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Abstract

In this paper, we will manipulate the cubic spline to develop a collocation method (CSCM) and the
generalized Newton method for solving the nonlinear Troesch problem. This method converges quadratically
if a relation-ship between the physical parameter A and the discretization parameter his satisfied. An error
estimate between the exact solution and the discret solution is provided. To validate the theoretical results,
Numerical results are presented and compared with other collocation methods given in the literature.
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1. Introduction

Consider a two-point boundary value problem, Troesch’s problem, as follows:

Au = Asinh(4Au) on (0,1),
u(0)=0, u(1) =1,

where A is a positive constant. Troesch’s problem is discussed by Weibel and arises in the investigation of the
confinement of a plasma column by radiation pressure [1] and also in the theory of gas porous electrodes [2,3].
The closed form solution to this problem in terms of the Jacobian elliptic function has been given [4] as

u(x) = %sinhl[@ SC(Ix |1—%u'2 (0))}, W

whereu'(0), the derivative of U at 0, is given by the expression U'(0) =2+1—m, with m being the

solution of the transcendental equation

(A
smh(zj
ﬁ = SC(l | m)

sin(¢)
0s(¢)

where the Jacobian elliptic function SC(A | m) is defined by SC(A|m) = ,where ¢, A are related

by the integral

> V1—msin?@
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1
From (1), it was noticed that a pole of U(t) occurs at a pole of SC(AX | l—Zu'2 (0)). It was also noticed that

1 16
the pole occurs at X ~ — In| —— |.
24 \1-m

It also has an equivalent definition given in terms of a lattice.

Troesch’s problem has been solved by another method. M. Zarebnia et al. [4] have introduced an
sinc-Galerkin method for solving this problem; their method is based on the modified homotopy
perturbation technique. They have compared this method with homotopy perturbation method (HPM),
Laplace method, perturbation method and spline method. The discontinuous Galerkin finite element (DG)
method is applied for solving Troesch’s problem by H. Temimi [5]. Mohamed EI-Gamel [6] have
introduced an efficient algorithm based on the sinc-collocation technique, they have compared this method
with the modified homotopy perturbation technique (MHP), the variational iteration method and the
Adomian decomposition method. M. Zarebnia, M. Sajjadian [7] have introduced an efficient algorithm
based on The sinc-Galerkin method, they have compared this method with [5, 6]. In another article,
Mustafa Inc, Ali Akgd [13] have introduced the reproducing kernel Hilbert space method (RKHSM) is
applied for solving Troesch’s problem. They have compared this method with the homotopy perturbation
method (HPM), the Laplace decomposition method (LDM), the perturbation method (PM), the Adomian
decomposition method (ADM), the variational iteration method (VIM), the B-spline method and the
nonstandard finite difference scheme (FDS).

In this paper we develop a numerical method for solving a one dimentional Troesch’s problem by using
the CSCM and the generalized Newton method. First, we apply the spline collocation method to
approximate the solution of a boundary value problem of second order. The discret problem is formulated
as to find the cubic spline coefficients of a nonsmooth system ¢@(Y) =Y , where @:R™ —R™ . In order
to solve the nonsmooth equation we apply the generalized Newton method (see [15, 16, 17], for instance).
We prove that the CSCM converges quadratically provided that a property coupling the parameter A and
the discretization parameter h is satisfied.

Numerical methods to approximate the solution of boundary value problems have been considered by
several authors. We only mention the papers [12] and references therein, which use the spline collocation
method for solving the boundary value problems.

The cubic B-spline collocation method is widely used in practice because it is computationally
inexpensive, easy to implement and gives high-order accuracy. In [12] the authors solved a the Troesch’s
problem by using third degree splines, where they considerer the collocation points as the knots of the
cubic spline space. In our paper we consider a cubic spline space defined by multiple knots in the
boundary and we propose a simple and efficient new collocation method by considering as collocation
points the mid-points of the knots of the cubic spline space. It is observed that the collocation method
developed in this paper, when applied to some examples, can improve the results obtained by the
collocation methods given in the literature (see [12], for instance).

