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Abstract:

In the present paper we establish some fixed point theorems in complete metric space taking rational
expression. Our Result Generalize the result of many authors.
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2. Introduction

In this paper some extension of well known Banach contraction theorem [1] has obtained in
terms of a new symmetric rational expression. This celebrated principle has been generalized by many
authors viz. Chu & Diaz[3] Sehgal[13], Holmes[8], Reich[12], Hardy and Rogers[7], Wong[15],
Iseki[9], Sharma and Rajput[14], Gupta and Dass[6], Jaggi[10], Chatterjee[2], Fisher[5], Kannan[11],
Ciric[4] and others.

In this Paper we shall establish some unique fixed point and common fixed point theorems,
through new symmetric rational expressions.

3. Main Result

Theorem 3.1 Let T be a continuous self map, defined on a complete metric space X. Further, T
satisfies the following condition;

dxTx)d(y,Ty)+d(x,Ty)d(y.Tx) d(x,Tx)d(x,Ty)+d(y.dy)d(y,Tx)
d(TX, Ty) <a maX{ dxy) ’ d(x,y) }

+y[d(x, Tx)+d(y, Ty)]+8[d(y, Tx)+d(x, Ty) ]*nd(x,y)
(3.1.1)

for all x,yeX, x#£y and for some a, v, 8, n€[0,1) with (2 o+ 2y+ 26+m<I).
Then T has unique fixed point in X.

Proof: Let X, be an arbitrary point in X and we define a sequence {x,} by means of iterates of T by
setting

T,?O = x, , where n is a positive integer. If x,=Xn.; for some n, then x, is a fixed point of T.
Taking X,#xn+1, for all n
Now

d(xn+1,xn)=d (TXn ;Txn—l)
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< amax{d(xn'Txn)d(xn—lexn—l)+d(xn,Txn—1)d(xn—1:Txn) d(xn,Txn)d(xanxn—l)+d(xn—pTxn—l)d(xn—l:Txn)}
- d(XpXn-1) ’ d(XnXn-1)

+y[d(xn_Txn) + d(xn_l,Txn_l)] + S[d(xn'Txn_l) + d(xn_l,Txn)]ﬂ]d(xn, Xn—1)

<a max{d(xn:xn+1)d(xn—l'xn)+d(xn'xn)d(xn—1:xn+1) d(xn:xn+1)d(xn:xn)+d(xn'xn)d(xn—1rxn+1)}

d(XnXn—-1) ’ d(XpXn-1)

+y[d(xn ,xnﬂ) + d(xn_l,xn)] + 6[d(xn,xn) + d(xn_l,xn+1)]+nd(xn, Xp_1)-
< amax {d(xn, Xn+1), d(Xn-1, Xn41), 1 ¥[d (X0 Xn11) + dCtnog, X0) | + 81d (1, Xn41)]
+1d (Xp, Xn-1).

Case I.

If d(xp xn41) > d(Xp—1, Xn41)

Then

A0, Xpe)S(@ + ¥ +8)d(Xp, Xps1)* (@ +y +3+1)d(Xp—1, Xn)

. a+y+6+n
o d(xXp, Xnt1) (1 a—y— a)d(xn 1) Xn)

[a+y+6+n

1-a-y- 6] d(xo, x1).

By the triangle inequality, we have for m>n
d(xn' xm) < d(xn:xn+1) + d(xn+1:xn+2) + -t d(xm—l'xm)-
< (" +p™t+ - p™h) d(xo, Txo)

Where, pz[%kl , Since 20 +2y+268+ n<l.

Case Il
If d(xn—l'xn) > d(xn: xn+1)

d(%n, Xpe1) S(@ +y +8) d(Xn—1, Xp41) + (@ +y + 3 +1)d(Xn-1, %n)

1)
d (@, Xn 1) S DX, Xn)

[a+y+6+n

C— 1" d(xp, x2).
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By the triangle inequality, we have for m>n

d(xnr xm) < d(xn' xn+1) + d(xn+1rxn+2) + o d(xm—l'xm)-

< (q" + g™+ g™ ) d (g, Txo)

Where, q= [%] <1, 20+ 2y+26 + n<l. Take k=p=qg<L1.

Therefore

d(xp, xpy) < %d(xo, Txy) =0, as m, n—oo.

So, { x,} is Cauchy sequence in X, so by completeness of X, there is a point ueX such that x,, =0, as

m, N—oo.

So, { x,} is Cauchy sequence in X, so by completeness of X, there is a point ueX such that x,, —u as

N—o00.
Further, the continuity of T in X implies.
T)=T(imp_ x,,)=lim,_,, Tx,
=limp o, Xp41)
=u.
Therefore, u is a fixed point of T in X.
Now if there is any other v(# w)in X, such that T(v)=v, then.
d(u,v)=d(Tu,Tv)
d(u,Tw)d@,Tv)+dW,Tv)d(,Tu) d(u,Tu)dwTv)+d(v,Tv)d(v,Tu)

d(u,v) ! d(u,v)
6ld(u, Tv) + d(v, Tuw)] + nd(u, v).

