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1.Abstract

In the present paper some fixed point theorems in complete RandomFuzzy metric spaces are established which
are generalizations of fuzzy metric spaces for various type mappings.
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2. Introduction

In 1965, the concept of fuzzy set was introduced by Zadeh [39]. After him many authors have developed the
theory of fuzzy sets and applications. Especially, Deng [9], Erceg [11], Kaleva and Seikkala [26]. Kramosil and
Michalek [28] have introduced the concept of fuzzy metric spaces by generalizing the definition of probabilistic
metric space. Many authors have also studied the fixed point theory in these fuzzy metric spaces are [1], [7],
[13], [19], [21], [24], [25], [32] and for fuzzy mappings [2], [3]. [4]. [5], [22], [31].

In 1994, George and Veeramani [18] modified the definition of fuzzy metric spaces given by Kramosil and
Michalek [28] in order to obtain Hausdroff topology in such spaces. Gregori and Sapena [20] in 2002 extended
Banach fixed point theorem to fuzzy contraction mappings on complete fuzzy metric space in the sense of
George and Veeramani [18].

It is remarkable that Sharma, Sharma and Iseki [34] studied for the first time contraction type mappings in 2-
metric space. Wenzhi [38] and many others initiated the study of Probabilistic 2-metric spaces. As we know that
2-metric space is a real valued function of a point triples on a set X, whose abstract properties were suggested by
the area of function in Euclidean spaces. Now it is natural to expect 3-metric space which is suggested by the
volume function. The method of introducing this is naturally different from 2-metric space theory from algebraic

topology.

The concept of Fuzzy-random-variable was introduced as an analogous notion to random variable in order to
extend statistical analysis to situations when the outcomes of some random experiment are fuzzy sets. But in
contrary to the classical statistical methods no unique definition has been established before the work of Volker
[37]. He presented set theoretical concept of fuzzy-random-variables using the method of general topology and
drawing on results from topological measure theory and the theory of analytic spaces. No results in fixed point
are introduced in random fuzzy spaces. In [17] authors Gupta, Dhagat, Shrivastava introduced the fuzzy random
spaces and proved common fixed point theorem.

In the present chapter we will find some fixed point theorems in random fuzzy metric space, random fuzzy 2-
metric space and random fuzzy 3-metric space through rational expressionmotivated by [17] and [8].

To start the main result we need some basic definitions.
2.2 Preliminaries:
2.2.1 Definitions

Definition2.2.1.1: (Kramosil and Michalek 1975)

A binary operation *: [0,1]x[0,1] — [0,1] is a t-norm if it satisfies the following conditions :
(i) *(l,a)=a, *(0,0)=0
(i) *(a,b) =+*(b.a)
(i) *(c,d) > *(a,b) wheneverc>aandd>b
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(iii) *(*(a,b) ,c) =*(a, *(b,c)) where a,b, c,de [0,1]
Definition 2.2.1.2: (Kramosil and Michalek 1975)

The 3-tuple (X,M, =) is said to be a fuzzy metric space if X is an arbitrary set * is a continuous t-norm and M is
a fuzzy set on X? x [0,0) satisfying the following conditions:

(i) M(x,y,0) =0

(i) M(x,y,t)=1forallt>0iff x =y,

(i) M(xy.t) = M(y.xt),

(iv) M(x,y,t) * M(y,z,5) < M(x,z,t +5) ,

(v) M(X,y, .) : [0,00[—[0,1] is left-continuous,

Where x,y,z € Xandt, s> 0.

In order to introduce a Hausdroff topology on the fuzzy metric space, in (Kramosil and Michalek 1975) the
following definition was introduced.

Definition 2.2.1.3: (George and Veermani 1994)

The 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm and M is
a fuzzy set on X? x]0,00[ satisfying the following conditions :

Q) M(x,y,t) > 0

(i) M(x,y,t) =1 iff x =,

@ii)  M(xy.t) = M(y.xt),

(iv) M(x,y,t) * M(y,z,s) < M(x,z,t +5),
(V) M(x,y, .) : ]0,00[—[0,1] is continuous,

Where x,y,z € Xandt,s>0.
Definition 2.2.1.4: (George and Veermani 1994)

In a metric space (X, d) the 3-tuple (X, Md,*) where Md(x, y, t) =t/ (t + d(X, y)) and a*b = ab is a fuzzy metric
space. This Md is called the standard fuzzy metric space induced by d.

Definition 2.2.1.5: (Gregori and Sepene 2002)

Let (X, M,*) be a fuzzy metric space. A mapping f: X— X is fuzzy contractive if there exists 0 < k < 1 such
that

1 1
womron | L=k (M(x,y.t) B 1)
Foreach x,y e Xandt>0.
Definition 2.2.1.6: (Gregori and Sepene 2002)

Let (X, M, *) be a fuzzy metric space . We will say that the sequence {X,} in X is fuzzy contractive if there
exists k € (0, 1) such that

L —151((;—1) forallt>0,neN.

M(Xn+1.Xn+2,t) M(xn,Xn+1.t)

We recall that a sequence {x,} in a metric space (X, d) is said to be contractive if there exist 0 < k < 1 such that d
(Xn+1, XN42) < kd (Xn, Xo41) forall n e N.

