Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) l'H.i.l
Vol.4, No.1, 2014 IIS E

RATIONAL TYPE CONTRACTION MAPPING IN T — ORBITALLY
COMPLETE METRIC SPACE

R.N. Yadava, Rajesh Shrivastava’, Shashikant Singh Yadav™

Director, Patel Group of Institutions, Bhopal & Ex Director (AMPRI, Bhopal) ,INDIA
xProfessor & Head, Department of Mathematics, Govt. Science & Commerce College, Benazeer Bhopal,INDIA

**Department of Mathematics, Govt. Science College, NarshinghPur ,INDIA

Abstract

Our aim of this paper is to obtain some common fixed point theorems in T — orbitally metric space satisfying
different rational contractive conditions.
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2. Introduction: One of the most popular generalizations of metric space is T — orbitally metric space.

In 1997 Alber and Guerre- Delabriere [1] introduced the concept of weakly contractive map in Hilbert
space and proved the existence of fixed point results. Rhoades [4] extended this concept in Banach
space and established the existence of fixed points. Our aim of this paper is to obtain some common fixed
point in T — orbitally metric space satisfying different rational contractive conditions

3. Preliminaries:
Throughout this paper (X,d) is a metric space which we denote simply by X.

We denote, R* = [0,) is positive real number, N the set of natural number and R the set of
real number. We write & = {{s : Rt - R* } where s setisfies following conditions;

i. s is continuous (ii) Y is non decreasing(iii)y(t) > 0 fort > 0
ii.  YO)=0

Definition 3.1.1 For any x4 € X; 0(x¢) ={T"%,;n=0,1,23...... } is said to the orbit of x, where,
T = I,is the identity map of X. 0(x,) represent the closer of 0(x,).

A metric space X is said to be T — orbitally complete; if every Cauchy sequence Which is
contained in O(x) for all x € X converges to the point of X.

Here we note that every complete metric space is T — orbitally complete for any T, but
converges is not true.

Definition 3.1.2 Let A and S be the mapping from a metric space X into itself, then the mapping is
said to weakly compatible if they are commute at their coincidence points, that is,

Ax = Sx implies that ASx = SAx.

Definition 3.1.3 A self map T:X — X is said to be generalized weakly contractive map if there exists a
P € & such that,

with lim_,,, Y(t) = 0 for all x,y €X.

In this paper we prove some more common fixed point results in T — orbitally complete metric space.
This paper is divided into two sections. In first section we prove some common fixed point theorems satisfying
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weakly rational symmetric contractive conditions and in section two we prove some common fixed point
theorems satisfying integral type rational symmetric contractive conditions.

3.2 RATIONAL CONTRACTIVE CONDITION AND COMMON FIXED POINT THEOREM ON
T — ORBITALLY COMPLETE METRIC SPACE

In this section we prove a common fixed point result satisfying rational contractive condition in T-
orbitally complete metric space. We also give some corollaries which is equivalent to the proved theorem. In fact
we prove following theorem.

Theorem 3.2.1 Let (X,d) be aT — orbitally complete metric space, if A,B,S,T be the self
mapping of X into itself such that;

3.2.1() AX) € T(X) and B(X) < S(X), T(X) or S(X) are closed subset of X.
3.2.1(ii) The pair (A, S) and (B, T) are weakly compatible and generalized weakly contractive map.
3.2.1(iii) forallx,y € 0(x,) and k € [0,1), we define,

d(Ax,By) < k.M(x,y) — y(M(x,y))

( d?(Ax,Sx) +d?(By,Ty)
14+d(Ax,Sx) +d(By,Ty) ’
| d?(Sx,By)+ d?(Ax,Ty)

|
Where, M(AX, By) — max{ 14+d(Sx,By)+ d(Ax,Ty) ’ }

d(Ax, Sx),d(By, Ty),
| d(sx By), d(ax, Ty),
k d(Sx, Ty)

Then A,B,S,T have unique fixed pointin 0(x,).

Proof:- We suppose that, x, € X arbitrary and we choose a point x € X such that,
yo = Axy = Txq and y; = Bxy = Sx,

In general there exists a sequence,

Yon = AXpp = TXpnyq and yongg = BXongq = SXongo

for n=123........

first we claim that the sequence {y,} is a Cauchy sequence for this from 3.2.1(iii) we have,

d(Yzn Y2ne1) < K M(AXzp, Bxpni1) — W(M(AXpp, BXopi1))

d%(Ax21,5%2n )+ A% (BXan+1,TX2n+1)
1+d(Ax2n,S%2n )+ d(BXzn+1,TX2n4+1)
d?(Sx2n,BXz2n+1)+d?(AXzn, TX2n+1)
1+d(Sx2n,BX2n+1)+d(AXzn, TX2n+1)

d(Axzn, SX2n ), d(BXzn41, TXzn41),
d(SXzn, BXzn41), d(AXzp, TXon41),
d(Sxzn, TXzn41),

d(Yzn Y2n+1) < kmax

d?(AXzn,SXz2n )+ d?(BXzn+1,TX2n+1)
1+d(AX2n,SX2n )+ d(BxX2n+1,TX2n41)
d%(Sxzn.BXz2n+1)+d% (Axon, TX2n41)
1+d(Sxzn,Bx2n+1)+d(Axz2n, TXz2n+1)

