n,z;) is closed under convex linear
combinations. Then the modified Hadamard products of functions belonging to the class P(j, 4, a,n, z;)
has been obtained.
2. Convex Linear Combinations
In this section, I shall prove that the class P(j, 4, @, n, z;) is closed under convex linear combinations.
Theorem 2.1. P(j, A, a,n, z,) is a convex set.
Proof. Let functions

f(@) =z =37 102" (ayx = 0;v=12) (2.1)
be in the class P(j, 4, a, n, 7). It is sufficient to show that the function h(z) defined by

h(@)=phi@+A-wfh) O0sp<l) (2.2)

is also in the class P(j, 4, a,n, zy). Since, for 0 < u < 1,

h(z) = z = 3 jilnay, + (1 — wag, )z, (2.3)
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with the aid of Lemma 1.1, I have
Y jalkm e = ) {1 + (k = DA Npay + A - wag ) <1-a 24)

which implies that h(z) € P(j, A, @, n). Further, the function h(z) € P(j, A, a,n) given by h(z,) = z, is
class of P(j, 4, a, n, zy). Hence P(j, 4, a, n, z;) is a convex set.

Teorem 2.2. Let functions f;(z) = z and

-, _ 1-a k ; .
fi@) =z T en 2 (k=j+1;n€eN,) (2.5)

for 0 < a<1and 0 <2< 1. Then f(z) in the class P(j, 4, a, n, z;) if and only if it can be expressed in
the form:

f(2) = 35 mefie@), 2.6)
where
e =0 (k=j) ve Xp jm =1 (2.7
Proof. Assume that
f(2) = X¥-; ucfi(2)
= ZIL:):]' UxZ — Zk—]+1 mﬂk

1-a
=2 = i oo mraenn M2 (2.8)

and by Lemma 1.2
Yiejriakzy t =0,
Then it follows that

© kM (k—a){1+(k-1)A} k=1 1-a Yo _
Zk=j+1[T—Zo ]-mﬂk—zk=jﬂk—1—#jﬁl~
So, by Lemma 1.2, f(z) € P(j, A, a,n, zy).

Conversely, assume that the function f(z) defined by (1.7) belongs to the class P(j, 4, a, n, zy). Then

1-a .
a; < e (T DD (T (k=j+1;n€Ny). (2.9
Setting
o =[O gkt a, (k2 )+ Ln € Ny) (2.10)
and
w=1- Zl?:j Hies (2.11)

I can see that f(z) can be expressed in the form (2.6). This completes the proof of Theorem 2.2.
3. Modified Hadamard Products

Let functions f,(z) (v = 1,2) be defined by (2.1). The modified Hadamard product of f;(z) and f,(z) is
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(i * £2)(2) = z = X3 j 11 Q1 Oz 2", (3.1

Theorem 3.1. Let each of the functions f,(z) (v = 1,2) defined by (2.1) be in the class P(j, 1, a,n, z,).
Then (f; * f,)(2) is in the class P(j, A, ¢ (j, A, @, n), n, z_0) where

; _ (+D)"A+H)-GHD{A-a)/(+1-a)}?
00,4 @) = D) (3.2)

Proof. Employing the technique used earlier by Schild and Silverman (Shild and Silverman, 1975), I need
to find the largest ¢ = ¢(j, A, a,n) such that

kM (k—@){1+(k=1)A}

Vi1 1—p Az < 1. (3.3)
From

Z?=j+1wal,k <1 (3.4)
and

Ny SOOI L <1 (3.9)

using the Cauchy-Schwarz inequality, I leads to

o k™ (k—a){1+(k—1)A}
e Ay < 1. (3.6)

1-a

Thus it is sufficient to show that

k™ (k-9) k™ (k—-a) .
=y k2K < 7,/(11,,((12_,( (k=j+1), (3.7

or equivalently

(k—a)(1-¢) .
,/al_kazyk < m (k 2] + 1) (38)
Note that [ have from (3.6)
1-a .
1/a1_ka2,k < m (k = ] + 1) (39)

Consequently, if

1-a (k—a)(1-¢) .
kM (k—a){1+(k—-1)2} s (1-a)(k—¢) (ezj+1). (3.10)
or, if
EM1+(k-1)A}-k{(1-a)/(k-a)}? .
T RM1+ (k- D)A-{(1-a) /(k-a)}? (kzj+1). (.11
then (3.6) is satisfied. Since
n _ _ _ _ 2
r'(k) = E{1+(k-D)A}-k{(1-a) /(k—a)} (3.12)

kM{1+(k—DA-{(1-a) / (k—a)}?

is non-decreasing for k > j + 1, letting k = j + 1 in (3.12). I obtain

. U+D"A+HD)-U+D{A-a)/(j+1-x)}?
¢ = (] + ) G+D*A+ji)-{(1-a)/(+1-a)}? (3 3)
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which proves assertion of Theorem 3.1.