Definition 2.2.1.7: (Kumar and Chugh 2001)

Let (X, 1) be a topological space. Let f and g be mappings from a topological space (X, t) into itself. The
mappings f and g are said to be compatible if the following conditions are satisfied:
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Q) fx =gx, x € X Implies fgx = gfx ,
(i) The continuity of f at a point x in X implies lim gfx,=fx whenever {x,} is a sequence in X
such that lim gx,=lim fx,=fx for some x in X.
Definition 2.2.1.8 : A binary operation * : [0,1] x [0,1] x [0,1]—[0,1] is called a continuous t-norm if ([0,1], *) is
an abelian topological monoid with unit 1 such that a;* by* ¢,< a,* bo* ¢, whenever a;< a,, b;<b,, ¢;< ¢, for all
ay, ay, by, by and ¢y, ¢, are in [0,1].

Definition 2.2.1.9 : The 3-tuple (X,M,*) is called a fuzzy 2-metric space if X is an arbitrary set, * is a continuous
t-norm and M is a fuzzy set in X* x [0,c0) satisfying the following conditions for all x, y, z, u € X and t, t,, t; >
0.

(FM’-1) M(x,Y, z,0) =0,
(FM’-2) M(x,Y, z,t) =1, t > 0 and when at least two of the three points are equal,
(FM’-3) M(X, Y, z,t) = M(X, z, ¥, t) = M(y, z, X, 1),

(Symmetry about three variables)
(FM’-4) M(X, Y, Z, t+t+t3) = M(X, y, u, t1)*M(X, U, Z, tz)* M(U, , Z, t3)

(This corresponds to tetrahedron inequality in 2-metric space)

The function value M(x, y, z, t) may be interpreted as the probability that the area of triangle is less than t.
(FM’-5) M(x,Y, z, .): [0, 1)—[0,1] is left continuous.
Definition 2.2.1.10: Let (X, M,*) is a fuzzy 2-metric space:

(1) A sequence {x,} in fuzzy 2-metric space X is said to be convergent to a point x € X, if
limy,_,e M(x,, X, 8, 1) =1
forallae X and t> 0.

(2) A sequence {x,} in fuzzy 2-metric space X is called a Cauchy sequence, if
limp oo M(Xpyp X, 8, 1) =1
forallae Xandt>0, p>0.

(3) A fuzzy 2-metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.2.1.11: A function M is continuous in fuzzy 2-metric space iff whenever x,—X, y,— Y, then
lim, o M(xy, ¥, &, 1) = M(X, Y, &)

forallae X and t> 0.

Definition 2.2.1.12: Two mappings A and S on fuzzy 2-metric space X are weakly commuting iff
M (ASu, SAu, a, t) > M (Au, Su, a, t)

forallu,a e Xandt>0.
Definition 2.2.1.13: A binary operation * : [0,1]* —[0,1] is called a continuous t-norm if ([0,1], *) is an abelian
topological monoid with unit 1 such that a;* by* ¢i* di< a,* bo* ¢, * d, whenever a;<a,, b;<b,, ¢;<c, and d;<
d,for all a;, a,, by, b, , ¢4, ¢, and dy, d, are in [0,1].

Definition 2.2.1.14 : The 3-tuple (X, M, *) is called a fuzzy 3-metric space if X is an arbitrary set, * is a
continuous t-norm and M is a fuzzy set in X* x [0,:0) satisfying the following conditions : for all x, y, z, w, u €X
and ty, to, t3, 14> 0.

(FM”’-1) M(X,Y, z, w, 0) =0,
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(FM*’-2) M(X,y,z,w,t)=1forallt>0,
(only when the three simplex X, y, z, w ) degenerate)
(FM”'3) M(Xa ya Zy W) t) :M(X7 Wa Zz ya t) = M(ya Za W; Xa t) = M (Z9 W’ X’ y’ t) =
(FM”’-4) M(X, Y, z, W, t; +t, + {3 + 1) > M(X, v, Z, u, t1)*M(X, ¥, U, W, 1)
*M(X, U, Z, W, t3)*M(u, y, z, w, t,)
(FM”’-5) M(x, Y, z, w, .): [0,1)—[0,1] is left continuous.
Definition 2.2.1.15:; Let (X, M, *) be a fuzzy 3-metric space:
(1) A sequence {x,} in fuzzy 3-metric space X is said to be convergent to a point x € X, if
limy,_ M(x,, X &b, t)=1
foralla,b e Xandt>0.
(2) A sequence {x,} in fuzzy 3-metric space X is called a Cauchy sequence, if
limp oo M(Xp4p Xn, 8,0, 1) =1

foralla,b e Xandt>0,p>0.
(3) A fuzzy 3-metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.2.1.16: A function M is continuous in fuzzy 3-metric space iff whenever x,—X, y,—>Yy
limy o M(Xp, Y, &, b, ) =M(X, Y, &, b, t)
foralla, b e Xandt>0.
Definition 2.2.1.17: Two mappings A and S on fuzzy 3-metric space X are weakly commuting iff
M (ASu, SAu, a, b, t) >M (Au, Su, a, b, t)
forallu,a, b e Xandt>0.

