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In this article, we prove some fixed point theorems in cone metric spaces by using expansion mapping.
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1 Introduction and Preliminaries
Let E be a real Banach space and P a subset of E. The subset P is called a cone if and only if ;
0] P is closed , non-empty and P # {0}
(i) ax + by € P for all x,y € P and non-negative real numbers a, b.
(iii) Pn(—P) ={0}

Given a cone P c E, we define a partial ordering < on E with respectto P by x < y ifand only if y — x € P.
We shall write x < y if x < y and x # y; we shall write x < y if y — x € intP, where intP denotes the
interior of P .The cone P is called normal if there is a number K > 0 such that for all x,y € E,

0 < x <y implies ||x]| < K]yl

The least positive number satisfying the above inequality is called the normal constant of P [1].
Definition1.1:[1]

Let X be a non-empty set. Suppose that mapping d: X X X — E satisfies the following :

(d) 0 <d(x,y)forall x,y € X and d(x,y) = 0ifand only if x = y,

(dy) d(x,y) =d(y,x) forall x,y € X,

(d3) d(x,y) <d(x,2z) +d(z,y)forall x,y,z € X.

Then d is called a cone metric space on X and (X, d) is called a cone metric space .
Definition1.2:[1]

Let (X, d) be a cone metric space, x € X and {x, },,-; a sequence in X .Then we say that

() {xn}n=1 cONverges to x whenever for every ¢ € E with 0 « ¢, there is a natural number N such that
d(x,,x) < c forall n = N. We denote this by lim,,_,, x, = x or x,, = x.

(i) {xn}ns1is @ Cauchy sequence whenever for every ¢ € E with 0 « c there is a natural number N
such that d(x,, x,,) < c foralln,m = N.

(iii) (X, d) is a complete cone metric space if every Cauchy sequence is convergent .
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2 Main Results

Theorem 2.1 Let (X, d) be a complete cone metric space and the mapping T: X — X is onto and satisfies the
contractive condition

d(Tx,Ty) = K min {d(x'”)'d(y ‘Tﬁ:g’“” MO G(x,y), d(x, Tx), d(, TJ')}

Forall x,y € X, where K > 1 is a constant. Then T has a unique fixed point in X.

Proof : For each x, € X, since T is onto , there exist x; € X such that Tx; = x, similarly ,we can write
X, =Tx,,, foreach n>1

If x,_, = x,, then x,, is a fixed point of T.

Now suppose that x,_, # x,, forall n > 1. Then

d(xp, Xp-1) = d(Txp41, TXy)

d(xXn+1,Txn+1)-d0n, Txn) +d(Xn+1,T%n).d (X0, TXn+1)
> K min d(xn41, xn) !
d(Xn41, %n), d(ny1, TXpp1), d (o, Txn)

d(Xn+1,%Xn)-d(Xn Xn-1)+d(Xnt1,X0-1).d(Xn,Xn)
> K min d(xXn+1, Xn) !
d(xn+1' xn)' d(xn+1' xn)' d(xn' xn—l)

= K min {d(xn ’ xn—l): d(xn+1: xn): d(xn+1: xn): d(xn: xn—l)}
= K min {d (xn+1' xn)' d(xn' xn—l)}
Case |
d(xn'xn—l) = Kd(xnlxn—l)

=1>K
Which is contradiction.

Case 1l

d(xp, Xp—1) = Kd(xy11, %)

d(n 11, %n) < 7 Gon X 1)

d(Xps1, Xn) < h d(p, Xp_1) Where h = % <1(AsK >1)
From this we get d (x,,, xp+1) < h™ d(x, X71)
Now for n < m we have
Ay, Xm) < Ay, Xpp1) + A(Xpgq s Xngz) + oo e +d (X1, X))

< (A" 4+ W™ 4 e R d (g, Xy)

hn
< n d(x, x1)

Let 0 < ¢ be given. Choose a natural number N, such that %d(xo,xl) < cforalln = N;.Thus, d(x,, x,,) <c,
for n < m. Therefore, {x,},»1 is a Cauchy sequence in (X, d). Since (X, d) is a complete cone metric space,

there exists x* € X such that x, » xasn — .