— Y| maxq r
d(Axyy, SXon ), d(BXant1, TX2n41),
d(SXzn, BXzn+1), d(AXap, TXon41),

d(Sxzn, TXzn41),

SN—
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( d2(yany2n-1)+ d2(yan+1.¥2n) )
1+d(y2n-1Y2n) ’
d*(y2n-1Y2n+1)+d*¥2ny2n)
1+d(y2n-1.Y2n)

d(Y2n Y2n+1) < K Max{  dyonyen-1)d@2ns1,y2n) r
1+d(yzn-1Y2n)
d(yzn-1Y2n+1)-d(¥2n.y2n)
1+d(yzn-1Y2n)

. d(Y2n-1,Y2n)s J

d%(y2n.y2n-1)+ 42 (y2n+1.y2n)
1+d(yzn.y2n-1)+ d¥zn+1.y2n)’
d%(y2n-1.¥2n+1)+d*(¥2ny2n)
1+d(yz2n-1Y2n+1)+d(¥2n,y2n)

— | max

d(Y2n Y2n-1), d(Y2n+1, Y2n),

d(Y2n-1,Y2n+1), A¥2ns Yon),
d(Yzn-1,Y2n)»

d%(y2n.y2n-1)+ 4*(y2n+1.Y2n)
1+d(y2n¥2n-1)+ d¥2n+1.¥2n)
d%(yan—1.Y2n+1)+4%(Y2nY2n)
1+d(y2n-1.Y2n+1)+d(¥2n.Y2n)

d(YZn' YZn+1) < k max

d(Yzn Y2n-1), dY2n+1, Y2n)s

d(¥2n-1,Y2n+1), A(V2nr Yan),
d(Y2n-1,Y2n)s

1+d(y2ny2n-1)+ d¥2n+1.¥2n)
| d%(y2n-1.Y2n+1)+4%(Y2n.¥2n)

1+d(y2n-1Y2n+1)+d(¥2n,y2n)
— /| maxy< r

d(Y2n Y2n-1)» A(Y2n+1, Y2n)»
d(YZn—l» YZn+1)r d(Yan YZn)!
\ d(Y2n-1,Y2n)s

/ d2(y2ny2n-1)+ d*(y2n+1.Y2n)

There arise three cases:

d(Y2n-1,Y2n+1)s
d(Y2n-1,Y2n+1)»
Case- 1 If we take max{ d(Von Von-1), ¢ = d(Yan—1,Y2n)

ld(YZn—1’Y2n+1),J
0,d(Y2n-1,Y2n)

Then we have
d(¥Vzn Yone1) < kd(yzn-1,¥20) — ‘lJ(d(an—pYZn))

Taking limit then we have, lim,_q W(d(y2n-1,¥2n)) — 0 and hence

d(yzn Yon+1) < kK d(¥zn-1,Y2n) -

(Ad(Y2n-1,Y2n+1)r)
d(Y2n-1,Y2n+1),

Case-2 Ifwetake maxq{ d(¥an ¥an-1), | = d(Yzn+1,Y2n)
d(Y2n-1,Y2n+1)»
kO'd(yzn—1'}’2n))
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then we have

d(¥zn Y2n+1) < ke d(Yzn+1,Y2n) _¢(d(YZn+1'YZn))

taking limit then we have, lim,_e W(d(Y2n_1,¥2n)) = 0 and hence

d(¥2n Y2ne1) < kK d(Y2n+1Y2n)

which contradiction.

(d(}’zn—p Yan+1)
d(Y2n-1,Y2n+1)»
Case- 3 If we take max{ d(¥2n Y2n-1)» ¥ =0

ld(Y2n—1'YZn+1)'J
0,d(y2n-1,Y2n)

then we have
d(y2n,Y2n+1) < O
which contradiction.
from the above all three cases we have
d(¥2n, Yon+1) < kd(yzn-1,¥2n)
processing the same way we have
d(Y2n, Yon+1) < k2", d(yo,y1)
or
dWwyn+) < kK" d(ye,y1)
forany m > n we have
d(an Ym) < d(Yn: Yn+1) + d(Yn+1r Yn+2) + -+ d(Ym—l' Ym)
dyp, ym) < (K*+ kK™ + L +k™ D d(ye, v1)

k
d(yn, ym) < = Ao, y1)-

Asn — oo, it follows that {y,} is a Cauchy sequence and by the completeness of X, {y,} converges to
y € X. That is we can write;

lirrln—>oo Yn = lirr1n—>oo AXZn = lirnn—mo TX2n+1
= limn—»oo BX2n+1 = lirnn—wo SX2n+2 =y.
Now let T(X) is closed subset of X such that, Tv = y.

We prove that Bv = y for this again from 3.2.1(iii),

d? (Axyp,SXzn )+ d2(BV,Tv)
1+d(AX2p,SX2n )+ d(BV,TV)
d?(Sxyn,BV)+d?(Axyp, TV)
14+d(Sxypn,BV)+d(Ax,p, Tv) ’
d(Axzn, Bv) <k maxyqeax, Sx,. ), d(Bv,Tv), (
d(Sx,,, Bv), d(Ax,,, TV),
d(Sx5,, TV)
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d?(Axzp,SXoq )+ d2(Bv,TV)
1+d(AxXyp,SXzn )+ d(BV,Tv)
d?(Sxypn,BV)+d? (Ax,p,TV)
14d(Sxyn,BV)+d(Axyp,TV)
max\ d(Ax,,, Sx,p, ), d(Bv, Tv),
d(Sx,p, Bv), d(Ax,p, TV),
d(Sx,p, TV)

-y

SN~

_——

d(y,Bv) < k.d(y,Bv)
Which contradiction,

Hence Bv = y = Tv and that BTv = TBv implies that By = Ty.