Definition2.2.1.18: Throughout this paper (,X) denotes a measurable space.&: Q — X is a measurable
selector. X is any non empty set. * is continuous t-norm, M is a fuzzy set in X2 x [0, )

A binary operation «[0,1]x[0,1]—[0,1] is called a continuous t-norm if ([0,1],-) is an abelian
Topological monodies with unit 1 such thata « b > ¢ » d whenever

a>candb>d , Foralla,b,c,d, €[0,1]

Example of t-normarea«b =aband a «b =min {a, b}

Definition2.2.1.18 (a): The 3-tuple (X, M, Q .) is called a Random fuzzy metric
space, if X is an arbitrary set,* is a continuous t-norm and M is a fuzzy set in X?x [0,0)
satisfying the following conditions: for all

Ex, &y, £z e Xands, t>0,

(RFM —1): M (£x,£Y,0)=0

(RFM -2): M (&x,€y,1) =L, Vt-0,ox =y

(RFM =3): M (&x,Ey,t) =M (&Y, Ex,t)

(RFM —4): M (£X,E2,t+5) =M (EX,EY, 1) *M (£2,£Y,5)
(RFM —5):M (&x, £y, &a) :[0,1) — [0,1]is left continuous
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In what follows, (X, M, €2 ,*) will denote a random fuzzy metric space. Note that M (£ x, &y, t) can be thought
of as the degree of nearness between & x and &'y with respect to t. We identify £x = Sy with M (Ex, &y, 1)
=1forallt>0and M (£x, &y, t) = 0 with c.In the following example, we know that every metric induces a
fuzzy metric.

Example Let (X, d) be a metric space.
Define a «b = a b, or ab =min {a, b}) and for all X, y, € Xand t>0,
_ t

t+d(&x,y)

Then (X, M, € *) is a fuzzy metric space. We call this random fuzzy metric M induced by the metric d the
standard fuzzy metric.

M (Ex,Ey.t)

Definition2.2.1.18 (b): Let (X, M, ©  *)is a random fuzzy metric space.

(i)A sequence { & x,} in X is said to be convergent to a point £x e X,
!T; M (X, EX1)=1
(ii) A sequence { & x,} in X is called a Cauchy sequence if
rl]m M(£X,,, X, t)=1Vt>0and p>0

(iii) A random fuzzy metric space in which every Cauchy sequence is convergent is said to be
Complete.

Let (X.M,*) is a fuzzy metric space with the following condition.

(RFM-6) !im M(EX,EY,1)=LVEX EY € X

. Definition2.2.1.18 (c): A function M is continuous in fuzzy metric space iff whenever

X, > EX,EY, > EY= MM (€%, ) > M (EX,€Y,1)

Definition2.2.1.18 (d): Two mappings A and S on fuzzy metric space X are weakly commuting iff
M(ASEU SAE ) >M (AL, SEU, 1)

Some Basic Results 2.2.1.18 (e):

Lemma (i) [Motivated by 19] for all £x, £y, e X, M(Ex, Ey) is non -decreasing.

Lemma (ii) Let {Ey,} be a sequence in a random fuzzy metric space (X, M, €,*) with the condition

(RFM -6) If there exists a number q  (0,1) such that

M (§yn+2’§yn+l’ qt) 2 M (gyn+1’ gyn’t) 1Vt>_0and n:]., 2’3 ------ 1
then {&y, }isa cauchy sequencein X.

Lemma (iii) [Motivated by 32] If, for all &x, &y € X, t > 0 and for a number q  (0,1),
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M(£x, Sy, at) =M (Sx,&y,t),thendx=CLy

Lemmas 1, 2, 3 of 2.2.1.18 (¢): ) hold for random fuzzy 2-metric spaces and random fuzzy 3-metric spaces
also.

Definition2.2.1.18 (f): A binary operation *: [0, 1] x [0,1] x [0,1] — [0,1] is called a continuous t-norm if
([0,1],») is an abelian topological monodies with unit 1 such that a; « by = ¢; > a, « b, » ¢, whenever

a; > ay, by = by, €15 ¢, for all ay, ay, by, b, and ¢y, ¢, are in [0,1].

Definition2.2.1.18 (g): The 3-tuple (X, M, Q,*) is called a random fuzzy 2-metric space if X is an arbitrary set,
* js continuous t-norm and M is fuzzy set in X® x [0,0) satisfying the followings

(RFM —1):M (éx,£y,£62,0)=0
(RFM ' —2):M (&x,€y,€2,t) =L V-0, x =y
(RFM -3):M ((fx,(fy,t) =M (&Ex,Ez,Ey,t) =M (Ey, &z, Ex, 1), symmetry about three var riable

(RFM —4): M (§X1§y152,t1, tz,vta,) 2M(Ex, Sy, du,t )*M (X, Su, 87,1, ) *M(Su, &y, &2, 1,)
(RFM —5):M(&x, &y, £2):[0,1) — [0,1] isleft continuous, VEX, £y, £2, Eu e X, b, 1,1, -0

Definition2.2.1.18 (h): Let (X, M, Q,+) be a random fuzzy 2-metric space. A sequence { & X} in fuzzy 2-metric
space X is said to be convergent to a point £x e X,

limM(&x,,¢Ex,&a,t)=1, forall fas X and t -0

(2) A sequence { & x,} in random fuzzy 2-metric space X is called a Cauchy sequence, if