If T is continuous, then d(Tx*,x*) < d(Tx,, Tx*) + d(Tx,,x*) = 0 asn — . Therefore, d(Tx*,x*) = 0 and
so Tx* = x*. Thus T has a fixed point in X.
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Theorem 2.2 Let (X, d) be a complete cone metric space and the mapping T: X — X is onto and satisfies the
contractive condition

1
d(Tx,Ty) = K{d(x,Tx).d(y,Ty) + d(x,Ty).d(y, Tx)}2
Forall x,y € X, where K > 1 is a constant. Then T has a unique fixed point in X.
Proof : For each x, € X, since T is onto , there exist x; € X such that Tx; = x, similarly ,we can write

X, =Tx,,, foreach n>1
If x,_, = x,, then x,, is a fixed point of T.
Now suppose that x,_, # x, foralln > 1. Then

d(xnrxn—l) = d(Txn+1'Txn)
1
2 K{d(xn+1' Txn+1)- d(xn' Txn) + d(xn+1' Txn)- d(xn' Txn+1)}5
1
= K{d(xn+1: xn)- d(xnr xn—l) + d(xn+1: xn—l)' d(xn: xn)}E

> K{d(tns1, %) dCn, X))
{d(xn' xn—l)}z = sz(xn+1' xn)- d(xn' xn—l)
d(xn' xn—i) = sz(xn+1:xn)

d(xn' xn+1) < % d(xn—1: xn)

d(Xp, Xns1) < hd(py_q, %) Where h = Ki <1(4sK >1)
From this we get d (x,,, xp+1) < h™ d(x, X71)
Now for n < m we have
A, Xm) < d(xy , Xp41) + A(Xpgq s Xngz) + oo e +d (X q , X))
< (K™ + W™ 4 o+ R 1) d (2, Xy)

B
< ;d(xo, xl)

n
Let 0 < c be given. Choose a natural number N; such that 1h_—hd(x0,x1) < cforalln = N;.Thus, d(x,, x,,) <c,

for n < m. Therefore, {x,},>1 is a Cauchy sequence in (X, d). Since (X, d) is a complete cone metric space,
there exists x* € X such that x, » xasn — .

If T is continuous, then d(Tx"*, x*) < d(Tx,, Tx") + d(Tx,,x™) = 0 asn — oo. Therefore, d(Tx",x*) = 0 and
so Tx* = x*. Thus T has a fixed point in X.

Theorem 2.3 Let (X, d) be a complete cone metric space and the mapping T: X — X is onto and satisfies the
contractive condition

K [aGT+ay Tl
2 d(x,Ty)+d(y,Tx)

d(Tx, Ty) =
Forall x,y € X, where 1< K < 2 is a constant. Then T has a unique fixed point in X.
Proof : For each x, € X, since T is onto , there exist x, € X such that Tx; = x, similarly ,we can write

X, =Tx,., foreach n>1
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If x,_, = x,, then x,, is a fixed point of T.
Now suppose that x,_, # x, foralln > 1. Then

d(xnrxn—l) = d(Txn+1' Txn)

v

K [d(¥n+1,TXn+1)+d(Xn, Txn)]?
2 d(xn+1,Txn)+d(xn,TXn+1)

v

5 [d(xp41.x0)+d (xnrxn—l)]z
2 d(xXpt+1,Xn—1)+d(xn,xn)

At %) d (s, Y1) = 5 [d (s, %) + d o, Xy
d (s 1) [d o1, %) + Ao X)) 2 5 [dCne1, %) + d Gy X))
At Xn-1) = 5[d Gna, %) + d G, X1
Kd(xp41,%,) < (2= K)d(xp, Xp—1)

d(ns1, %) < 55 d (6, K1)