Now we proof that By =y for this again from 3.1.1(iii)

d2(Axzp,SX2n)+ d2(By,Ty) \
1+d(Axzp,Sx2n)+ d(By,Ty)’
d%(Sx2n,By)+ d%(Axzn,Ty)
1+d(Sx2n,By)+ d(Axzp,Ty)
d(Sxzp, By), d(Axzp, Ty),
| d(Ax,p, SX,n), d(By, Ty),
d(Sxzn, Ty)

( d2(Axzn,Sxz2n)+ d*(By,Ty) )
1+d(AxXyp,SXzn)+ d(By, Ty) ’ ¥

d(Ax,,,By) < k max

d%(Sx2n,By)+ d? (Axpp,Ty)
1+d(Sxzn,By)+ d(Axzn,Ty)
d(Sxn, By), d(Ax,y,, Ty),
| d(Axyp, SX,0), d(By, Ty),
d(Sxzn, Ty)

— | max

lim,_ . d(Ax,,, By) < kd(y,By)
By =y =Ty

Since BX) € S(X)

for w € X such that Sw = y.

Now we show that Aw =y

( d?(Aw,Sw)+d?(By,Ty) \
1+d(Aw,Sw)+d(By,Ty) ’
d?(Sw,By)+d?(Aw,Ty)
1+d(Sw,By)+d(Aw,Ty) ’

d(Aw, Sw), d(By, Ty),
d(Sw, By), d(Aw, Ty)

d(Aw,By) < k max

d(Sw, Ty)
d?(Aw,Sw)+d?(By,Ty)
1+d(Aw,Sw)+d(By,Ty)’
d?(Sw,By)+d?(Aw,Ty)
_ LIJ max 1+d(Sw,By)+d(Aw,Ty)’

d(Aw, Sw), d(By, Ty),
d(Sw, By), d(Aw, Ty)
d(Sw, Ty)

It follows that, d(Aw,y) < kd(Aw,y)
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which contradiction, d(Aw,y) > 0 thus Aw =y = Sw
Since A and S are weakly compatible, so that ASw = SAw this implies, Ay = Sy.

Now we show that, Ay = y for this again from 3.2.1(iii),

(dZ(Ay.Sy)+ d?(By,Ty) ]
1+d(Ay,Sy)+ d(By,Ty) ’
d?(Sy,By)+d?(Ay,Ty) |

d(Aw,By) < kmax { 1FAGYBYIAYTY) }
d(Ay, Sy), d(By, Ty),

| d(Sy, By), d(Ay, Ty) |

d(Sy, Ty) J

d?(Ay.Sy)+ d*(By,Ty) )
1+d(Ay,Sy)+ d(By,Ty)’
d?(Sy,By)+d?(Ay,Ty)
1+d(Sy,By)+d(Ay,Ty)

d(Ay, Sy), d(By, Ty),

| d(Sy, By), d(Ay, Ty) |

dsy,y) )

— | max

it follows that, d(Ay,y) < kd(Ay,y)
which contradiction thus Ay = y and then, we write
Ay = Sy =By = Ty =y
thatis y is common fixed point of A,B,S,T.
If S(X) is closed subset of X then we follows similarly proof.
Uniqueness We suppose that x, is another fixed point for A,B,S, T then, by using 3.2.1(iii) then we have
dx,y) < kdxy)
Which contradiction. so that x =y andy is unique fixed point of A,B,S,T.
This complete the prove of the theorem.

Theorem 3.2.2 Let (X,d) be aT— orbitally complete metric space, if A,B,S,T be the self
mapping of X into itself such that;

3.2.2() AX) € T(X) and B(X) < S(X), T(X) or S(X) are closed subset of X.
3.2.2(ii) The pair (A, S) and (B, T) are weakly compatible and generalized weakly contractive map.

3.2.2(iii) forallx,y € 0(x,) and k € [0,1), we define,

d(Ax,Sx) .d(By,Ty) d(Sx,By).d(Ax,Ty)
1+d(Sx,Ty) ’ 14+d(Sx,Ty)

d(Ax,By) <k max{ ,d(Sx, Ty)}.

Then A,B,S,T have unique fixed pointin 0(x,).

Proof We suppose that, x, € X arbitrary and we choose a pointx € X such that,
Vo = Axy = Txq and y; = Bxy = Sx,

In general there exists a sequence,

Y2n = AXpn = TXppiq1 and Yoniq = BXonir = SXanyo
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for n=123..........

first we claim that the sequence {y,} is a Cauchy sequence for this from 3.2.2(iii) we have,

d(Y2n, Y2n+1) < Kk M(Axpp, Bxoni1) — W(M(AXzp, BXont1))

(d(AX2n,SX2n )-d(BXant1,T¥2n41) )
1+d(Sxzn,TXz2n+1) I
d(YZn' YZn+1) < kmax< 4(Sx2nBxzn+1)-d(AXzn, TXz2n+1) }
1+d(Sxz2n,TXzn+1) ’

\ d(Sx2n, TXzn41)

)

(d(y2n¥2n—1)-d¥2n+1.Y2n) )
1+d(yz2n-1Y2n) I
d(YZn'YZn+1) < k max< 902n-1Y2n+1)-d(y2n.y2n) }
1+d(y2n-1,Y2n) ’

\ d(Y2n-1,Y2n)

’

A

d(¥2n Yan+e1) < k max{d(yzn+1,Y2n), 0,d(Yan—1,Y2n)}

There arise three cases:
Case- 1 If we take

max{d(¥zn+1,Y2n), 0,d¥2n-1,¥2n)} = d(V2n-1,Y2n)

then we have

d(Vzn Y2ne1) = ke d(¥zn-1,Y2n)