IimM(¢X,, ., ¢X,,&a,t)=1, forall fas X andt, p >0

n+p’?
(3) A random fuzzy 2-metric space in which every Cauchy sequence is convergent is said to be complete.
Definition2.2.1.18 (i): A function M is continuous in random fuzzy 2-metric space, iff whenever

Forall £a e Xandt>0.
Ex, = EX,Ey, —> &y, then ImM (Ex,, &y, fa,t)=M(Ex, &y, Ea,t),VEae Xandt >0

Definition2.2.1.18 (j): Two mappings A and S on random fuzzy 2-metri space X are weakly commuting iff
M (AS£&u, SALu, Sa,t) > M (Alu, S&u, &a,t), VEu, ae Xand t -0

Definition2.2.1.18 (k): A binary operation *: [0, 1]* — [0, 1] is called a continuous t-norm if

([0, 1], *) is an abelian topological monoid with unit 1 such that

a, *b, *c,*d; >a, *b, *c, *d, Whenever a;> ay, by > b, , ¢; > ¢, and d; > d, for all aj, ay, by, by, ¢4, C;
and d,, d, are in [0,1].

Definition2.2.1.18 (I): The 3-tuple (X, M, Q, *) is called a fuzzy 3-metric space if X is an arbitrary set, * is a
continuous t-norm monoid and M is a fuzzy set in X* x [0, ] satisfying the following conductions:
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(RFM —1): M (&x,£y,E2,Ew,0)=0
(RFM =2): M (&x,€y,E2,éw,t) =1, V-0,
Only whenthethreesimplex(x, y, z,w) deg enerate
(RFM ™ =3): M (ExX,EY,E2,EW,t) = M (EX,EW,EZ,EY,1) = M (62, EW, EX, £y, t) = ————
(RFM —4): M (EX,EY,E2,EW,t+t, +1,) = M(EX,EY, E2,Eu,t, ) *
M (X, &y, Su,dw,t, ) * M (EX, 8,82, 5wt ) * M (Su, &y, Ez, 5w, t,)
(RFM" —5):M (&x, &Y, £2,Ew) :[0,1) — [0,1]is left continuous,
VEX,Ey, &z, éu,éw e X, t,t,,1,,1, -0
Definition2.2.1.18 (m): Let (X, M, Q,*) be a Random fuzzy 3-metric space:

(1)A sequence {£Xn} in fuzzy 3-metric space X is said to be convergent to a point &x € X, if

limM (£x,,¢Ex,¢a,éb,t)=1, forall fa,ébe X and t -0

(2)A sequence { & x,} in random fuzzy 3-metric space X is called a Cauchy sequence, if

&x,,&a,éb,t)=1, forall £a,&be X andt, p >0

im M (2%,
(3)A random fuzzy 3-metric space in which every Cauchy sequence is convergent is said to be complete.

Definition2.2.1.18 (n): A function M is continuous in random fuzzy 3-metric space if
EX, > EX, Y, =y, then lImM (&x,, &y, &a,Eb,t)=M (Ex, &y, a,t),Via, b e X and t >0

Definition2.2.1.18 (0): Two mappings A and S on random fuzzy 3-metric space X are weakly commuting iff,
M (AS&u, SALU, £a, &b, ) >M (Alu,Séu, &a, b, t) Yu,a,be Xandt >0
2.2.2 Prepositions.

Preposition 2.2.2.1 (Gregori and Sepene 2002)

Let (X, d) be a metric space. The mapping f: X = X is a contractive (a contraction) on the metric space (X, d)
with contractive constant k iff f is fuzzy contractive, with contractive constant k, on the standard fuzzy metric
space (X, Md, *), induced by d.

Preposition 2.2.2.2 (Gregori and Sepene 2002)

Let (X, M, *) be a complete fuzzy metric space in which fuzzy contractive sequences are Cauchy. Let T: X =
X be a fuzzy contractive mapping being k the contractive constant. Then T has a unique fixed point.

Preposition 2.2.2.3 (Gregori and Sepene 2002)

Let (X, Md, * ) be the standard fuzzy metric space induced by the metric d on X. The sequence {x,} in X is
contractive in (X, d) iff {x,} is fuzzy contractive in (X, Md,*).

Preposition 2.2.2.1 and 2.2.2.3 imply that Preposition 2.2.2.2 is a generalization of Banach fixed point theorem
to fuzzy metric spaces as defined by George and Veermani.

It is to be noted that all the prepositions are true for (RFM)
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Now, we state and prove our main theorem as follows,

2.3 Main Results

Theorem 2.3.1 Let (X, M, 2,*) be a complete Random fuzzy metric space and let S, T: X — X be two continuous
self mappings, & : Q — X is a measurable selector satisfying the following conditions :

2M(SEx, TEy, £) = M (8%, SEx,2) + M (&, Tey, 2) 3.1.1

Where t = t;+t,; t,t, = 0;t>0;a,b > 0withb > a;0 <a+b < 1and&xE € X. Then Sand T have a
unique common fixed point.

Proof: Let x, be any point of X. We define a sequence {€x,} recurrently as follows
o1 = SEXap,
&ont1 = T8Xzn41s n=0,123,..

Putting &x = &x5,, &Y = &X5pp1,ty = (1 —b)t, t, = btin 3.1.1, We have forallt > 0andn = 0,1,2 ...