<a max{ }+ yld(u,Tu) + d(v, Tv)] +

duw)dv)+duv)dvuw) duw)dwv)+dv)dvu)
< amax{ T , ) } + yld(u,u) + d(v,v)] +
S[d(u,v) + d(v,w)] + nd(w,v)]

<(a+25+n)du,v)
ie. d(uv) <(a+ 26 +n)d(u,v).
Which is a contradiction because a + 26 + n < 1.
Hence u is the unique fixed point of T.

Theorem 3.2: Let T be a self map defined on a complete metric space (X,d) such that (3.1.1) holds. If
for some positive integer P, TP is continuous, then T has a unique fixed point.
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Proof: we define a sequence { x,, } as in theorem 1. Clearly it converges to some point ueX. Therefore
its subsequence { x,,, }, (nx = kj) also converges to u.

Also,
TPu = TP(limy_, Xxp, )

=lim (7, )

k—w
=,1€i_r}c}oxnk+1
=u

Therefore u is a fixed point of T?.

Now, we show that, Tu=u.

Let m be the smallest positive integer such that

T™u=u,butT? +u forg=1,2...m-1.

If m>1, then by (3.1.1)

d(Tu, u)=d(Tu, T,)=d(Tu, T(T*" 1))

{d(u,Tu)d(Tan—l,TJ")+d(u,T11")d(T;”—1,Tu) d(u,Tu)d(u,T&”)+d(Tm_1u,T171)d(T171_1,Tu)} n
dur*™h ’ AT

yld@w, Tw) + d(T1 D]+ 8ld(w, T + d(T, Tw] + nd (w, T ).

< amax

d(Tu, u) < a max{(d(u, Tu) + 0), (0 + d(T}* 1, u) + d(u, Tu))}

+y[d(u, Tu) + d(T)*1, TM™] + 8[d(u, TY) + (T, Tu)] + nd(u, T 1).
[Since by triangle inequality d(T;*~ 1, Tw)< d(T;™ 1, u) + d(u, Tu) and since
(d(T*1, Tu) + d(u, Tu) = d(u, Tu)

< a[d(T/* Y w) + d(u, Tw)] +y[d(u, Tw) + d(T L, TM™)] + §[d(u, T,™) +
d(T™ 1, Tu)] + nd(u, T ).

< a[d(T/1u) + d(u, Tw)]+y[d(u, Tu) + d(TL T + 8[d(w, T +
d(T/™ 1, Tu)] + nd(u, T ).

d(w,Tu)<( a + y+ 8)d(u,Tu)+ (a + y+ §+n)d(u, ;" 1).

(1—a—y—36)d(u,Tu) <(a+y+5+n)d(u, 7" )

Which implies

1 _ ((aty+5+n)
d(u, Tu)Skd(U, TJn ) where k = ((1—a—y—5))<1
Since,
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2a + 2y + 26 + n<l, thus we write,

d(u,Tu) < K™d(u, Tu), Since KM < 1
Therefore
d(u,Tu) <d(u,Tu), Which contradicts.

Hence Tu = u i.e. uis a fixed point of T. The uniqueness of u follows as in theorem 1.

We further generalize the result of theorem 1, in which T is neither continuous nor satisfies (3.1.1). In
what follows T™, for some positive integer m, satisfying the same rational expression and continuous
still T has unique fixed point. In fact we prove.

Theorem 3.3.: Let T be a self-map, defined on a complete metric space (X,d) such that for some
positive integer m satisfy the condition.(3.3.1)

m m d(x, T™x)d(y,T™y)+d(x,T™y)d(y,T™y) d(,T™x)d(x,T™y)+d(x,T™y)d(y,T™x)
d(T™x, TMy)< amax{ A0ry) , A } +
yld (e, T™X) +d(y, T"y)] + 6[d(x, T™y) + d(y, T"X)] + nd(x, y).

For all x,yeX, x£y and for @, y, §, n>0 with 2a + 2y+2 6 +n < 1 If T"is continuous then T has a
unique fixed point.

Proof. By theorem 3.2, we assume that T™ has unique fixed point also
Tu=T(T"u)=T"(Tu).

Which implies Tu=u, Further since a fixed point of T is also a fixed point T" & T™ has a unique fixed
point u, it follows that u is the unique fixed point of T.

Theorem 3.4 Let T, and T, be two self maps defined on a complete metric space (X,d) satisfying the
condition;

d(Tx,Ty)< o max {d(x.T1X)d(y.Tng%x.Tzy)d(y.T1X) ’ d(x,T1X)d(x,TzZ)(:;;y,sz)d(y.Tlx)}
+y[d(x, TyX)+d(y, Ty)]+3[d(y, ToX)+d(X, Tyy)]+nd(x,y).

