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ABSTRACT

Many products are formed by mixing together two or more ingredients, for example, in building construction;
concrete is formed by mixing sand, water and cement. Many practical problems are associated with investigation
of mixture of m ingredients which are assumed to influence the response through the proportions in which they
are blended together. Second degree Kronecker model put forward by Draper and Pukelsheim is applied in the
study. This study investigates E-optimal designs, second degree Kronecker model, maximal parameter
subsystem for two, three and four ingredients, where Kiefer’s function serves as optimality criteria. The
consideration was restricted to weighted centroid design for completeness results. By employing the Kronecker
model approach, coefficient matrices and a set of feasible weighted centroid designs for maximal parameters
subsystem is obtained. Once the coefficient matrix is developed, information matrices associated to the
parameter subsystem of interest for two, three, and four is then obtained. E-optimal weighted centroid designs
based on maximal parameter subsystem for the corresponding two, three, four ingredients is derived. Also
optimal weights and values for the weighted centroid designs were numerically obtained using Matlab software.
Results based on maximal parameter subsystem, second degree mixture model with two, three and four

ingredient for E-optimal weighted centroid design for information matrix ( K'@) therefore exist.

Keywords: Mixture experiments, Kronecker product, Moment matrices, Weighted Centroid Designs,
Information matrices.

1.0 Introduction

There are many problems that deal with investigation of mixtures of m factors or ingredients which they
influence the response through the ratios or proportions which are mixed together. The response is a measurable
quality or property of interest on the product. In this study it is assumed that, the experimenter can measure
quantities of the ingredients in the mixture without error. It is further assumed that, the responses are functionally
related to the product composition and that, by varying the composition through the changing of ingredients
proportions, the responses will also vary. The experimenter’s motives to studying the functional relationship
between the response and the controllable variables are;

- To determine whether some combination of the factors can be considered best in some sense.

- To gain a better understanding of the overall system by studying the roles played by the different
ingredients.

Cornel (1990) lists numerous examples of applications of mixture experiments and provides a thorough
discussion of both theory and practice. Early work done by Scheffe’ (1958, 1963) suggested and analyzed
canonical model forms when the regression function for the expected response is a polynomial of degree one,
two or three.

m
The mixture ingredients are such thatt;,t,,...,t,,, where t; > 0and further restricted byzzl. Creation of

s tmo
i=1

controlled conditions is the main characteristic feature of experimentation. Thus the experimental domain is the
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m
probability simplex T, = {1’ =(t,,..t,) €[01]": Z= 1} under experimental conditiont € T, where the
i1

response Y, is taken to be a real valued random variable. In a polynomial regression model the expected value

E(Y,) is a polynomial function oft .

Draper and Pukelsheim (1998) suggested the second degree Kronecker model as;

E[Y.]=f(t)0= Zmleiitiz + 2.6 +9)tt 1)

i,j=1 i,j=1

WhereY, , the observed response under the experimental conditionst € T, is taken to be a scalar random

variable and ® = (6,,,6,,,....,6,,,) € R™ is unknown parameter.

The Kronecker representation has several advantages, this include; a more compact notations, more convenient
invariance properties, and the homogeneity of the regression terms Draper and Pukelsheim (1998) and Prescott,

et al (2002). The moment matrix M (7) = L f(t) f (t)'dzfor the second-degree Kronecker-model has all

entries homogeneous in degree four and reflects the statistical properties of a designT. Graffke and Heilingers
(1996) and Pukelsheim (1993) gave a review of the general design environment. Klein (2004) showed that the
class of weighted centroid designs is essentially complete for m=2 ingredients for Kiefer ordering. As a

consequence, the search for optimal designs may be restricted to weighted centroid designs for most criteria.
Kinyanjui (2007) and Ngigi (2009) showed that second degree mixture experiments for maximal parameter
subsystem with m>2 ingredients, unique D-and A-optimal weighted centroid designs for K’ exist. In the same
study E-optimal weighted centroid design mixture experiment with two ingredients only was derived. This study
extends the work by deriving E-optimal weighted centroid designs for three and four ingredients.

2.0 Design problem

The main design problem here is to obtain a design with maximum information for the maximal parameter

subsystem K '@, subject to the side’s conditions. The maximum is accomplished through the application of E-
optimality criteria of weighted centroid design which follows the Kiefer-Wolfowitz equivalence theorem.