(1-b)t
ZM(&Xzn41, EXope2, ) = M (EXZn' §X2n+1'T) + M(&X2n4+1, §X2nt2, )

Or M(8%zp+1, 8Xan+2,) = M (EXZn, EX2n+1,£) forn=0,1,2,3, ...

Where 0 < c(=ﬁ) <1 (sincea+b<1)

Which implies that when M(€x5,,41, §Xon42,t) = 0

We must have M(&x,,, EXon41, /) = 0

If M(§X5p41, EXone2, ) # 0, then

M(&X2n4+1, EX2ns2,t) = M(EX2p, EXany1,t/C),  Where 0 <c <1 [3.1.2]

For any positivep, we must have

M(EX2n+1' EXonep+1s t) = M(8Xn, EX2n41, /D) * ... p times ... * M(EXzn4p+1, EXan+p+2, t/P)
> M(8xo, X&;, t/pc?PHh)

Since 0 < ¢ <, therefore, by definition [d.2]

M(EXan+1, EXon4p+1, )1 @SN — 0.

Therefore, by definition [d.4], {€x, } is a Cauchy sequence and hence is convergent in the fuzzy metric space X.

Let&x, - zasn = o [3.1.3]
Then S€x,,, = &X,p41 2 Zasn - © [3.1.4]
Similarly T&x5,,,1 2 zasn - o [3.1.5]

Since S and T are continuous, therefore [3.1.3], [3.1.4] and [3.1.5] imply that
Tz=Sz=1z [3.1.6]

We next prove the uniqueness. If possible let u and v be two common fixed points of S and T with
u # v. Then putting t; = (1 — b)t,, t, = btin 3.1.1 and proceeding as above and applying 3.1.4 and 3.1.5
in 3.1.2, for all t > 0, we get
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M(u,v,t) = M (u,v,%) where0 <c <1 [3.1.7]

And subsequently, from 3.1.7, for all t>0, we must have
M(u,v,t) = M(u,v,ciz) = > M(u,v,cin) —»lasn— o

This shows, that u=v which proves the uniqueness.
Hence the proof is complete.

Theorem [3.2]: Let (X, M, Q,*) be a complete Random fuzzy metric space and let S, T: X — X be two continuous
self mapping satisfying the following condition.

St T, 2 o (560 2) 0 o702 5.2 + 0 (7805

Where t = t;+t,; t1,t, =2 0;t>0;a,b,e,f >0;a+b=1;0<e <aand &, &y € X. Then Sand T have a
unique common fixed point.

Proof: Let £&x, be any point of X. We define a sequence a {€x,} recurrently as follows
EXon+1 = SXan,
Ex2n+1 = TEX2n+1: n= 0,1,2,3,

Putting £x = €x,,,Ey=§Xon41, t; = atand t, = bt in [3.2.1] We have, forallt > 0andn =0,1,2, ...
[2M(8Xzn41, §X2ns2, ]° = [M (EXZW EX2n+1:azt) + M(EXzn+1s EX2n+21t)] . [M (§X2n+1' §X2n+1'%) +
M(Exzn+1, EX2nt2, t)]
Let k = e/a, therefore 0 < k < 1 and hence we have
[2M(8Xzn+1, §¥Xans2, D] = [M (EXan EX2n+1’£) +M(1, EX2n+2't)] 1+ M(8xzn+1, §X2ns2, O]
Forallt>0and n=0,123,.. [3.2.2]

Which implies that when M(€x,141, EX2n42, £) = 0, we must have M (EX2n+1' §x2n+2,£) =0

I M(8n41, Eznrz ) 2 M (o, Bone1,y), Where 0 <k <1 [3.2.3]

For any positive integer p, we must have

t . t
M(8xzn+1, §Xant2, ) = M (EX2n+1’ EX2n+2';) *...ptimes..xM (EX2n+p+1' EX2n+p+2!;)

t . t
>M (EXO, Exl,m) * ...ptimes..* M (EXO, EXI,W)
Since 0 < k < 1, therefore, by definition [d. 2]

M(EX2n+1, EX2n+p+1;t) —lasn—- o

Therefore, by definition[d. 4], it implies that {€x,,} is a Cauchy sequence and hence is convergent in the fuzzy
metric space X.

Let &x, > §zasn - o [3.2.4]
Then S€xy, = &xyp41 2 §z8S N > 0 [3.2.5]
Similarly Txype1 2 §zasn - o [3.2.6]
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Since S and T are continuous, therefore [3.2.4] [3.2.5] [3.2.6] imply that
Téz = Stz = &z [3.2.7]
We next prove the uniqueness. If possible let &u and &v be two common fixed points of S and T with u#v.

Then putting t;=at, t, = btin [3.2.1] and proceeding as above and applying [3.2.5] and [3.2.6] in [3.2.2], for all
t>0, we get

[2M (5, Ev, )]? > [M (Eu, &, i) + M(Eu, &, t)] [1 + M(Eu, &v, 0] where 0<k<1  [3.2.8]

Now, as shown in [3.2.3] for all t>0, in the similar manner, from [3.2.8],

We must have

M(Eu, &v, )> M (Eu, &, i) where 0<k<1 [3.2.9]
And subsequently, from [3.2.9] for all t>0, we must have

M(&u,&v,t) = M (Eu, Ev,kiz) > 2 M(Eu, Ev,kin) — lasn - oo,

This shows, by definition that Eu=&v which proves the uniqueness.
This completes the proof of the theorem.