(3.4.1)

for all x,yeX and for some o, v, 3, >0 and 2a + 2y+25 +n <1 ) (3.4.2)
T, ,T, are continuous on X. (3.4.2)

There exist an xoeX such that in the sequence {x,} where,

o {Tlxn_llwhere nis even
" (T,x,_1, where nis odd

X, #Xneq for all n.
then T, T, have a unique common fixed point.

Proof: we have
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d(Xzn, Xan+1)=0d(T1X2n, ToXone1)

d(X2n-1,T1X2n-1)dX2n,T2Xon) +d(Xan—1,T2X20n)d(X2n, T1X2n-1)
dxy) ’
d(%zn-1,T1X2n-1)d(Xzn-1,T2Xzn) +d(Xon, T2y)d (X2n, T1Xon-1)
d(X2n-1X2n)

Hy[d(Xz2n-1, T1Xzn-1)+d(X2n, ToXan)HF0[d(Xz2n-1, ToXzn)+d(X2n, TiXzn-1)HMd(X2n-1, X2n)-

< o max

d(Xa2n-1,X2n)d(XznX2n+1)+d(X2n-1,X2n+1)dXzan,X2n)
d(Xzn-1X2n)

d(X2n-1,X2n)d(X2n-1,X2n+1)+d(X2n,X2n+1)d(X2n,X2n)
d(X2n-1.X2n)

Ty[d(Xz2n-1, X2n)+d(X2ns X2n+1)1+0[d(Xzn-1, ToXan4+1)+d(X2n, X2n) 1+ Nd(X2n-1, X2n)-

)

< o max

< a max{d(Xzn, Xzn+1), d(Xzn-1,Xz2n+1)}
+Y[d(X2n—1i X2n)+d(X2na X2n+1)]+8[d(X2n—1a T2X2n+1)+d(X2na XZn)]+nd(X2n—1i XZn)-

< o max{d(Xzp,X2n+1), d(X2n-1,X2n) + d(X2n, X2n+1)}
+y[d(X2n—1, Xan)+d(X2n, X2n+1)1H0[d(Xan—1, TaXon+1)+d(X2n, X2n)HNd(X2n-1, X2n)-

<a {d(XZn—l:XZn) + d(XZn'X2n+1)}
+y[d(X2n-1, X2n)+d(X2n: X2n+1)1+8[d(Xzn—1, T2Xon4+1)+H01HMd(X2n-1, X2n)-

= (ot 7+ 6) d(Xzn+1, X2n) H(ot y+ 0+1) d(Xzp-1, X2n)
Therefore
d(Xzns X2n+1)< (0t 7+ 8) d(Xzp, Xan41)+ (@t Y+ 8+n)d(X2n—-1, X2n))

which implies.

+y+ 8+
A(xzn, Xans1)< (o) Alxon-1, Xon)

ie d(le'l’ X2n+1)fk2nd(X0,X1).

When kz(%)d

Since 2 a+2 y+26+n<1
d(X2n+1, Xzn42)< K2 d(X0,Xa).
Now it can be easily seen that {x,} is a Cauchy sequence.

Let X,—u, then the subsequence {an} also converges to u for n,=2p.
Now, Ty To(u)= Ty To(limpo Xy )

= limpo Xn 41

=u.

We now show that T,uu
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If T,u#u, then

d(u, Tou)=d(Ty Tou, Tou)

d(T,u,T; T,w)d(u,Tou)+d(T,u, Tou)d(u, T Tou)
d(T,u,u) !

d(T,u,T{Tou)d(T,u,Tou)+d(u,Tou)d(u, T, T,u)
d(T,u,u)

<o max

+y[d(T,u, T; T,u)+d(u, T,u)]+0[d(T,u, Tyu)+d(u, Ty T,u)]Hmd(T,u, u).
Therefore
d(u, T,u)< a max{d(u, T,u),0}+y[2d(u, T,u)]+0+n d(T,u, u).
Therefore
d(u, Tou) <(a+2 y+ n)d(u, Tou)

<d(u, Tou)
Which is contradiction, since a+p+2 y+26+ n<l
So, a+2 y+n<l1
Hence we have
T,ou=u
Now
T,Tou=Tiu=u
Thus u is the common fixed point of T;and T, .
For the uniqueness, if possible let v£u, veX, such that
Tv=Tyv=v
So d(u,v)=d(Tyu, T,v)

d(u,T;w)d(V,T,v)+d(u,T,u)d (v, T1u)
d(u,v) ’

d(u,T;u)d(u,Tow)+d(v,Tyu)d(v,T,v)
d(u,v)

<o max

+y[d(u, Tyu)+ d(v, T,v)]+8[d(u, T,u)+d(v, T;u)]+nd(u, v).
<( at+2 d+n)d(v,u)

Therefore

d(u,v) <(0+2 6+n)d(u,v)

<d(u,v)
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Which is a contradiction, because o+p+2y+26+ 1<l and so we have a+2 5+n<l1.
Hence, we have u=v.

This completes the proof of the theorem.
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