Case- 2 If we take

max{d(yzn+1,Y2n), 0,d(Y2n-1,¥2n)} = d(Y2n+1,Y2n)

then we have

d(y2n, Y2n+1) < K d(¥zn+1,Y2n)
which contradiction.
Case- 3 If we take

max{d(Yzn+1,¥Y2n), 0, d(Y2n-1,Y2n)} = 0

then we have

d(Yzn Yons1) < 0
which contradiction.
From the above all three cases we have

d(Yon Von+1) < ked(¥2n-1,¥2n)
Processing the same way we have

d(Yzn Yon+1) < k2", d(yoe,y1)
Or d(yn yn+1) < k™d(yo,y1)

Forany m > n we have

d(anYm) < d(Yn: Yn+1) + d(Yn+1'Yn+2) + -+ d(Ym—l'Ym)
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d(y,ym) < K™+ k™1 + LK™ Dd(y, 1)

k
d(Yn'ym) < ﬁ d(yov Y1) .

Asn — oo, it follows that {y,} is a Cauchy sequence and by the completeness of X, {y,} converges to
y € X. That is we can write;

limn_,oo Yn = hmn_,oo AXZn = hmn_)oo TX2n+1
= limyse0 BXonyr = liMyse0 SXonsz = -
Now let T(X) is closed subset of X such that, Tv = y.

We prove that Bv = y for this again from 3.2.2(iii),

(d(Axzn,SXzn ) d(BV,TV) )

1+d(Sxzpn,TV) |

d(Ax,,, Bv) < Kk max< 4(5xznBv)d(Axsn,Tv)
1+d(Sxzp,TV)

([ d(SxpnTv) )

d(y,Bv) < k max{d(Bv,y),d(y,Bv), 0}

)

d(y,Bv) < k.d(y,Bv)
which contradiction.
Hence Bv =y = Tv andthat BTv = TBv impliesthat By = Ty.
Now we proof that By =y for this again from 3.2.2(iii)
(d(Sx2n,By).d(Axop,Ty) )
1+d(Sx2n,Ty) |
d(AXZn' By) < kmax < 49(Axzn,Sxzn)-d(By,Ty) $

1+d(Sx2n,Ty) !
l d(SXZnJ TY) J

)

lim,_. d(Ax,,, By) < kd(y,By)
By =y = Ty.

Since BX) € S(X)

for, w € X such that Sw =y

now we show that Aw =y

d(Aw,Sw)d(By,Ty) d(Sw,By)d(Aw,Ty)
d(AW, By) < Kk max 1+d(Sw,Ty) ' 1+d(Sw,Ty) !
d(Sw, Ty)

It follows that, d(Aw,y) < kd(Aw,y)
Which contradiction, d(Aw,y) > 0 thus Aw = y = Sw
Since A and S are weakly compatible, so that ASw = SAw this implies, Ay = Sy.

Now we show that, Ay = y for this again from 3.2.2(iii),

d(Ay,Sy) d(By,Ty) d(Sy,By)d(Ay,Ty)
d(AW, By) < kmax 1+d(Sy,Ty) ~  1+d(Sy,Ty)
d(Sy, Ty)
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It follows that, d(Ay,y) < kd(Ay,y)
Which contradiction thus Ay = y and then, we write
Ay = Sy =By =Ty =y
thatis y is common fixed point of A,B,S,T.
If S(X) is closed subset of X then we follows similarly proof.
Uniqueness We suppose that x, is another fixed point for A,B,S, T then, by using 3.2.2(iii) then we have
dx,y) < kdxy)
which contradiction. so that x =y and y is unique fixed point of A,B,S,T.
This complete the prove of the theorem.
If we omit the completeness of the space then we get following corollary.

Corollary 3.2.3 Let (X,d) be aT— orbitally metric space, if A,B,S,T be the self mapping of X
into itself such that;

3.2.3() AX) € T(X) and B(X) < S(X), T(X) or S(X) are closed subset of X.
3.2.3(ii) The pair (A, S) and (B, T) are weakly compatible and generalized weakly contractive map.
3.2.3(iii) forallx,y € 0(x,) and k € [0,1), we define,

d(Ax,By) < k.M(x,y) — y(M(x,y))

d2(Ax,Sx) +d2(By,Ty)
| 1+d(AxSx) +d(By,Ty) ’ |
d?(Sx,By)+ d?(Ax,Ty)

Where , M(Ax, By) = max{ 1+d(SxBy)+d@AxTy)’ 1
d(Ax, Sx) ,d(By, Ty),

d(Sx, By), d(Ax, Ty),
d(Sx, Ty)

Then A,B,S, T have unique fixed pointin 0(x,).

Corollary 3.2.4 Let (X,d) be aT — orbitally complete metric space, if A,Bbe the self mapping of
X into itself such that;

3.2.4(1)) A(X) € Xand B(X) € X,
3.2.4(ii) The pair (A, B) weakly compatible and generalized weakly contractive map.
3.2.4(iii) forallx,y € 0(x,) and k € [0,1), we define,

d(AX' BY) <k M(X, Y) - lIJ(M(X' Y))

( d?(Axx) +d?(By.y)
1+d(Ax,x) +d(Byy) ’
d?(x,By)+ d?(Axy)

Where , M(Ax, By) = max<{ L+d&By)+d@axy) "4
d(Ax,x), d(By,y),

| d(x, By), d(Ax,y), |

k d(x,y) J

Then A, B have unique fixed pointin 0(x,).
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Proof:- It is enough if we take S = T = I (identity mapping) in Theorem 3.2.1 then we get the result.