Theorem 3.3: Let (X, M, Q,*) be a complete fuzzy metric space and let S, T: X — X be two continuous self
mappings satisfying the following condition

[2M(SEx, Tay, OF° = [M (5 8y, 2) + M (8,576, 2)] . [M (59, S8x,2) + M (s8x, Ty, )|

M (Tey, s%x, %3) +M (g, Tey,2)|  [33.1]
Where

t=1t; +ty+tg;t,t,,t3 2 0;t>0;a,b,c,e,f,g>0,a+b+c=10<e<aand&x &y e X ThenSand T
have a unique common fixed point.

Proof: Let x, be any point of X. We define a sequence {x,,} recurrently as follows
EXon+1 = S,
EX2n+1 = TEX2n+1, n= 0,1,2,3, .
Putting €x = €x,,,Ey=8X,n41, t; = atand t, = bt t; = ctin [3.3.1] we have, forallt > 0 and n = 0,1,2, ...
t
[ZM(EXzn11, §Xons2, D] 2 [M (EXan EX2n+1'%) + M(8X2n41, EX2n+2't)]

bt

. [M <EX2n+1' EXon+1s f

) + M(&Xon+1, EX2n+2't)]

ct
. [M (EX2n+2: EX2n+2'E> + M(EX2n+1) EX2n+2s t)]
Let k = e/a, therefore 0 < k < 1 and hence we have
3 t
[2M(8X2n+1) §X2n+2, D]° = [M (EXZH' EX2n+1’E) + M(Xzn+2, EX2n+2't)]

A1+ M(&Xan41, 8Xans2, D] - [1 + M(EXan+1, EXonsar D]
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Forallt>0and n=0,123,.. [3.3.2]

Which implies that when M(§x,,41, €042, ) = 0, we must have M (Ein+1' §X2n+2'£) =0

If M(§X5n41, EXony2, t) # Othen from [3.3.2], it is obvious that

t
M(&x2n41, EX2n42, ) = M <EX2nv EX2n+1'E>: where 0 <k <1 [3.2.3]
For any positive integer p, we have

t . t
M(Ex2n+1, §X2nt2, 1) 2 M (EX2n+1' EX2n+2';) *.ptimes..*M (EX2n+p+ll §X2n+p+2';)

. t
> M (EXO, EXl, pk2n+1)) p times...x M (EXO, EXPW)
Since 0 < k < 1, therefore, by definition [d. 2] we have

M(EX2n+1, EX2n+p+1;t) —>lasn—-

Therefore, by definition[d. 4], it implies that {€x,,} is a Cauchy sequence and hence is convergent in the fuzzy
metric space X.

Let&x, - §zasn — o [3.3.4]
Then S§x,, = &xyp41 = §z8SN > 0 [3.3.5]
Similarly Téxyp41 2 Ezasn - o [3.3.6]

Since S and T are continuous, therefore [3.3.4] [3.3.5] [3.3.6] imply that
Téz = Séz =&z [3.3.7]

We next prove the uniqueness. If possible let u and v be two common fixed points of S and T with uv.
Then putting t;=at, t, = bt, t; = ct in [3.3.1] and proceeding as above for all t>0, we get

[2M(Eu, v, 1)]? [M (Eu &v, ) + M(&u, &v, t)] [1+ M(Eu,&v,0)].[1+ M(&u,&v,t)]
where 0<k<1l [3.3.8]
Now, as shown inabove for all t>0, in the similar manner, from [3.3.8],
We must have
M(Eu, &v, )> M (Eu, &, i) where 0<k<1 [3.2.9]
And subsequently, from [3.3.9] we have
M(&u,&v,t) = M (Eu, Ev,kt—z) > 2 M(Eu, Ev,kin> — lasn — oo.
This shows, by definition that Eu=&v which proves the uniqueness.

Hence the theorem is proved.

Theorem [3.4]: Let (X, M, Q,*) be a complete Random fuzzy metric space and let R, S, T: X — X be three
continuous self mapping satisfying the following condition:

[2M(RSEx, STy, £)]? [M (Ex &y, )+M(Ey, STty, )] [M (Ey, RSEX, )+ M(Rszx STy, )]
[3.4.1]
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Where t = t;+t,; t;,t, = 0;t> 0;a,b,e,f>0;a+ b =1;0<e <aand &y € X
ERS = &ESRand ST = £TS [3.4.2]
Then R, S and T have a unique common fixed point.
Proof: Let £&x, be any point of X. We define a sequence {x,,} recurrently as follows
EXani1 = RSEXzn,
EXons1 = ST Xon+1s n=012.3,..

Putting £x = €x,,,,Ey=§Xon41, t; = atand t, = bt in [3.4.1] we have, forallt > 0and n = 0,1,2, ...