The present paper is organized as follows. In Section 2, we construct a cubic spline to approximate the
solution of the boundary problem. Section 3 is devoted to the presentation of the generalized Newton
method and we show the convergence of the cubic spline to the solution of the boundary problem and
provide an error estimate. Finally, some numerical results are given in Section 4 to validate our
methodology.

In this paper, we shall apply CSCM to find the approximate analytical solution of the boundary and
initial value problem of the Troesch problem. Comparisons with the exact solution shall be performed.

2. Cubic spline collocation method

In this section, the cubic spline collocation method is developed and implemented for solving the Troesch’s
problem defined by
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u(0)=0, u(1)=1, @

with J = Asinh(Au),where A is a positive constant.
It is easy to see that J is a nonlinear continuous function on U ; and for any two functions u and v, J
satisfies the following Lipschitz condition:

{Au =J(,u) on (0,1),

| J(x,u(x))— I (x,v(X)) < %2 lu(x)—v(x)| ae.onxel=(01). €))

In order to implement the cubic spline collocation method, we first create a subdivision of the interval
(0.1)

T={0=X 3 =X, T Xy T Xy <X <o <Xy X = Xy T X T Xy =1} without  loss  of
generality, we put X; = ih,where 0<i<n and h=1/n.

Denote by S,(1,7) ={s€C*(1)nC’(1),5(0) =s(1) =0,s, , €P(x,X.,)} the space of

piecewise polynomials of degree 3 over the subdivision 7 and of class C? everywhere on | and

o

class C° everywhere on 1. Note thatS,(I,z) = H*(1). Let B, i=-3,---,n—1, be the B-splines

o

of degree 3 associated with 7. These B-splines are positives and form a basis of the space S,(l,7) .

Now, we define the following interpolation cubic spline of the solution U of the nonlinear second order
boundary value problem (2).

Proposition 3.1: Let U be the solution of problem (2). Then, there exists a unique cubic spline interpolant

[e]

SpeS,(I,7) of u which satisfies:

Sp(t,) =u(t), i=0,--,n+2,

X, +X .
where t; =X, t, =%, i=1,--n, t,
Proof: Using the Schoenberg-Whitney theorem (see [8]), it is easy to see that there exits a unique cubic spline

=X,, and t ., =X,.

which interpolates U, atthe points t;, 1=0,---,n+2.

-1
If we put Sp=zin:730iBi, then by using the boundary conditions of problem (2) we obtain

c,=Sp(0)=u(0)=0 and C,, =Sp(1l)=u(l)=1.Hence
n-2
Sp=u+S where g=c¢,,B , and S = ZCiBi.
=2

Furthermore, since the interpolation with splines of degree d gives uniform norm errors of order O(hd+1)
for the interpolant, and of order_O(h‘”H) for the rth derivative of the interpolant (see [8], for instance),
then forany UeC*(1)NC°(l) (see [9]), we have

—AS(t) =G(t,u)+0O(1), i=1,---,n+1. (4)
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where G(t,,u) =J(t,u)— 4"(t,),

The cubic spline collocation method, that we present in this paper, constructs numerically a cubic spline
- S . - . . . :
S= ZLS Ci B, which satisfies the equation (2) at the points t;, 1=0,---,n+2. Itis easy to see that

c3=0 and cn1=1,

and the coefficients Ci, i =-2,---,n—2, satisfy the following nonlinear system with N+1 equations:
n-2~ n-27~ i
=Y CiABi(t;) =G(t;, Y ciBi(t;), j=1,--,n+1. (5)
=2 =2

Relations (4) and (5) can be written in the matrix form, respectively, as follows

AC = —-F —E,
A (6)
AC =—F_,
where
F= [G(t1’ u(ti))! "y G(tn+l’ u(tn+1))]T )
F. = [G(t, ()Gt SE.)T.