More often, the primary concern of the experimenter is to learn more about the subsystems of interest. This
situation, therefor, allows the designer to evaluate the performance of a design relative to the subsystems of
interest only. The parameter system of the mixture experiments contains a lot of repeated terms making it rank

m+1
deficient hence not all the parameters can be estimated efficiently. The parameter subsystem with ( 5 ]

parameters has been shown to have properties similar to those of the full parameter system.
The parameter subsystem K'@ is called a maximal parameter subsystem for M if and only if;

i) MNAK)#¢ and )

@iyrank K =r,,. 3)

m+1
In this case, we have I, =( 5 j and K is called a maximal coefficient matrix for M . In this study we

2x[m+lj
define the matrix K = (K ,K,)€® ' %’ under maximal parameter subsystem. The coefficient matrix

kx[m+1]
KeR ' %/ isassumed to have full column rank. Where;
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m m
K, =D (e;+e;)E; and K, =) eef
i1 i

i<j

3.0 E-Optimal Weighted Centroid Design

We now derive optimal weighted centroid designs for the smallest eigenvalue criterion, ¢, that is, E-

optimality criteria. To forge our way forward, we adopt two theorems in Pukelsheim (1993), which specifically
focuses on E-optimality.

Q) The weighted centroid design 77(«x) is E-optimal for K '@ in T if and only if there is a matrix
E e sym(s, H) m NND(s) satisfyingtraceE =1
=A..(C for all jeod(la
andtraceC | E min () . Jedla) , where A
<A, (C) otherwise
of C, which is the information matrix.
(i) Suppose 77(cx) is E-optimal for K@ in T and E is a matrix satisfying the optimality condition for
n(a) given in (i), furthermore, let 77(/3) be a weighted centroid design which is E-optimal for K'€ in T,
then the information matrix C = C,(M(n(p))), satisfies CK = Avin (C)E.
The information matrices involved in our designs can be uniquely partitioned as follows, Klein (2004).

C= (Cll Célj
C21 CZZ

i (C), denotes the smallest eigenvalue

For A € R, let
C,,—AU C]
C—/1IS=( 1 ! 2 Jesym(s,H).
C21 sz - /IWl
Furthermore,

D, {a+(m—1)b—e—2(m—2)f —(m;Z]g} +2(m-D)2c + (m—2)d]

D, =[a-b-e—(Mm-4)f +(m-1)g[ +4(m-2)(c—d)?
Then, in the case M > 4, the matrix C has eigenvalues:

AL =e-2f+qg,

Az :%{a+(m—1)b+e+2(m—3)f +(

]g i\/ﬁ} (4)

and

/14,5=%[a—b+e+(m—4)f—(m—3)gi\/D_2] ©)
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With multiplicities; % 1and (m—1) respectively.

In the case m=2, only the eigenvalues A,, A5, 4, occur, whereas for m>2 there are four
eigenvalues A,, A5, 4, and A;.

4.0 E-optimal weighted centroid design for Maximal parameter subsystem

The derivation of weighted centroid designs for two, three and four ingredients respectively is illustrated below.
An information matrix from Kinyanjui (2007) is used in the three derivations of the weighted centroid designs.

4.0.1 E-optimal weighted centroid design for two ingredient
The information matrix C, (M (77(«))) is given as;

8o, +a, a, a,
16 16 16
a 8a,+a, «
C(M(n(a)) = ﬁ # ﬁ ©)
% % %
16 16 16

Any matrix C € sym(s, H), Klein (2004) can uniquely be represented in the form
al,, +bU, cVv,)/+dv,
C=lcv, +av, el(mj + W, + gW,
2

For the case m=2, the information matrix C, (M (77(ex))) can then be written as

c _[alm +hU, ch'j

v, eW,
Where;azmlb:&,czﬁande:&
16 16 16 16

We then compute the eigenvalues of the above matrix as follows;

57a — 20, +9
256

D, =[a+b-e]’ +2[2c] =

9a, -17°
D, =[a-b-ef =| =
~la-b-eff |20t

using equation (4), we obtain

Ays =%[a+b+ei\/ﬁl]=3i2[(5al+3)i\/57a12 —20,+9

again, using equation (5) we obtain
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/14=%[a—b+e+\/D72]=%.