Corollary3.2.5 Let (X,d) be aT — orbitally complete metric space, if A,Bbe the self mapping
of X into itself such that for all x,y € 0(x,) and k € [0,1), we define,

d(Ax,Ay) < k.M(x,y) — Yp(M(x,y))

d?(Ax,x) +d*(Ay.y)
1+d(Ax,x) +d(Ay,y) ’
d?(x,Ay)+ d?(Axy)

Where , M(Ax, Ay) = max{ ‘*tdCcay)+dlaxy)’ i
t d(Ax,x),d(Ay,y), |

d(x,Ay),d(Ax,y),
d(x,y)

Then A, B have unique fixed pointin 0(x,).
Proof:- It is enough if we take A = B in Corollary 3.2.4 then we get the result.

Corollary 3.2.6 Let (X,d) be aT — orbitally complete metric space, if A,B,S,T be the self
mapping of X into itself such that;

3.2.6(i)) AX) € T(X)and B(X) € S(X), T(X) or S(X) are closed subset of X.
3.2.6(ii) The pair (4,S) and (B, T) are weakly compatible and generalized weakly contractive map.

3.2.6(iii) forallx,y € 0(xy) and k € [0,1), we define,

( d?(Ax,5x) +d?(By,Ty) \
I 1+d(Ax,Sx) +d(By,Ty) ' |
| d?(Sx,By)+ d%(Ax,Ty) |

d(Ax,By) < k.max{ LHd(SxBy)+ d(AxTy) * }
| d(Ax,Sx),d(By, Ty),|

d(Sx, By),d(Ax, Ty),
d(Sx,Ty)

Then A,B,S,T have unique fixed pointin 0(x,).
Proof:- It is immediate to see that if we take 1(t) = 0 in Theorem 3.2.1, then we get the result.

3.3 COMMON FIXED POINT THEOREM ON T — ORBITALLY COMPLETE METRIC SPACE
SATISFYING INTEGRAL TYPE CONTRACTION CONDITION.

Impact of fixed point theory in different branches of mathematics and its applications is immense. The
first result on fixed points for contractive type mapping was the much celebrated Banach’s contraction principle

by S. Banach [3] in 1922. In the general setting of complete metric space, this theorem runs as the follows,

Theorem 3.3.1 : Let (X, d) be a complete metric space, ¢ € (0,1) and f: X — X be a mapping such that for each
x,y €X,

d(fx, fy) < cd(x,y) 3.3.1(a)
Then f has a unique fixed point a € X, such that for each x € X, lim,,_,., f™"x = a.
In 2002, Branciari [2], obtained the following theorem.

Theorem 3.3.2: Let (X,d) be acomplete metric space, « € (0,1) and let T: X — X, be a mapping such
that for each x,y € X,

e des 107 E) de
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Where & :[0,+o] - [0,+] is a Lebesgue integrable mapping which is summable on each compact
subset of [0,+oo], non negative, and such that, forall ¢ > 0, fogf(t) dt >0 Then, T has unique
fixed point z € X such that for each x € X, T"x - z as n — oo.

Our aim of this section to extend the results of section 3.2 for integral type mapping. In fact we prove
following results.

Theorem 3.3.3 Let (X,d) be aT — orbitally complete metric space, if A,B,S,T be the self
mapping of X into itself such that;

3.3.3() AX) € T(X) and B(X) < S(X), T(X) or S(X) are closed subset of X.

3.3.3(ii) The pair (4,S) and (B, T) are weakly compatible and generalized weakly contractive map.
3.3.3(iii) forallx,y € 0(x,) and k € [0,1), we define,

{ T }

d(Sx,By).d(Ax,Ty)
1+d(Sx,Ty) A(Sx,Ty)

kmax

LA ey de <

£ dt

Where & :[0,+c] - [0,+0c0] is a lebesgue integrable mapping which is summable on each compact
subset of [0,4o], non negative, and such that, Vv € > 0, fosf(t) dt > 0.Then A,B,S,T have unique
fixed pointin 0(x,).

Proof We suppose that, x, € X arbitrary and we choose a pointtx € X such that,
Vo = Axy = Tx; and y; = Bx; = Sx,
In general there exists a sequence,
Yan = AXap = TXopiq and Yopi1 = BXonp1 = SXonso
for n=123.......

first we claim that the sequence {y,} is a Cauchy sequence for this from 3.3.3(iii) we have,
d(V2n Yan+1) = Ad(AXzn, BXonyq)

or J-Od(yzn.J/an) £(t) dt = fod(szn.sznﬂ)E(t) dt

A(Ax3n,Sx2n).d(BXan+1.TX2n+1)
1+d(Sx2n.TX2n+1)

k max{ d(Sxan,Bxan+1)-d(Ax2n,TX2n+1)

’ 1+d(Sx2n,Tx2n+1) !

fd(J’zn.J/an)g(t) dt < fo A(Sxon,TX2m41) £(t) dt

0
AW2ny2n-1)-dW2n+1.Y2n)
1+d(¥2n-1.Y2n) !
k max{ d2n-1.Y2n+1)-d¥2ny2n)
1+d(y2n-1.y2n)

fod(J/sz’an) £(t) dt < fo ( d(Yzn-1Y2n) Jf(t) dt

fod(J/Zn.J/Znﬂ) £(t) dt < fok max{d(Yan+1Y2n).0,d(Van-1,Y2n)} £(t) dt

Since ¢ is a lebesgue integrable mapping, so we have

AYon Yon+1) <k max{d(Van+1, Y20), 0, d(Van—1,Y2n)}

There arise three cases:

Case- 1 If we take max{d(V2n+1,Y2n), 0, d(Van-1,Y2n)} = AV2n-1,Y20)
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Then we have

dVan Yan+1) < k.d(YVan-1,Yan)
Case-2 If we take max{d(¥2n+1,¥2n), 0,d(¥2n-1,Y20)} = dVans1, Y2n)
Then we have
dVan Yan+1) < k.d(YVani1, Yan)
Which contradiction.
Case- 3 If we take max{d(Vzns1,¥2n), 0,d(Van-1,¥2n)} = 0
Then we have
dVan Yans1) < 0
Which contradiction.
From the above all three cases we have

AdYon Yon+1) < ke d(Ven—1,Y2n)

Processing the same way we have

dY2n Yon+1) < k2™, d(yo,¥1)
Or

AWnYns1) < kAo, 1)

Forany m > n we have

d()"m)’m) < d(yntyn+1) + d(Yn+1:yn+2) +oeent d(Ym—liym)
AW Ym) < (K™ + K™+ o K™ DA (o, y1)

d(Yn ym) < ﬁ d(¥o, y1)

Asn — oo, it follows that {y,} is a Cauchy sequence and by the completeness of X, {y,} converges to
y € X. Thatis we can write;

liMmy e Vn = liMyoe AXen = liMy L6 TXopn
= liMy 0 BXonyr = iMoo SXonyz =y
Now let T(X) is closed subset of X such that, Tv = y.

We prove that Bv = y for this again from 3.3.3(iii),

d(Ax2n,Sx2n ) d(BY,Tv)
14+d(Sx2n.Tv) ’
k max{ d(Sxzn,Bv)d(Axzn,Tv)
14+d(Sx2n.Tv)

e e ars f, 0 e ae

k max{d(Bv,y),d(y,Bv),0}

[P @y de< ) £(t) dt

d(y,Bv) k .d(y,Bv)
LA ey des |,

Which implies

£ dt
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d(y,Bv) < k .d(y,Bv)
Thisisa contradiction,
Hence Bv = y = Tv and that BTv = TBv implies that By = Ty .

Now we proof that By =y for this again from 3.3.3(iii)

d(Sx2n,By).d(Axan,Ty) \
1+d(Sx2n,TY)

(
kmax ! Ad(Ax2n,Sx2n).d(By,Ty)
|k 1+d(Sx2n,Ty) i

fd(szn:By) f(t) dt S J‘O d(SxZn,Ty) )g(t) dt

0
lim,_ . d(Ax,,, By) < kd(y,By)
By =y =Ty
Since B(X) © S(X)
For, w € X such that Sw =y

Now we show that Aw = y

(d(Aw,SW)d(By,Ty) \
1+d(Sw,Ty)

k max<{ d(Sw,By)d(Aw,Ty)

|k 1+d(Sw,Ty) |

1 6w de <, ) ey de

It follows that, d(Aw,y) < kd(Aw,y)

Which contradiction, d(Aw,y) > 0 thus Aw = y = Sw

Since A and S are weakly compatible, so that ASw = SAw this implies, Ay = Sy.

Now we show that, Ay = y for this again from 3.3.3(iii),

d(Ay.Sy) d(By.Ty)
1+d(Sy,Ty)

k max { d(Sy,By)d(Ay,Ty)
1+d(Sy,Ty)

[ ey de <, R {OR
It follows that, d(dy,y) < kd(Ay,y)
Which contradiction thus Ay = y and then, we write
Ay = Sy =By =Ty =y

y is common fixed point of A4,B,S,T.
If S(X)is closed subset of X then we follows similarly proof.
Uniqueness We suppose that x, is another fixed point for A,B,S,T then, by using 3.3.3(iii) then we have

dlx,y) < k.d(x,y)

which contradiction. so that x =y
y is unique fixed point of A,B,S,T.
This complete the prove of the theorem.

If we take é(t) be an identity mapping in Theorem 3.3.3, then we get Theorem 3.2.2.

127


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) l'H.i.l
Vol.4, No.1, 2014 IIS E

Corollary 3.3.4 Let (X,d) be aT — orbitally complete metric space, if Aand B be the self
mappings of X into itself such that;

3.3.4()) A(X) € Xand B(X) € X,

3.3.4(ii) forallx,y € 0(xy) and k € [0,1), we define,

{d(Ax,x) .d(By,y) d(x,By).d(Ax,y)

1+d(x,y) T 14d(xy) d (Sx,Ty)}

d(Ax,By) k max
e des )

£() dt

Where & :[0,+c] > [0,+oc0] is a lebesgue integrable mapping which is summable on each compact
subset of [0,4c], non negative, and such that, V ¢ > 0, f:f(t) dt > 0.Then Aand B have unique
fixed pointin 0(x,).

Proof To prove of the above corollary it is enough if we take S = T = [ (identity mapping) on X.

3.4 RATIONAL CONTRACTIVE CONDITION and COMMON FIXED POINT THEOREM ON
T — ORBITALLY COMPLETE METRIC SPACE

In this section we prove a common fixed point result satisfying rational contractive condition in T-
orbitally complete metric space. We also give some corollaries which is equivalent to the proved theorem. In fact
we prove following theorem.