1
and E is a vector where each component is of order O(1). It is well known that A= Y A, where A isa

matrix independent of h, with the matrix A is invertible [10].
Then, relation (6) becomes

AC = -h’F - E,
AC = —h°F 0
C

Theorem 3.1 Assume that the penalty parameter Aand the discretization parameter h satisfy the following
relation:

h22 || A |, < 2. ®)

Then there exists a unique cubic spline which approximates the exact solution u of problem (2).

Proof: From relation (7), we have C = —h*A™F_.Let @:R" —R"" be a function defined by
c

p(Y)=-h*A"F.. )
Y
To prove the existence of cubic spline collocation it suffices to prove that ¢ admits a unique fixed point.

Indeed, let Y, and Y, be two vectors of R™™. Then we have
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lo(Y) = o(Y) I<h* | AILIF, —F L. (10)

Using relation (4) and the fact that Z?;:Bj <1, we get

66,8, €) -GS, () =15, €)=S, @) S 1% -V, ..

Then we obtain

12
” Fvl Y, ”ooS?”Yl _Yz ”oo :

From relation (10), we conclude that

Y _
| o(Y,) —(Y,) [I< ?hz ALY, =Y, .
Then we have

(YD) —p(Y) [ KIIY, =Y, Il

Ve _
with K = ?hz | Al by relation (8). Hence the function ¢ admits a unique fixed point.

In order to calculate the coefficients of the cubic spline collocation given by the nonsmooth system

C = ¢(C), (11)
we propose the generalized Newton method defined by

_(k+D) _K) _K) _K)
C =C - (I n+l _Vk)71 (C - gD(C ))’ (12)

where 1 ., is the unit matrix of order N+1 and V, is the generalized Jacobian of the function

n+l

C > (C), (see [15, 16, 17], for instance).

3. Convergence of the method

Theorem 3.1 If we assume that the penalty parameter A and the discretization parameter h satisfy the following
relation

he 2 | A*],.<1. (13)

then the cubic spline S converges to the solution U . Moreover the error estimate ||[u—S ||, is of order
O(h?).

Proof: From (7) and the matrix A is invertible [10], we have
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C-C=-h’A'(F-F.)-A'E.
C
Since E isoforder O(h®), then there exists a constant K, suchthat || E ||, <k;h?. Hence we have

IC=Cl<h* [ ATILIF-F_Il +K | A, h*. (14)
C

On the other hand we have

Gt u(L) - G S(1)|

IN

) -S|

IN

1) 50 1+ 150) -S @)1

Since S s the cubic spline interpolation of U , then there exists a constant K, such that (see [9]),

lu=S|.<K;h% (15)
Using the fact that
~ ~ o ~
|S-S<|IC-C], > B;<lIC-C]l, (16)
j=—2
then, we obtain
y - 5

|F-F_ | <Z-||C-C]|, +=-K,h?
c 2 2

By using relation (14) and assumption (13) it is easy to see that

~ 2 -1 2
icecp, < —MHAT Frelky
® /12 ) ) 2 2 1
1—?h A, (17)
22
<

2 ” A_l ”oo (Kz?hz + Kl)hz-
We have
fu=S|.<[flu=S|, +[IS=S|. .

Then from relations (15), (16) and (17), we deduce that ||u—S ||, is of order O(h®). Hence the proof is
complete.

Remark 3.1: Theorem 3.1 provides a relation coupling the parameter A and the discretization parameter h ,
which guarantees the quadratic convergence of the cubic spline collocation S to the solution U of the

Troesch’s problem (2).
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4. Numerical examples

In this section, we solve Troesch’s problem for different values of the parameter A using the computer algebra
system Matlab and make a comparison between our results and those ones reported in the literature to confirm
the efficiency and accuracy of our method.

Consider the Troesch’s equation as follows, when parameter 4 =0.5 and 1.

The maximum absolute errors in solutions of this problem are compared with methods in [7,11,12,13,14] for
h =1/10and tabulated in Tables 1 and 2. The tables show that our results are more accurate.

Table 1. Absolute errors for A =0.5.