Thus for the case m=2, the eigenvalues that occur are;

A, = 3—12[(50!1 +3)++/57a7 —2, 19|

A, = 3—12[(505l +3) /570 - 2a, +9]

(94
A=

From Pukelsheim (1993), if the smallest eigenvalue for C, (M (77(ex))) has multiplicity 1, then the only choice

!

L Zz . . . .
for the matrix E is E = W where Z € R° is an eigenvector corresponding to the smallest eigenvalue of the
z

information matrix C, (M (77(x))) . In our case m=2, the smallest eigenvalue is;

min

A C=23:3—12[(5a1+3)—\/57a12—2a1+9 %

By definition, 4 € ‘R is an eigenvalue of matrix Cif (C—-A1)z=0 < Cz=AZ with z#0

X

-

where Z =| Y |, is an eigenvector of C correspondingto A .

z
Thus, from equation (6) and equation (7), we have

(C — Apn 1)Z = 0, implies that

(9a, —1) + /572 — 20, +9 a, a,
32 16 16
a, Oa, -1) + \/570512 - 20, +9 a,
16 32 16
a, a, (<7, —1) + 570} — 2, +9
16 16 32

If we let

p=(9a, —1)+57a% -2, +9, =, =1—a, and I = (~Ta, —1) ++/57a2 —2a, +9

We obtain the equations
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px+2qy +29z=0
20X+ py+20qz=0
20x+2qy+rz=0
Solving the above system of linear equations, eigenvector corresponding to A, is;
X 1
z=|y|=| 1 (8)
,) |4
Then the matrix
-4
R ——
r 2 16 2
-4
2= 1 1 2 <2
r
—4q -4q 169°
r r r’
Thus the matrix E is given as;
r? r? —4qr
2r? +169> 2r?+16q9* 2r?+16q°
’ 2 2 _
Ezzzzz 2r 2 zr 2 24qr2 ©)
||z|| 2r- +16q° 2r°+16q° 2r° +16q
—Aqr —4qr 169°
2r? +16g9° 2r®+169°> 2r” +16q°

From Kinyanjui (2007) we have C, as;

O O Nk

0
1
2
0

0

o |» multiplying with equation (9), we obtain C,E as;

0
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r r? —4qr
2(2r? +169%) 2(2r* +16q°) 2(2r? +16q?%)
2 2 _
C,E - 2r : 2r : 24qr : (10)
2(2r° +16q°) 2(2r°+16q°) 2(2r°+16q9°)
0 0 0
r2

Thus traceC.E = ——
2r° +16q

NowtraceC,E = 4, (C), implies that

min

r2

2r? +16q°

- 3_12 [(5(11 +3) /5702 — 22, +9 (11)

Substituting the values of q and I, this simplifies to;
— 399146240 —373568c;, — 2830596000, +121760c —11152¢ — 26048¢, + 7168=0 (12)

The root of polynomial (12) is 0.0662 since it satisfy ; € (0,1), then it implies that ¢, = 0.0661
andar, =1—¢; =0.9339. The smallest-eigenvalue criterionV(¢ ) = A;, (C), Pukelsheim (1993), hence

substituting the value of &; = 0.0661 in equation (7), we get the smallest eigenvalue as;

Ain = % [(50!1 +3) 570 —2a, +9 |= 0.026314645 (13)

Therefore in the second-degree Kronecker model with m=2 ingredients, the weighted centroid design

n(a'®) = an, +a,n, =0.0662n, +0.93387, is E-optimal for K '@ in T and the maximum value for
E-criterion isV(¢__ ) = 0.026314645.

4.0.2 E-optimal weighted centroid design for three ingredients

The information matrix, C, (M (77(«))), for three ingredients is given as;

8a, +a, a, a, a, o,

— 0
24 48 48 48 48
& Bmta, a4 X g X
48 24 48 48 48
(4 a 8a, +« a, o
w a2 0 o 09
Ci=CcM@meMm=| - “
Z2 ~2 0 2 0 0
48 48 48
% 0 % 9 %o
48 48 48
0 % L
48 48 48
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Any matrix C € sym(s, H) Klein (2004) can uniquely be represented as;

al, +bU, cV,/+dv,
C=lcv,+dv, el(m)+f\N2+gW3 '
2

For the case m=3, the information matrix C, (M (77(ex))) can then be written as

al,+bU, cVv/
cv, eW,

With coefficients a,b, C, e € R, since the terms containing V., W, and W5 only occur for m>2.