Theorem3.4.1 Let (X,d) be aT — orbitally complete metric space, if A,B,S,T be the self
mapping of X into itself such that;

3.4.1() A(X) € T(X)and B(X) € S(X), T(X) or S(X) are closed subset of X.

3.4.1 (ii) The pair (4,S) and (B, T) are weakly compatible and generalized weakly contractive map.

3.4.1 (iii) forallx,y € 0(xy) and k € [0,1), we define,

d?(Ax,By) < k.M(x,y) — p(M(x,y))

_@*(Ax5x)d(By Ty) ]
1+d(Ax,5x) .d(By,Ty) ’
a%(sx,By).d*(Ax,Ty)

Where, M(Ax, By) = max 1+d(sx,By)-d(Ax,Ty) ’ )
d?(Ax, Sx),d?*(By, Ty),

d?(Sx, By), d2(Ax, Ty), |
d%(Sx,Ty)

Then A,B,S,T have unique fixed pointin 0(x,).

Proof We suppose that, x, € X arbitrary and we choose a pointx € X such that,
Vo = Axyg = Tx; and y,; = Bx; = Sx,

In general there exists a sequence,
Yon = AXon = TXonyr and Yony1 = BXonir = SXonso

for n=123.........

first we claim that the sequence {y,,} is a Cauchy sequence for this from 3.4.1 (iii) we have,

dz(Y2n1y2n+1) < k.M(Axzpn, Bxoni1) — W(M(AXp, BXoni1))
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d3(Ax2n,5%2n ). d(BXont1.TX2n+1)
1+d(Axzn,Sx2n ).d(BX2n4+1.TX2n+1)
d?(Sxan,BXan41)-d? (Axzn Tx2n41)
1+d(Sx2n,BX2n+1).d(AX2n,TX2n+1)

d? Vo, Vans1) < kmax d*(Axzn, Sxa0), b
d*(Bxan+1, TX2n41))
dz(SxZn' Bx2n+1):
dz(AxZn' Tx2n+1);
d?(Sxzm, TX2n41),

1+d(Ax2n,Sx20 )-d(BxX2n41,Tx2n41)
d?(Sxzn,BX2n41)-0%(AX2n,TX2n41)

1+d(Sx2n,BX2n+1)-A(A%2n,TX2n+1)
— 1| max -

d? (Axzp, Sx2n ), da? (Bxan+1, TX2n41),
dz (Sx2n' Bx2n+1)' dz (AXZnt Tx2n+1)'
d?(Sxzn, TX2n41),

/ ( d3(Axan.Sx2n)-d(Bxzn+1.TX2n+1)

__/

d3(Yonyan-1)-dW2n+1.Y2n)
1+d(Y2nY2n-1)-dVan+1.Y2n)
A2 (Yan-1.Y2n+1)-4* @2nyan)
1+d(Y2n-1Y2n+1)-dW2ny2n)

d? V2 Y2n-1)) d? V2n+1) Yon)»
d? V2n-1 Y2n+1)» d? V2 Y2n)»
dz(yZn—lt yZn)t

A?(Yan, Yons1) < k maxs

1+d(Y2nY2n-1)-dVant1.2n)
| d?(Y2n-1Y2n+1)-4*V2n.Y2n)
1+dY2n-1Y2n+1)-dWany2n)

/ d3(YonYan-1)-dW2n+1.Y2n)

—_—

-y | max
d*YVzns Yon-1), A* Qans1s Yan)»
d*(YVzn-1,Yzn+1)» A° Gans Yan)»
\ d*Van—1,Y2n)»

d3(YonY2n—1)-dY2n+1.Y2n)
1+d(¥Y2nY2n-1)-dVan+1.Y2n)
d?(Yan-1.Y2n+1)-0*(Y2n.Y2n)
1+d(¥2n-1.Y2n+1)-dWVan,Yan)

d*(Yan, Yan+1) < k max

d*YVans Yan-1)r A Wan+1, Yan)»

d*(YVzn-1,Yan+1)r A* Gans Yan)»
dz()’m—l:}’zn);

d3(V2ny2n-1)-dWen+1.Y2n)

1+d(¥Y2nY2n-1)-dVan+1.¥2n)

d®(Yan—1.Y2n+1)-d*(VanYan)
1+d(Yan-1Y2n+1)-d(V2n.y2n)

— | max

d*Yan, Yan-1)r A* Vans1, Yan)s

dz(yZn—li y2n+1): dz(yZn: yZn)‘
d*(Van—1,Y2n),

There arise three cases:

d*(Yans Yan-1)» )
0,d*(Y2n, Yan-1),
d*(YVan-1, Yan+1)»
0,d*(Yzn-1, 3’2n)J

(
Case- 1 If we take max{ = d*(Yan-1,Yan)
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Then we have

d*Von Yone1) < ke d®(Von-1,Y2n) — w(dZ(YZn—DYZn))
Taking limit then we have, lim,_ ¥(d(¥2n_1,¥2n)) — 0 and hence

d*Von Yone1) < K d®(Van-1,Y2n) -

dz(yZn' yZn—l)'

2
Case- 2 If we take max jo’zd’ O2ns Yan-1),
ld (yZn—l’ y2n+1):J

0, dz(}’Zn—p}’m)

= dz()’zn+1,J’2n)

then we have
dz(y2n1y2n+1) < k dz(}’zn+1'3’2n) - lp(dz(}’zmp}’m})
taking limit then we have, lim,_ W(d(¥2n_1,¥2n)) — 0 and hence

AWan, Yons1) < k.dVans1,Yan)

which contradiction.

dz(yZn' yZn—l)'

2
Case- 3 If we take max Io’zd W2 Yan-a)i |
| d (yZn—1'y2n+1)' |

ko; dz(yZn—l' yZn))

0

then we have
d*(Yon Yans1) < 0
which contradiction.
from the above all three cases we have
AdWon Yoni1) < k. dWVan—1,Y2n)
processing the same way we have
dWan Yons1) < k*.d(¥o,y1)
or
dWn Yn+1) < K".do,y1)
forany m > n we have
AW Ym) S A0 Yna1) + dWVns1, Ynez) + oo+ d Vi1, Ym)
AV, V) < K"+ KM+ L+ DA (v, y1)
A ym) < 7= Ao, y1).

