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Abstract

In this paper we define the notion of crossed module in the category of local groups and we prove that if L is a
local topological group whose underlying topology has a simply connected cover, then the fundamental groupoid
7, L has a crossed module structure in the category of local groups.
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Introduction

Let X be a connected topological space, X a connected and simply connected topological space, and let p: X —
X be a covering map. We call such a covering simply connected. Further, if X is a topological space, then the
fundamental groupoid 7, X becomes a groupoid. In [8] it was proved by Brown that if X is a semilocally simply
connected topological space, i.e., each component has a simply connected covering, then the category TCov/X of
topological coverings of X is equivalent to the category GpdCov/m, X of groupoid coverings of the fundamental
groupoid . X.

Let X be a topological group, then the fundamental groupoid ;X becomes a group-groupoid. Then we obtain a
category GpGdCov/mX of group-groupoid coverings of ,;X. In [23] it was proved that if X is a topological
group whose underlying space is semilocally simply connected, then the category TGpCov/X of topological
group coverings of X is equivalent to the category GpGdCov/m; X of group-groupoid coverings of m, X.

If G is a group-groupoid, then the category GpGdCov/G of group-groupoid coverings and the category
GpGdAct/G of group-groupoid actions of G are equivalent[9]. On the other hand the corresponding results for
local topological groups and local group objects in the category of groupoids are given in [26].

The notion of local topological group-groupoid which is the group object in the category of local topological
groups is given in Akiz [1]. The category LTGpCov/L of covering morphisms p: L — L of local topological
groups in which L has also a universal cover and the category LTGpGdCov/m, L of covering morphisms q: G —
m, L of local topological group-groupoids based on m, L are equivalent.[1].

A crossed module defined by Whitehead in [29, 30] can be viewed as a 2-dimensional group [24]. If X is a
topological group, then the restriction t: (r; X)¢ — X of the final point map to the star at the identity e € X isa
crossed module of groups and the category GpGdCov/m, X of covers of ;X in the category of group-groupoids
and the category of covers of t: (7, X)¢ — X in the category of crossed modules within groups are equivalent
[9]. In [2] the corresponding results for internal groupoids and crossed modules in the category of groups with
operations are given.

In this paper we define the notion of crossed module in the category of local groups. We prove that if L is a local
topological group whose underlying topology has a simply connected cover,then the fundamental groupoid 7, L
has a crossed module structure in the category of local groups.

1 Prelimineries on groupoids and crossed modules

A groupoid is a (small) category in which each morphism is an isomorphism [8]. So a groupoid G has a set G of
morphisms , which we call just elements of G, a set O of objects together with maps s,t: G - O, and €: O; —
G such that se = te = 155. The maps s, t are called initial and final point maps respectively and the map is
called object inclusion. If a, b € G and t(a) = s(b), then the composite ab exists such that s(ab) = s(a) and t(ab)
= t(b). So there exists a partial composition defined by G, xs G — G,(a, b) —ab, where G, xs G is the pullback
of t and s. Further, this partial composition is associative, for x € O the element e(x) denoted by 1, acts as the
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identity, and each element a has an inverse a~?! such that s(a™!) = t(a), t(a™?!) = s(a), aa™* = (s)(a), a~'a = t(a).
The map G — G, a - a™lis called the inversion. In a groupoid G for x, y € 0, we write G(x, y) for the set of all
morphisms with initial point x and final point y. We say G is transitive if for x, y € Og, the set G(x, y) is not
empty. For x €0, we denote the star {a € G | s(a) = x} of x by G,.

2 Local groups and local group-groupoids
The following definition is given in [25].
Definition 2.1 A local group is a quintuple L = (L, &, U, 1, V'), where
(1) a distinguish element e €L, the identity element,
(2) a multiplication - U — L,(x, y) — x ° y defined on a subset U of L x L such that ({e} xL) u (L x {e}) € U,
(3) aninversion map 1 V' — L, x — X defined on asubset e € V € L suchthat V' x (V) cUand (V) x V €U,
all satisfying the following properties:
0] Identity: ecx =x=xceforall x €L
(i) Inverse: i(x) ex =e=x°1(x), forallx eV
(iii) Associativity: If (x, y),(y, 2),(x ° y, z) and (x, y ° z) all belong to U, then
Xe(yez)=(Xoy)ez
From now on we denote such a local group by (Z, u, U, 1, V'), orby L. Note that if U =L x L and V =L, then a
local group becomes a group. It means that the notion of local group generalizes that of group.
Definition 2.2 Let (L, u, U, 1, V) and (L, fi, U,7, V) be local topological groups. A map f : L — L is called a
local group morphism if
(i) (F*HNU) U V)<V, fe)=¢,
(i) Slxoy) =ftx) < fy) for (x, y) €U,
(iii) fl(x) =i(f(x)) forx e V.

We study on the topological version of Definition 2.1.

Definition 2.3 In Definition 2.1, if L is a topological space such that U is open in L x L, V is open in L, the maps
u and z are continuous, then (L, u, U, 1, V') is called a local topological group.
Itis clear that if U = L x L and V = L, then a local topological group L becomes a topological group.