Where;azw,b:ﬁ, :ﬁ, =£,e=&and f=0
24 48 48 48 48
2 2 2
24 48 48 48 2304

2 2 2
D, —[a—b—cP +4@-2)d =| 30t % % | % | (2600 —8c +4
48 2304

Using equation (4), we obtain 22'3 for m=3

1 1|8a, +« a a 13} —14a, +5
As==la+2b+ct D, |==| ——"2-2 -2 |+| 2 J_r\/ 1 1
23 2[ 1] 2{ 24 {48} {4} 36 }

(15)

:9_16[(11al +5)+ \/1850:12 +46a, + 251 with multiplicity 1

Similarly, using equation (7) we get

2_
A5 %[a—b+CiVD2]%{80{12%—&+ﬁ+\/260a1 80(1+4}

48 48 48°

= %[(7051 +1)+ \/650512 —-2a, +1} (16)

From Pukelsheim (1993) eigenvalues A,, A, A, and A; occur for the case m=3. These are

A, = 9_16[(11051 +5) + \/1850512 —46a, + 25], with multiplicity 1,

Ay = 9_16 [(11al +5) - \/1850512 — 460, + 25], with multiplicity 1,
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A, = 9—2 [(7a1 +1)+ \/650512 -2a +l], with multiplicity 2 and

As = 4i8 [(7051 +1)— \/650(12 -2a, +1], with multiplicity 2.

From Pukelsheim (1993), if the smallest eigenvector for C, (M (7(«x))) has multiplicity 1, then the only choice

!

for the matrix E is E =

” ”2 , where Z € R® is an eigenvector corresponding to the smallest eigenvalue of the
Z

information matrix C, (M (77(x))) . In our case for m=3, the smallest eigenvalue is;

A, = 9—16 [(11% +5) — /1850 — 460, + 25 (17)

We therefore need to get an eigenvector z, corresponding to the smallest eigenvalue of the matrix,
C(M(n(a))).

By definition, 4 € *R is an eigenvalue of matrix Cif (C—-A1)z=0 < Cz=AZ with z#0

—

where, (z =Uu Vv wW X Y Z), is an eigenvector of C corresponding to A .Thus, from equation (14) and

equation (17), (C -1 I)E = 6 implies that;

min

P 29 29 29 29 O \u 0
20 p 29 29 0 2| v 0
29 29 p 0 29 2q|w| |O
29 29 0 r O O x| |0
29 0 29 0 r O |y 0
0 29 2g 0 O r \z 0
Where, p =7, —3+ \/130512 —14a, +5, g=a,=1-¢, and

r = 13, +3+,/13¢2 140, +5
We obtain the equations as;

pu +2qv + 2qw+ 20X + 2qy + 29z =0
2qu + pv+2qw+ 20X+ 29z =0
2qu+2qv+ pw+2qy +29z =0
2qu+2gw+ry =0
2Qv+2qw+rz=0

Solving the above system of linear equations, we obtain the eigenvector corresponding to A,;, as;
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1
u 1
v 1
- lwl| | —4q
X
_4q
y r
z —-4q
r
Then the matrix
11 1 49 49 49
r r r
1 1 1 44 49 49
r r r
1 1 1 ~—% -4a4 -—-4q »  3r? +48q?
1y — r r r(end o] ==———-
“|-49 -4q9 -4q 16q° 169> 16q° '
r r r r? r? r?
~4q -4q -4q 169° 16g° 16q°
r r r r? re r?
-29 -2q -2q 16qg*> 16q*> 16q°
r r r re re r?
Thus the matrix E is given as;
r? re re —4qr —4qr —4qr
3r? +48q°> 3r?+48q* 3r°+48g° 3r?+48q° 3r?+48g° 3r®+48q°
r? r? re —Aqr —A4qr —4qr
3r? +48q° 3r?+48q* 3r®+48g% 3r?+48q° 3r?+48g° 3r?+48q°
r2 r? re —Aqr —4qr —4qr (19)
_zz" | 3r®+48g® 3r®+489° 3r®+489g° 3r®+48g° 3r®+48q° 3r®+48q°
HZHZ —4qgr —Aqr —Aqr 1692 16q° 16q2
3r? +48g° 3r®+48q* 3r?+48g% 3r®+48q®> 3r?+48g° 3r?+48q°
—A4qr —4qr —4qr 16q2 16q2 16q2
3r? +489> 3r®+48q> 3r>+48q° 3r’+489° 3r’®+48qg> 3r’+48q°
—4qr —4qr —4qr 169° 16q* 169°
3r? +48q° 3r?+48q* 3r°+48g° 3r?+48q° 3r?+48q° 3r®+48qg°

