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Abstract
In the present paper we establish some fixed point theorems in Banach space taking rational expression. Our
Result Generalize the result of many authors.
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Introduction: Fixed point has drawn the attentions of the authors working in non-linear analysis, the study of
non-expansive mapping and the existence of fixed point. The non-expansive mappings include contraction as
well as contractive mappings. Browder [1] was the first mathematician to study non-expansive mappings; he
applied these results for proving the existence of solutions of certain integral equations.

It is well known that differential and the integral equations that arise in physical problems are generally
non-linear, therefore the fixed point technique provides a powerful tool for obtaining the solutions of these
equations which otherwise are difficult to solve by ordinary methods. No doubt, it is also true that some
qualitative properties of the solution of related equations is lost by functional analysis approach. Many attempts
have been made in this direction to formulate fixed point theorems. Schauder, J. formulated the well known
Schauder’s fixed point principle in 1930.

Browder [1], Gohde [6] and Kirk [10] have independently proved a fixed point theorem for non-expansive
mappings defined on a closed bounded and convex subset of a uniformly convex Banach space and in the spaces
with richer generalizations of non-expansive mappings, prominent being Datson [2], Emmanuele [3], Goebel
[4], Goebel and Zlotkienwicz [5], Iseki [7], Sharma & Rajput [11], Singh and Chatterjee [13]. They have
derived valuable results with non-contraction mapping in Banach space.

Our object in this chapter is to prove some fixed and common fixed point theorems using Banach space.

Our results include the results of Goebel and Zlotkiewicz [5], Iseki [7], Sharma and Bajaj [12], Khan
[9], Jain and Jain [8]. We shall prove:-

Theorem-1:
Let F be a mapping of a Banach space x into itself. If F satisfies the following conditions;

1. "2 =1, where | is the identity mapping. ... (1.1)

2. I[F-Feoll Ll (1.2)
<a [llx=F&I + lly =FII+az [llx —yll
+ az Max {pl Q}
Where
p= IIX—F(X)II||y—F(y)”|)I;l|,ﬁ—F(y)ll [ly=F)Il and Q = [Ix=F)Il IIX—F(yill)l(t}llllsll—F(y)ll lly=FGoll
For every x,y€ X, where 0 < aj;,a,,a; and 4a; + a, + 8az < 2, then F has a fixed point, if a, + az <
1,then F has a unique fixed point.

Proof: Suppose x be a point in Banach space X. Taking

1

y=2(F+) (x)
z=F(y) and
u=2y-z

We have

lz—xll = [[F(y) = F?®)l = IF() — FE)I
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<a[lly = FWII + IF) — F2®)II] +a.lly = F&)Il +agmax [P, Q]

p= Ix=FIl ||y—F(y|)|)|t|S|7>|T—F(y)II lly—Fl and Q = lIx—FIl IIX—F(yﬁiI(J:ISIIi—F(y)II ly—Fll

Case 1: when max [P, Q] =P

Then ||z — x||

lly=FII[|FG)- F “F2@|IIF)- F®I
<aullly = FO)Il + IFGO = F2I] + 2y lly — FGo | + agf rOME= 09 Iy FliFe- ol

ly=Fll

-F F(x)— —x||IFx)-F
=, [lly = F@)Il + IIFGO = xI[1 + & ly — FGo)| + ag M3 o0 FOO)

ly-F@IIEGO- x1+ |5F+D ) —x|| IFG- F)
[2+nco-Feo|

=a,[lly - F)ll + IFG) — xll] + 2 | F + D) — Feo || + as[
= a [lly — FO)Il + IFGO — xll] + Z1lx = FCOII + 225 lly = F@)II + 23 IFGO) = F@)
= a [llx— FGOll + Ily = FO)III +Z1lx = FOII + 3as lly — F)Il +a5 IFGx) — v

= ailllx— FIl + lly = F@I1 +2 llx = FGO

= (a+3a3) [ly = FQ)II+ (a1 + 2+ ) Ix = F(

Therefore ,

llz = Il < (a1 + 325) [lly = F@)lll + (2 + Z+ ) lx— FGl

Also

lu=xIl =12y —z = x|| = |(F + D) — F@y) — x|l = [[F(x) = F@)l

[x—F®)lllly- F®lI+ lIx-F®lllly— F(X)II]

<a;[llx = FGll + lly = F@)Ill + 2z llx — yll + a[" "X_y”

=a [llx = FGOll + lly = F@)lll +a |x =3 (F + DE9)|

Ix=FCOllly= F) I+ Ix-F)Il|[5F+D - F |
||X—%(F+l)(x)||

ag

=a[llx = FGIl + lly = FO)IIT + 2 llx = FOIl + 225 lly = F)Il + a5 llx — yll

+as lly — F)

= (@ +3a) [lly — F)Ill + (a; + 2+ Z) Ix— FIl.

Therefore,

lu—xll < @+3a) [y = FOII+ (a; + 2+ 2) Ix—Feoll. ... (13)
Now

llz = ull<llz = xI| +[Ix — ul|

= (@ +3a5) [y = F@)lll + (a; + 2+ 2 ) lIx— Foll + (a1 + 3a9) [lly — FOII + (2 + 2+ ) lIx -
FOl
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= 2(ay + 38 [ lly — FO)I1+2(a + 2+ 2 ) Ilx = FR

Thus, |z — ull <2(@,+3a0) [y = FIT+2(as + Z+ ) Ix—FGIl - ...o.. (L4)
Alsollz — ull = IF(y) — 2y = 2)I
=|[F(y) — 2y + zl|
=2|IF(y) -l
Combining (1.3) and (1.4), we have
IY = FIl < 2[(a;+3a3) lly — F(Il + (a1 + a2 + a5/2) || x = F)| ]
Therefore [ly — F(y)Il < q [Ix — F)l

Where

_(2a1+a2+a3)

" (1-3a3-al) <1

since 4a; + a, +7a3 < 2

on taking

G= %(F + 1) then for every x € X
6?2 ) = G| = IGH) -yl
1
=5 lly = F®II

<9, Ix - F@I

By the definition of g, we claim that {G" (x)} is a Cauchy sequence in X. Therefore, by the property of
completeness, G" (x)} converges to some element x, in X.

i.edim, . G™(x) =X

Which implies G(Xg) = X

Hence F(Xg) = Xgo

i.e. Xo is a fixed point of F.