[2M(&X2n11) EXans2, D] 2 [M (EXZH' EX2n+1'a;t) + M(§Xzn+1s EX2n+2,t)]

bt
. [M (EX2n+1' §X2n+1'T) + M(EX2n+1, §X2n42s t)]

Let k = e/a, therefore 0 < k < 1 and hence we have

t
[2M(8X2n 41, EXans2s D] = [M (EXZW EX2n+1:E) + M(&Xzn+2, EX2n+21t)] 1+ M(8Xan41, Eaniz, D]
Forall t > 0 and n=0123,.. [3.4.3]
Which implies that when M(€x5,41, EX2n42, 1) = 0, we must have M (Ein, Ein+1;£) =0

If M(§Xon41, EXonyo, t) # Othen from[3.4.3], it is obvious that

t
M(EXonsr, Bonszr) = M (Bom, Bonsa, ), where 0 < k < 1 [3.3.4]

Similarly,

t
M(&Xzn+1, §X2nt3 ) = M (EX2n+1’ EX2n+2’E) forn=0,12..
Where 0 <k, <1 [3.4.5]

We can continue this process, which in turn implies that {€x,,} is a Cauchy sequence and hence is
convergent.

Let &x,, - Suasn — oo then for t > 0, we have
M(&u, STEu, t) = M(&u, EX5n41, t3) * M(EXan4q, STEU, L), Where t; +t, =t
Or M(u, STu, t) = M(u, €x3p41, t3) * M(RSEX,,, STy, ty) [3.4.6]
And hence, from[3.4.6], we have
[2M(Eu, STEu, 1)]? = [M(Eu, Exp41, ts3) * ZM(RSEX,y,, STEY, t,)]?
Now from[3.4.1], we have
[2M(Eu, STEu, 1)]? = [M(Eu, Expp41, t3)]? * {[M (Eu, Xon %) +M (Eu, ST&u, %5)]
M (1, RS, %) + M(RSEx 5y, STEU, %6)]}

Where tz +tg =t, and tg, tg = 0 [3.4.7]
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Since RSEx,, = &X,n41 and &x, — u as n — oo, therefore making n — oo, from[3.4.7], we get
[2M(§u, STEu, )] Z1*[1+M(5u,STEU,)]. [1 + M(Eu, STEu, )]
Therefore as shown in [3.4.4] and [3.4.5], we must have in succession
M(&u, STEu, t) >M (Eu, STEu, t/k™) forn =0,1,2 ... [3.4.8]
As 0 < k < 1, therefore making n — oo, from [3.4.8] we have
M(&u, STéu,t) = 1 forallt >0
Therefore by definition [d. 2] and [d. 3], we have
ST&u = &u [3.4.9]
Similarly RS§u = &u [3.4.10]
Now M(REu, &u,t) = M(R(RSEu), STEu, t)

=M(RS(REu), ST¢u, t)
(since, from[3.4.2], RS = ESR)

Now from [3.4.1], we have
[2M(RS(REW), STEW, ]2 > [M (Rgu,u,2) + M (§u, STeu, 2|

M (5w RS(REw), 2) + M (RS(REw), STEu, 2] [3.4.11]
Repeating the same as we have done in [3.4.3] , in [3.4.11], we get

[ZM(RS(REW), STEu, O]? = [M <RS(REu), STEy, i) + 1] .[M(STEu, RS(REW), ©) + M(RS(REW), STEY, D]

Where 0<k<1 (applying) [3.4.9]&[3.4.10] or M(RS(R&u), STEu, t)>M (RS(REu), STEu, i)
Which in turn implies that

M(RS(R&u), STéu, t) = M(RS(R&u), STéu, t")

Making n — oo, we get

M(RS(R&u), STEu, t) = 1 for all t>0, (as 0<k<1)

i.e. M(R&u,&u,t) =1 forall t>0

i.e. REu=¢tu

In the similar manner, we can have

Stu = Téu = &u

~ U is the common fixed point of R,Sand T.

Now to prove the uniqueness of the fixed point, If u; and u, are two common fixed points of R,Sand T
with &u;#Eu,, then using [3.4.1] and proceeding as above, we have, M(uy, u,,t) = 1 for all t>0. That is u;=u,.

This completes the proof of the theorem.
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Theorem [3.5][Deduction]: Let (X, M, Q,*) be a complete fuzzy metric space and let R, S, T: X — X are three
continuous self mappings satisfying the following conditions:

2M(SEx, Ty, O)° 2 [M (gx, 8y, L) + M (&, 5Tex, 2)] . [M (g, Rsx, 2) + M (Rsx, STey, 2|

. [M (RSEy, STy, %3) +M (Ey, RSEy, %3)] [3.5.1]
Where
t=1t; +ty+t3;t,t,,t3 =2 0;t>0;a,b,c,e,f,g>0,a+b+c=10<e<aand &y € X
RS = SRand ST =TS [3.5.2]
Then R,Sand T have a unique common fixed point if RS = ST.

Theorem[3.6]: Let (X, M, Q,*) be a complete fuzzy metric space and let P, Q, R, S: X — X are four continuous
self mapping satisfying the following conditions:

[2M(PQg, RSty, OF = [M (g8, 2) + M (s, Rsty, 2] 1M (5, PQgx, 2) + M(PQE, Rsty, 2]
Where t;,t, 2 0;t=t; +t,,t>0;a,b,e,f,>0,a+b=1,0<e <aand &y € X
PQ = QP and RS = SR [3.5.2]
Then P, Q, R and S have a unique common fixed point.
Proof: Let &x, €X. We construct a sequence {x,,} recurrently as follows:

&Xon+1 = PQEXan,
EXZ’H.'F]. = RSEXZ’H.+1' n= 0,1,2,3, e

Putting &x = &€x,,,8y=Ex,n41, t; = atand t, = bt in [3.6.1] we have, forallt > 0andn = 0,1,2, ...