X Present RKHSM [13] | Wavelet[14] | SGM.E[7] | HPM.E[11] | LM.E[12] PM.E[12] | SM.E[12]

0.1 6.2E-12 7.0E-11 7.6E-04 7.67E-04 | 7.71E-04 | 7.7E-04 | 8.2E-04 | 7.7E-04
0.2 3.8E-11 3.4E-09 1.5E-03 1.49E-03 | 1.50E-03 | 1.5E-03 | 1.6E-03 | 1.5E-03
0.3 5.1E-11 4.0E-10 2.1E-03 2.14E-03 | 2.15E-03 | 2.1E-03 | 2.3E-03 | 2.1E-03
0.4 6.6E-11 7.6E-09 2.7E-03 2.66E-03 | 2.67E-03 | 2.7E-03 | 2.9E-03 | 2.7E-03
0.5 7.8E-11 5.0E-09 3.0E-03 3.00E-03 | 3.02E-03 | 3.0E-03 | 3.2E-03 | 3.0E-03
0.6 8.4E-11 2.2E-09 3.1E-03 3.13E-03 | 3.14E-03 | 3.1E-08 | 3.4E-03 | 3.1E-03
0.7 7.8E-11 2.5E-09 3.0E-03 2.96E-03 | 2.97E-03 | 3.0E-03 | 3.2E-03 | 3.0E-03
0.8 5.4E-11 5.0E-10 2.4E-03 2.44E-03 | 2.45E-03 | 2.4E-03 | 2.7E-03 | 2.4E-03
0.9 3.8E-11 6.1E-09 1.5E-03 1.48E-03 | 1.49E-03 | 1.5E-03 | 1.6E-03 | 1.5E-03

Table 2.  Absolute errors for A =1.

X Present | RKHSM[13] | Wavelet[14] | SGM.E[7] | HPM.E[11] | LM.E[12] PM.E[12] SM.E[12]

0.1 | 3.43E-09 | 4.39E-07 2.8E-03 | 2.86E-03 | 3.13E-03 2.9E-03 3.6E-03 2.8E-03
0.2 | 6.76E-09 | 9.42E-08 5.6E-03 | 5.64E-03 | 6.16E-03 5.9E-03 7.1E-02 5.6E-03
0.3 | 9.21E-09 | 8.29E-07 8.2E-03 | 8.22E-03 | 8.96E-03 8.2E-03 1.0E-02 8.2E-03
0.4 | 2.65E-08 | 2.49E-07 1.0E-02 | 1.04E-03 | 1.13E-02 1.0E-02 1.3E-02 1.0E-02
0.5 | 3.87E-08 | 3.04E-07 1.2E-02 | 1.22E-03 | 1.32E-02 1.2E-02 1.6E-02 1.2E-02
0.6 | 443E-08 | 9.91E-07 1.3E-02 | 1.32E-03 | 1.42E-02 1.3E-02 1.7E-02 1.3E-02
0.7 | 3.78E-08 | 4.74E-07 1.3E-02 | 1.31E-03 | 1.40E-02 1.3E-02 1.7E-02 1.3E-02
0.8 | 2.93E-08 | 3.45E-07 1.1E-02 | 1.14E-03 | 1.20E-02 1.1E-02 1.5E-02 1.1E-02
0.9 | 6.32E-09 | 9.41E-07 7.4E-03 | 7.39E-03 | 7.76E-03 7.4E-03 9.7E-03 7.4E-03

6. Concluding remarks

In this paper, we have consider an approximation of a Troesch equation problem, presented in [2,3].
Then we have developed a numerical method for solving each nonsmooth equation, based on a cubic
collocation spline method and the generalized Newton method. We have shown the convergence of the
method provided that the physical and the discretization parameters satisfy the relation (13). Moreover we
have provided an error estimate of order O(h?) with respect to the norm|| -||,, . The obtained numerical
results show the convergence of the approximate solutions to the exact one and confirm the error estimates
provided in this paper. The analytical results are illustrated with two numerical examples. The proposed
scheme is simple and computationally attractive, and shows a very high precision comparing with many
other existing numerical methods.

Acknowledgment
We are grateful to the reviewers for their constructive comments that helped to improve the paper.