For the uniqueness, if possible let y, (# xo) be another fixed point of F. Then

lIxo — yoll= IF(x0) — F(yo)ll

<ar[ ”Xo - F(Xo)” + ” Yo - F(yo) ” ]+a ”Xo - Yo”
[Ix0—F(x0)|| ly0—F(y0)l|+|Ix0—F(y0)|llly0—F(x0)||

+ a

3 lIxo-yol
_ lIx0—F(y0)lllyo—F(x0)]|
=2[Ixo — yoll + a3 Ix0—yol

= (az+ag)llxo — yoll
Since a, +a3 < 1 ,therefore
IXo - Yoll =0
Hence Xy =Yp .
Case 2: when max [P, Q] = Q

Then ||z — x|

ly=F®lllly= F? ||+ [FCO-F? ) [[IFG)— F)II
<arflly = Il + IIFG) = B2l + 2y lly = Qo + a2 l= el oo eollirco - ot
y=E®Illly— xllI+ IFE) —x|IFx)— F¥)Il

lly=Fll

=a[lly = F)Il + IIFGO — xll] + 2, lly — FCo)ll + "
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ly=F@) Il |[5F+D 0 -x|| +IFGO - xIIIFG)- Fy)|
[2+nco-Feo|

=aflly = F@)ll+ IFG) — xll] +a |3 (F + D - Fo|| + as[

=a [lly = FO)Il + IF) — xll] + 2 lx = FCOIl +a lly — @)l +2 a5 IFG) = Fy)|

=a [Ilx— FCOIl + lly = FO)IIT + 2 1x = FGll + as lly — FO)II +2as [ IFGO) — yll+lly — F)I]
= a [llx = o)l +lly — F@)I1 +2 llx — FOI+3aslly — F(y)ll+2a1/2]lx — Fx)|

= (@ +3a3) [lly — FOOII + (a1 + 2+ a3) lIx— Fl

Therefore,

llz = x1I < (a1 +3a9) [ lly = F@)III + (a3 + 2+ a3 ) lIx— Fll

Also

lu=xIl =112y —z = x|| = I(F + D) — F@y) — x|l = [[F(x) = F@)l

[||x—1=<x)||||x— F@)lI+ lly=F®)lllly— F(x)n]
3 lIx=yll

<a[llx=FI + lly —F®Il +allx—yll +a

=a [llx = FGll + lly = F@)lll + 2 |x = F+DE)|

o | EEFCONy— FQI+ Ix-F@) Il | 5F+D 00~ F(x)||]
3

[x—5E+ne0||

=a[llx— FGll + lly — FIIT +2llx = FGOIl + 2asllx — yll +a; lly — F&)

+a lly — F)

= (@ +3a) [lly — I+ (ay + 2+ a3 ) lx— Fl.

Therefore,

lu—xll < (a1 +3ag) [y = FOOII+ (s + 2+ a5) Ix=FQoOll. ... (15)
Now

llz = ull< llz = x|l + llx = ul

=(ar +3ag) [ ly — Folll + (a1 + 2+ ay ) lIx = FGOIl + (aw + 3a3) [ lly — F()IIT + (a1 + 2+ a, )
lIx = F@)l

= 2(ay + 3a5) [y — FOIII +2(a; + 2+ a3 ) Ix— FG
Thus, Ilz = ull < 2(a; +3a) [y = FOIT+2(ay + 2+ a;) Ix—FGI ... (1.6)
Also, 1z — ull = [IF(y) — 2y — )|

=lIF(y) — 2y +zl|

=2|IF(y) —yll

Combining (1.5) and (1.6), we have
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IY — FIl < 2[(a;+3a3) lly — F(Il + (a1 + @/2 + a3) [Ix — F()|| ]
Therefore |ly — F(y)Il < q llx — FX)|

Where

_(2a1+a2+2a3)

(1-3a3-al) <1

since 4a; + a, +8a3 < 2

on taking

G = (F + 1) then for every x € X
162 20 = GGl = 116G -yl
=3 E+ D) -]
=y —F)l

<9, Ix - F@I

By the definition of g, we claim that {G"(x)} is a Cauchy sequence in X. Therefore, by the property of
completeness, {G" (x)} converges to some element x, in X.

i.elim,_ . G" (x) =X

Which implies G(Xg) = X

Hence F(Xo) = Xg

i.e. Xq is a fixed point of F.

For the uniqueness, if possible let yq (# xo) be another fixed point of F. Then

lIxo — yoll= IF(x0) — F(yo)ll

<ar[ ”Xo - F(Xo)” + ” Yo - F(yo) ” ]+a ”Xo - Yo”
+ag [Ix0—F(x0)|| |x0—F(y0)||+|ly0—F(y0)|llly0o—F(x0)||
[Ix0-yoll

=allxo — yoll
Since a, < 1, therefore

|I%o - Yoll =0
Hence Xo = Yo
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