Ay, %) < h d(x,, xp_1) Where h = % <1(As1<K<2)
From this we get d (x,,, xp+1) < h™ d(x, ;)
Now for n < m we have
Ay, X)) < Ay, Xp41) + A(Xpgq s Xngz) + oo v+ (Xpq , X))

< (W™ + A" e 4+ ™Y d(xg, x4)
hn
=< Ed(xo:xﬂ

n
Let 0 < c be given. Choose a natural number N; such that 1h_—hd(x0,x1) < cforalln = N;.Thus, d(x,, x,,) <c,

for n < m. Therefore, {x,},>1 is a Cauchy sequence in (X, d). Since (X, d) is a complete cone metric space,
there exists x* € X such that x, » xasn — .

If T is continuous, then d(Tx", x*) < d(Tx,, Tx*) + d(Tx,,x™) —» 0 asn — oo. Therefore, d(Tx*,x*) = 0 and
so Tx* = x*. Thus T has a fixed point in X

Theorem 2.4 Let (X, d) be a complete cone metric space and the mapping T: X — X is onto and satisfies the
contractive condition

dz(x,Tx)+d2(y,Ty)] +B [dz(x Ty)+d?(y, Tx)]
a(x,Tx)-d(y,Ty) a(x,Ty)—d(y,Tx)

d(Tx,Ty) = a[
+y[d(x, Tx) + d(y, Ty)] + 8d(x,y)

Forallx,yeX,a>1,8>1y>18>1and2y+6 > 1.

Then T has a unique fixed point in X.

Proof : For each x, € X , since T is onto , there exist x, € X such that Tx; = x, similarly ,we can write

n=Tx,y, foreach n>1

If x,_, = x,, then x,, is a fixed point of T.
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Now suppose that x,_, # x, forall n > 1. Then

d(xnrxn—l) = d(Txn+1' Txn)

> [d2(xn+1,Txn+1)+d2(xn,Txn)] +8 [dz(xn+1,Txn)+d2(xn,Txn+1)
- d(xn+1,TxXn+1)—d(xn,Txp) d(xXn+1,Txn)—d O, TXn+1)

+y[d(xn+1' Txn+1) + d(xnv Txn)] + Sd(xn+1! xn)

> [dz(xn+1rxn)+d2(xn,xn—1) [dz(xn+1,xn_1)+d2(xn,xn)
- d(xn+1,Xn)—d(xn,Xn-1) d(n+12n-1)—d(xn,Xn)

+y[d(xn+1'xn) + d(xn'xn—l)] + 5d(xn+1: xn)

>«

{d(xn+1;xn)_d(xn;xn—1)}2+2d(xn+1rxn)-d(xnrxn—1)] +8 [dz(xn+1.xn—1)]
d(xn+1,Xn)—d(xnXn-1) d(xn+1,Xn-1)

+Y[d(xn+1: xn) + d(xn'xn—l)] + 6d(xn+1' xn)

_ 2
> [{d(xn+1zxn) d(xnxn-1)} ] + ﬁ[d(xn+1,xn_1)]

d(xn41.x0)—d(Xnxn—1)
+y[d (e, %) + d O, X211 + 8d (X 41, %)
= ald(xni1, %) — A0, X-1)] + Bld 1, X0) — d (X1, X0)]
+y[d (e, X0) + d O, Xp-1)] + 8d (X 41, %)
= ad(Xpi1, %) — ad(Xy, Xp_1) + Bd(Xny1, Xn) — A (Xn_1, Xn)
+yd(Xni1, Xn) + ¥d(Xn, Xn_1) + 86d(Xn 41, Xn)
A+a+B-y)dxpx_1) = (@+B+y+8)dxyq,xn)

(a+B+y+8)dxpi,x) <A +a+p—y)d(xp, x,-1)