71


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) LL,i,l
Vol.4, No.2, 2014 IIS E
References

[1] E.S. Weibel, On the confinement of a plasma by magnetostatic fields, Physics of Fluids 2 (1) (1959)
52-56.

[2] V.S. Markin, A.A. Chernenko, Y.A. Chizmadehev, Y.G. Chirkov, Aspects of the theory of gas porous
electrodes, in: V.S. Bagotskii, Y.B. Vasilev (Eds.), Fuel Cells: Their Electrochemical Kinetics, Consultants
Bureau, New York, 1966, pp. 21-33.

[3] D. Gidaspow, B.S. Baker, A model for discharge of storage batteries, Journal of The Electrochemical
Society 120 (1973) 1005-1010.

[4] Xinlong Feng, Liquan Mei, Guoliang He, An efficient algorithm for solving Troesch’s problem, Applied
Mathematics and Computation 189 (2007) 500-507.

[5] Shih-Hsiang Chang, A wvariational iteration method for solving Troesch’s problem, Journal of
Computational and Applied Mathematics 234 (2010) 3043-3047.

[6] Shih-Hsiang Chang, Numerical solution of Troesch’s problem by simple shooting method, Applied
Mathematics and Computation 216 (2010) 3303-3306.

[7] M. Zarebnia, M. Sajjadian, The sinc—Galerkin method for solving Troesch’s problem, Mathematical and
Computer Modelling 56 (2012) 218-228.

[8] C.de Boor, A Practical guide to Splines. Springer Verlag, NewYork, (1978).

[9] Boris I. Kvasov, Methods of Shape-Preserving Spline Approximation, World Scientific Publishing Co. Pte.
Ltd. (2000), ISBN 981-02-4010-4.

[10] E. Mermri, A. Serghini, A. El hajaji and K. Hilal, "A Cubic Spline Method for Solving a Unilateral
Obstacle Problem,” American Journal of Computational Mathematics, Vol. 2 No. 3, 2012, pp. 217-222.
doi: 10.4236/ajcm.2012.23028.

[11] S.H. Mirmoradia, I. Hosseinpoura, S. Ghanbarpourb, A. Bararia, Application of an approximate analytical
method to nonlinear Troesch’s problem, Applied Mathematical Sciences 3 (32) (2009) 579-1585.

[12] S.A. Khuri, A. Sayfy, Troesch’s problem: A B-spline collocation approach, Mathematical and Computer
Modelling 54 (9-10) (2011) 1907-1918.

[13] Mustafa Inc, Ali Akgd, The reproducing kernel Hilbert space method for solving Troesch’s problem,
Journal of the Association of Arab Universities for Basic and Applied Sciences (2013) 14, 19-27.

[14] A. Kazemi Nasab, Z. Pashazadeh Atabakan, and A. KJlJgnan,( 2013), An Efficient Approach for
Solving nonlinear Troesch’s and Bratu’s Problems by Wavelet Analysis Method, Hindawi Publishing
Corporation Mathematical Problems in Engineering, 10 825-817.

[15] G. Hariharan, P. Pirabaharan, An Efficient Wavelet Method for Initial Value Problems of Bratu-Type
Arising in Engineering, Applied Mathematical Sciences, Vol. 7, 2013, no. 43, 2121-2130.

[16] B. Batiha, Numerival solution of Bratu-type equations by the variational iteration method, Hacettepe
Journal of Mathematics and Statistics Volume 39 (1) (2010), 23-29.

[17] X. Chen, A verification method for solutions of nonsmooth equations, Computing 58 (1997) 281-294.

[18] X. Chen, Z. Nashed, L. Qi, Smooting methods and semismooth methods for nondiffentiable operator
equations, SIAM J. Numer. Anal. 38 (4) (2000) 1200-1216.

[19] M.J. S'mietan’ski, Agenerlizd Jacobian based Newton method for semismooth block-triangular system
of equations, Journal of Computational and Applied Mathematics, 205 (2007) 305-313.

72


http://www.iiste.org/