[2M(§Xzn+1, §X2n+2't)]2 2 [M (EXZW EX2n+1:a;t) + M(EX2n+1, EX2n+2't)]

bt
. [M <§in+1’ EX2n+1'T) + M(EX2n+1, §X2n42s t)]

Let k = e/a, therefore 0 < k < 1 and hence we have

[ZM(EXzn11, §Xons2, D] 2 [M (EXan EX2n+1’£) + M(&2n41s EX2n+2't)] 1+ MGXan41, §Xans2s D]
Forallt>0and n=0123,.. [3.6.3]
Which implies that when M(€x,141, EX2n42, £) = 0, we must have M (Ex2n+1, EX2n+2'£) =0

If M(EX5n41, EXon42, t) # Othen from [3.6.3], it is obvious

thatM (€x5n41, EX2nt2, ) = M (EXZH, EX2n+1,£), where 0 < k <1 [3.6.4]
Similarly,
t
M(@EXan+2) EX2nes ) = M (EX2n+1; EX2n+2;k_1) forn=012,..
Where 0 < k; < 1 [3.6.5]
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We can continue this process, which in turn implies that {€x,,} is a Cauchy sequence and hence it is
convergent.

Let &, = &uasn — oo, then for t > 0, we have
M(&u, RSEu, t) = M(Eu, EXpp41, t3) * M(EXyp41, RSEY, t,), where t; + t,_t
Or M(Eu, RSEu, t) = M[(EU, EXyns1, t3) * M(PQEX,,, RSEY, t,)]? [3.6.6]
And hence, from [3.6.6], we have
[2M(8u, RSEu, £)]? Z[M(8u,8%2n11, t3)] * 2M(PQEX2p, RSEU, t4)]?
Now from[3.6.1], we have
[2M(50, RSE0, OF = (M0, e, t)] = {[M (52,80, 2) + M (50, Rstu, )|
M (Eu, PQEXZH,%> + M(PQEx;n, RSEU, %6)}

Where t; + tg =t = t and ts, tg =0 [3.6.7]
Since PQ&x,, = &x,,41 and &x,, = Euas n — oo, therefore making n — oo, from [3.6.7], we get
[2M(Eu, RSEu, )]% = 1+ {1+ M (50, RSEu,%)]. [1 + M(Eu, REu, ¢
Therefore as shown in [3.6.4] and [3.6.5], we must have in succession

M(&u, RSEu,t) = M (Eu, RS&u, k—tn> forn=10,1,2... [3.6.8]
As 0 <k < 1,therefore making n — oo, from[3.6.8], we have
M(&u, RSEu,t) = 1 forallt >0
Therefore by definition [d. 2]and [d. 3], we have
RS&u = &u [3.6.9]
Similarly, PQ&u = &u [3.6.10]
Now  M(P&u,&u,t) = M(P(PQ&u), RS¢u, t)

= M(PQ(P%u), RS&u, t)

(Since, from[3.6.2], £PQ = £QP)
Now from [3.6.1], we have

[2M(PQ(PEu), RSEu, % = [M (Pgu,§u,2) + M (5u, RSgu, 2|

. [M (Eu, PQ(qu),%) +M (PQ(PEu), RSEu, %)] [3.6.11]

Repeating the same as we have done in [7.6.3],in [7.6.11], we get

[2M(PQ(PEU), RSEU, ]2 = [M (PQ(PEu), RSEY, i) + 1] . [M(RSEu, PQ(PEW), ©) + M(PQ(PEW), RSEW, D]

Where 0 < k < 1 (applying[3.6.9]&[3.6.10])
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Or M(PQ(Ptu), RS&u, t) > M(PQ(P&u), RS€u, t/k™)
Making n — oo, we get
M(PQ(P&u),RSéu,t) = 1 forallt>0,(as 0 < k < 1)
i.e. M(P&u,&u,t) = 1 forallt >0
i.e. PEu==¢&u
In the similar manner we can have
Q&u = R&u = S¢u = &u

=~ U is the common fixed point of P,Q,R and S. Now to prove the uniqueness of the fixed point, let u; and u, are
two common fixed points of P,Q,R and S with u; # u,, then using 3.6.1 and proceeding as above, we have,
M(uy, uy, t) = 1 for all t>0, that is u;= u,.

This completes the proof of the theorem.

Theorem[3.7] [Deduction]: Let (X, M, Q,*) be a complete random fuzzy metric space and let,P,Q,R,S: X = X
are four continuous self mappings satisfying the following conditions:

[2M(PQEx, RSEy, O)]* > [M (¥x,8y,2) + M (&, Rsty, )|

.IM (&, PQ&x, Z) + M(PQEx, RSEy, )1 [M (PQEy, RSEy, 2) + M(y, PQEy, 2)]
Where t;,t,,ts 2 0;t =t +t, +t3,t>0;a,b,c,e,f,g >0;a+ b+tc=1;0 < e < aand &x,& € X.
EPQ = £QP and £RS = £SR
Then P,Q,R and S have a unique common fixed point if EPQ=ERS.
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