1+a+B-y
dCtne1, %) < s A0, X0 1)
_ 1+a+B-y
d(Xps1,%n) < hd(xp, Xn_1) Where h = - ==
From this we get d(x,,, x,,41) < h™ d(xg, x1)
Now for n < m we have
d(xnvxm) < d(xn 'xn+1) + d(xn+1 rxn+2) + e +d(xm—1 »xm)

S A"+ A"+ L+ R d (%, x4)

hn
< 155, 4 (%0, %1)

n
Let 0 < ¢ be given. Choose a natural number N, such that f_—hd(xo,xl) < cforalln = N,.Thus, d(x,, x,,) < ¢,
for n < m. Therefore, {x,},,»1 is a Cauchy sequence in (X, d). Since (X, d) is a complete cone metric space,

there exists x* € X such that x, - xasn — .

If T is continuous, then d(Tx*,x*) < d(Tx,, Tx*) + d(Tx,,x*) = 0 asn — . Therefore, d(Tx*,x*) = 0 and
so Tx* = x*. Thus T has a fixed point in X.

Theorem 2.5 Let (X, d) be a complete cone metric space and the mapping T: X — X is onto and satisfies the
contractive condition
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d(Tx, Ty) > q d(x,Ty)[d(x,y)+d(x,Tx)+d(y,Tx)] ﬁ d(x,Tx)[d(x,y)+d(y,Tx)+d(y,Ty)]

d(x,Ty)+d(y,Tx) d(x,Ty)+d(y,Tx)
Forallx,yeX,a>1,>1and 2a+ > 1.
Then T has a unique fixed point in X.
Proof : For each x, € X , since T is onto , there exist x; € X such that Tx; = x, similarly ,we can write
X, =Tx,., foreach n>1
If x,_; = x, then x,, is a fixed point of T.
Now suppose that x,_, # x, foralln > 1. Then
d(Xn, Xn—1) = d(Txps1,TXy)

d(Xn+1,Txn)[dXn+1.X0) +d (Xn+1,Txn+1) +d (X, Txn+1)]
d(xn+1,Txn)+d (X0, TXn4+1)

=

+ﬂ A(xn+1,Txn+)[d(Xnt1.50) +d0cn, TxXn+1)+d (xn, Txn)]
d(n+1,Txn)+d (X0, TXn+1)

d(xXn+12n-1)[d Ocn+1.00) +d (Xn+1,20) +d (Xn,xn)]
d(xn+1.xn-1)+d(xn,xn)

=a

+ﬁ d(Xn+1,20)[d(xn+1,%0) +d (Xn,x0) +d (Xn,xn-1)]
d(n+12n-1)+d(xnxn)

d(xXn+1,X0)[d(Xn+1,X0)+d (X, %0-1)]
> 2[d (41, %)) + fp 22Tl s

= Za[d(xn+1ﬁxn)] + ﬂd(xn+1'xn)

> (2a + B)[d(xtn+1, x0)]

1
d(xn+1' xn) < m d(xn: xn—l)

1

d(Xpe1,xn) < hd(ey, x,-1) Where h = raip < 1

From this we get d(x,, x,,41) < h™ d(xg, x1)

Now for n < m we have

Ay, xm) <Ay, Xp41) F d(Xpaq , Xngo) + o v Fd (X q , Xm)

S A"+ A"+ L+ R d (%, x4)

I
< Ed(xo,xl)

Let 0 < ¢ be given. Choose a natural number N, such that %d(xo,xl) < cforalln = N;.Thus, d(x,, x,,) <c,
for n < m. Therefore, {x,},>1 is a Cauchy sequence in (X, d). Since (X, d) is a complete cone metric space,

there exists x* € X such that x, » xasn — .

If T is continuous, then d(Tx"*, x*) < d(Tx,, Tx*) + d(Tx,,x™) = 0 asn — oo. Therefore, d(Tx*,x*) = 0 and
so Tx* = x*. Thus T has a fixed point in X.
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