Finally, by taking the functions

- 1-a j+1 —
1@ =2 = GoGaaan - v =12), 319

we can see that the result is sharp.
Theorem 3.2. Let
filz) e P(j,Aa,n,zy) and f,(2) € P(j, A 7,1, 2).

Then (f; * f,)(2) is in the class P(j, A, 7(j, A, a, y,n),n, z,) where

GO+ -G+ D[ 2 (1) /G4 1-1))

t(j,Aa,y,n) = Shsk) 3.15
Sy GO~ {11 /G +1-7)) (3.15)
The result is the best possible for the functions
-, _ 1-a j+1
L@ =2 - GGaam? (3.16)
and
. 1-y j+1
L@ =2 - Gganam (3.17)
Proof. Proceeding as in the proof of Theorem 3.1, I get
n -y
kK {1+(k-1)A}-k{(1-a)/(k-a)}.
i) (k=j+1. (3.18)

T k=D {(1-0)/ G-} {55}

Since the right-hand side of (3.18) is non-decreasing for k > j + 1, letting k = j + 1 in (3.18), I obtain
(6.15).

This completes the proof of Theorem 3.2.
Corollary 3.1. Let the functions f,(z) defined by
f(@) =z =311z’ (ape = 0;v =1,2,3) (3.19)
be in the class P(j, 4, a,n, zy). Then
(fr * f2 * 3)(2) € P(, 4, n(j, 4, a, ), m, 2),

where

. _ U+ A+ -U+D{-a)/(+1-a)}3
G, A amn) = G+DA+jD2-{(1-2)/(+1-a)}® (3.20)

For the functions

1-a

- j+1 —
Grman? s w=123), (321

(@) =2z

the result is the best possible.

Proof. From Theorem 3.1, I have
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(fr * f2)(2) € P(, 4, (. 4, @,n),n, 2o),

where ¢ is given by (3.2). Now, using Teorem 3.2, I get

(fr * f2 * £3)(2) € P(j, 4, u(, 4, @, 1), m, 2),

where
GO+ -G+ {2 ((1-9)/Gi+1-0)) D214 )2 ; 3
uG, A a,n) = G+1-® — GD*AHH -(+D{A-a)/(+1-a)}
T (,-+1)n(1+m-{(;1;3)}.{(1-(,))/(;“-(p)} (+12M(1+jA)?~{(1-a) /(j+1-a)}

This completes the proof of corollary 3.1.

Theorem 3.3. Let the functions f,(z) (v = 1,2) defined by (2.1) be in the class P(j, A, @, n, zy). Then the
function

h(z) =z — X3 11(ad +a3,)z" (3.22)

belongs to the class P(j, 4, 0(j, 4, @, n),n, zy), where

. _ (D424 D) /(G 1-) 2
o0, am) = a2 -y P (3.23)

For the functions f;,(z) (v = 1,2) defined by (3.14), the result is sharp.

Proof. By virtue of Lemma 1.1, I obtain

o k™ (k—a){1+(k-1)A}]? o K™ (k—a){1+(k—-1)A} 2
Ny [FEEOLEED T <o, DD ] <1 (3.24)
and
o k™ (k—a){1+(k-1)A}]? o K™ (k—a){1+(k-1)A} 2
Ziczj1 [T Wi < [Zk:i“Taz»k] =L (3-25)

From (3.24) and (3.25), | have

o 1[kMk-a){1+(k-1)A}]?
g s [ (02 4 a3,) < 1. (3.26)

1-a

Thus, I need to find the largest o = o(j, A, @, n) such that

kM (k—o){1+(k—-1)A} < 1[k"(k—a){1+(k—1)/1}
1-0 2

]2 (k=j+1), (3.27)

1-a
or equivalently

K™ (14 (k=D D) -2k {(1-)) / (k-)}?
kM (1+ (k- D) -2{(1-@))/((k—-a)}?

o<

(k=j+1). (3.28)

Since

K" (k=D ) -2k {(1-2))/((k-a)}*
k(14 (k- D) -2{(1-a))/ ((k—-)}?

v(k) = (3.29)

is non-decreasing for k > j + 1, I have
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G = V(] + 1) — (G+D™A+jA)-2(+D{(A-a) /((j+1-a) )}? (3.30)

G+DMA+jD-2{((1-a)/(G+1-a))}?  °
which proves the assertion of Theorem 3.3.
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