Example 2.4 [25]Let G be a topological group, L be an open neighbourhood of the identity element e. Then we
obtain a local topological group taking U = (LxL)Nu —1 (L) and V =L N L~ . Here the group product x and the
inversion : on G are restricted to define a local group product and inverse maps on L. Further if we choose U and
V such that

(e xL) U(Lxe) CUC((L xL)Nu—1(L)e€eVESLNi1—1(L)

and
VxauV)) uwV) xvV)cu
then we have a local topological group.

Definition 2.5 Let (L, u, U, 1, V) and (L, i, U,%, V) be local topological groups. A continuous map f : L —L is
called a local topological group morphism if

() (> NU) €U, (V) PV, fle) = ¢,
(i) Steoy) =ftx) » fy) for (x,y) €U
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i) fa) =(fX) for x €V

A local topological group morphism is called a homeomorphism if it is one-to-one and onto , with continuous
inverse. Since the composition of local topological group homomorphisms is again a local group
homomorphism, we obtain a category of local topological groups denoted by LTGp.

A notion of local group-groupoid is given in [26].

Definition 2.6 A local group-groupoid G is a groupoid in which 0, and G both have local group structures such
that the following maps are the local morphisms of groupoids:

(i) u:U— G, (a, b)—a°b
(i) 1V—-Ga—a
(iii) e: {*}— G, where * is singleton.

We obtain that in a local group-groupoid G, (ac) ° (bd) = (a ° b)(c > d)) for a, b, ¢, d € G such that the necessary
composition and multiplications are defined.

Example 2.7 If L is a local topological group, then the fundamental groupoid 7, L is a local group-groupoid.
Let L be a local topological group such that U €L x L ve e €V <L are open. Then m,L is a groupoid. Since the
maps on local topological group structure
u:U—Lx y)—>xey
and
VoL x—>x
are continuous, then the induced maps
my(u): m U —m L, [(a, b)] — [a] < [b]
and
(1) 1 V— 1L, [a] — [a]
are well defined. Note that since (a, b) is defined in U, then a - & is defined. So m,L is a local group-

groupoid[26].

3 Crossed modules in the category of local groups
The notion of crossed module in the category of groups was given in [29]. Further a crossed module in groups
with operations is formulated in [28]. Now we define this notion in the category of local groups.
Definition 3.1 Let L and K be local groups. If the function
LxK—L(®k7— I¥
is satisfying the following contitions, then we say the local group K acts(right) on the local group L:
(i) ks =(%)s, forl €L, ks €K,
(i) =1, forl €L, e €K
Definition 3.2 Let L and K be local groups and 8 : K — L be a local group morphism. Let
LxK—L(@k—IF
be a right action of L on K. Then the triple (6, K, L) is called a crossed module of local groups if the followings
are satisfied:
(i) O(%) =k~t0(I)k, forl €L,k €K,
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(i) k9©®)=s"1ksfork, s €K.

Example 3.3 Let G be a local group and N be a normal subgroup of G. The inclusion § : N — G indicates a

crossed module.
Since G is a local group then also N becomes a local group. The action of G on N is defined by
N xG—G,(ng) — g ng.

We know from [29] that 8 : N — G is a crossed module in the category of groups. So it is enough to show that 6
(L ou, U1, V)— (L, i U1, V) isamorphism of local groups.

(i) @) =e O x6)U)CU V)<V,

(i) 6(fim) = fim = O(#)6(1), for fifi €U,

(i) 6(7) = 6(("~")) = (@) = (6(R)) " =yO(R)) for i € V.
We know from Example 2.7 that if L is a local topological group, then the fundamental groupoid 7, L becomes a
local group-groupoid. Let (r,L )¢ be the set of morphisms with initial point e. So it has a local group structure.
Then we can give the following proposition.
Proposition 3.4 Local group (m,L )¢ acts on local group L via the function

L x (m1L)¢ — L(I, [a]) »11 = T4 1.

Let us show that the conditions are satisfied:

(i) forl €L, [o] € (m,L)e,

[UABT] =Ty Ty 1y 11
(llehlBl = (1ia) ll[a])ﬁ

=Tja) 1ip) Lo 1p)-
(ii) for I €L, [e] € (myL)® , 1) = Tpyy U1 10y= 1.

Proposition 3.5 Let L be a local topological group whose underlying topology has a simply connected cover.

Then we have a crossed module with the final point function t: (m,L )¢ — L, [a] — t[a] = t(a).
We first prove that the conditions of crossed module in the category of local groups are satisfied:

(Oforl €L, [a] € (m,L )¢,
e(llely = t(11q) Mia)=t (At Dt g))
STER(()F IS

(if) for [a], [B] € (1L )° .
[81:0“D=[a][B] (]

It is easy to see that the final point function t is a morphism of local groups. So we have a crossed module with

the function t: (m,L )¢ — L, [a] — t[a] = t(a).
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