Asn — oo, it follows that {y,} is a Cauchy sequence and by the completeness of X, {y,,} converges to
y € X. That is we can write;

liMyw Vn = liMyoe AXen = liMy e TXonin

= 1My BXopir = liMy 0 SXonya = -
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Now let T(X) is closed subset of X such that, Tv = y.

We prove that Bv = y for this again from 3.4.1 (iii),

( d3(Axyn,SXx2n ).d(Bv,Tv)
1+d(Axyn,Sx27 ).d(Bv,Tv)
d?(Sxan,Bv).d?(Axan,TV)
5 1+d(Sx27,BV).d(Ax,,Tv)’
d?(Axy,, Bv) < k max- A2 (Axyy, Sxan ), d?(Bv, TV),
d?(Sxyy, Bv), d?(Axyy, TV),
d?(Sxy,, TV)

’

d3(Axyn,Sxon ).d(BY,TV)
/ 14+d(Ax2n,Sx2p ).d(Bv,Tv)’
| d?(Sx27,Bv).d%(Axon,TV)
| 14d(Sx25,BV).d(Axyn,Tv)’
— Y| max d?(Axy,, Sxyp ), d%(Bv, Tv),
| d?(Sx,,, Bv),d?(Ax,,, TV),

\ A2 (30, TV)

N

d*(y,Bv) < k .d*(y,Bv)
Which contradiction,
Hence Bv = y = Tv and that BTv = TBv implies that By = Ty .
Now we proof that By =y for this again from 3.4.1 (iii)

a3 (Axan,Sxan)-d*(By,Ty) )
1+d(Ax2n,Sx27).d(BY,Ty)’ i
d?(Sxon,BY).d%(Axon,TY)

dz(AXZn' By) < k max 1+d(Sx21,BY).d(Ax20,TY)
dz(stn' BJ’): dZ(AXZ‘n' TY):

dz(AXan SXZn), dz(By, Ty))
dz(stnl Ty)

d3(Ax2n,SX20).d(BY,Ty)
/ 14+d(AX2n,5%27).d(By,TY)’ 1\

d%(Sx20,By).d% (Axan,Ty)
1+d(Sx2n,By).d(Axyn,Ty)
d2 (SxZn' B}’); d2 (Ax2n' Ty);
d?(Axzn, Sx3n), d*(By, Ty),
d2(5x2n» Ty)

—1/)| max

lim,_, d*(Ax,, By) < kd?(y,By)
By =y =Ty
Since B(X) € S(X)
for w € X such that Sw = y.

Now we show that Aw = y
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( d3(Aw,Sw).d(By,Ty) \
1+d(Aw,Sw).d(By,Ty)’
d?(Sw,By).d%(Aw,Ty)

d? (Aw,By) < k max 1+d(Sw,By),d(Aw,Ty)’
d?(Aw, Sw), d?*(By, Ty),

ldz (Sw, By), d2(Aw, Ty)
d?(Sw, Ty)

( d?(Aw,sw).d(By,Ty)
/ 1+d(Aw,Sw).d(By,Ty)’

d?(Sw,By).d%(Aw,Ty)

A
_¢| max 1+d(Sw,By).d(Aw,Ty)’ } I
| I
))

| d?(Aw,Sw),d*(By,Ty),
\ d*(Sw, By), d*(Aw, Ty)
d?(Sw,Ty)

It follows that,  d?(Aw,y) < kd?(4w,y)
which contradiction, d(Aw,y) > 0 thus Aw =y = Sw
Since A and S are weakly compatible, so that ASw = SAw thisimplies, Ay = Sy.

Now we show that, Ay = y for this again from 3.4.1(iii),

1+d(Ay,Sy).d(By,Ty)’
d?(Sy,By).d?(Ay,Ty)
1+d(Sy,By).d(Ay,Ty)
d?(Ay, Sy), d*(By, Ty),
d?(Sy, By), d*(Ay, Ty)
d*(Sy, Ty)

~~

d?(Aw,By) < kmax

1+d(Ay,Sy).d(By,Ty) " |
d?(Sy,By).d?(Ay,Ty)
1+d(Sy,By).d(Ay,Ty)

d*(Ay, Sy), d*(By, Ty), }

( d3(Ay,Sy).d(By,Ty) \

— | max

d*(Sy, By), d*(Ay, Ty)
d*(Sy, Ty)

it follows that, d(Ay,y) < kd(Ay,y)
which contradiction thus Ay = y and then, we write
Ay = Sy =By = Ty =y
thatis y is common fixed point of A,B,S,T.
If S(X) is closed subset of X then we follows similarly proof.
Uniqueness We suppose that x, is another fixed point for A,B,S, T then, by using 3.4.1 (iii) then we have
dx,y) < kdxy)

This is a contradiction. So that x =y andy is unique fixed point of A,B,S, T. This complete the prove of
the theorem.
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