From Kinyanjui (2007) we obtain matrix C, as;
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1 0 00O00O
3
0 1 0 00O
3
Ci=lpo o0 1 0 0 0] multiplying with equation (19), we have
3
0 000O00O
0 000O00O
0 000O00O
r r r —4qr —4qr —4qr
3(3r2 +48q%) 3(3r°+48q9°) 3(3r?+48q%) 3r®+48q° 3r’+48q> 3r’+48q°
r2 r2 r’ —4qr —4qr —4qr
3(3r2+129°) 3(3r®+129%) 3(3r°+48q9°) 3r?+48q> 3r?+489° 3r®+48q>
C,E= re re re —4qr —4qr —4qr | (20)
3(3r2 +48q%) 3(3r°+48q°) 3(3r?+48q%) 3r®+48q° 3r’+48g> 3r’+48q°
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
r2
Thus traceC,E = ————
3r° +48q
SincetraceC,E = 4 ;. (C), it implies that,
L—i[(lloz +5)— /18507 — 460, + 25 21)
3r2+48g% 96- ' !

Substituting the values of q and r .This simplifies to

—13600356160:° — 51930360 — 9570137970 +3476180° +1496439¢:> — 792600c, +164864 = 0

(22)

The root of polynomial (22) is 0.1012 hence ; = 0.1012.
Then it implies that when, ; = 0.1012,r, =1— ¢, =0.8988.

Again in Pukelsheim (1993), the smallest eigenvalue criterion V(¢_ ) =4,
the smallest eigenvalue is,

in (C) . Hence from equation (17),

A = 9—16 [(11% +5) — /1850 —46a, + 25]: 0.01455548 (23)

In the second-degree Kronecker model with m=3 ingredients, the weighted centroid design
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7(a®) = ayn, + a,n, = 0.1012n, +0.89881, is E-optimal for K'@ in T and the maximum value for
E-criterion when m=3 ingredients is V(¢__) = 0.01455548.

4.0.3 E-optimal weighted centroid design for four ingredients

The Information matrix C, (M (77(x))) , when m=4 ingredients is given as;

8a, +a, (73 73 (73 Zo %2 X g 0 0
32 96 96 96 48 48 48
@ Bmta, @ L P S A
96 32 96 96 48 48 48
@ @ Bt @ @ g @ g &
96 96 32 96 48 48 48
@ o @ Bata, o g % o @ &
96 96 96 32 48 48 48
Z—; Z—; 0 0 % 0O 0 0O 0 ©
C, =C,(M(n(x))) =
Q2 0 %2 0 o 2 o0 0 0 o
48 48 %
Q2 0 0 %2 o o % o o0 o
48 48 %6
0 %2 %2 0 o o o0 2 o o
48 48 26
0 22 0 %2 o o o0 o0 2 o9
48 48 9
0 0 o] %2 o o o o o 22| (@9
48 48 926

Any matrix C € sym(s, H), Klein (2004) can be represented as:

al, +bU, cV,+dv,
C= oV, +dv, el(m) + W, + gW, with coefficients ,..., g € R.
2

The terms containing V,, W, and W5 occur for m >3 or m > 4 respectively.

Where; azm, b:ﬂ, Czﬁ,and d=0e=2%2 f=0 g=0
48 96

32 96

From Pukelsheim (1993) we compute the eigenvalues of the above matrix as follows

8ay +a, 3o, a,]| P 2a, " 38502 +142a, +49
32 9% 96

D, =[a+30—e] +6[2c] { ol g2 2

D, ~[ab—ef +4(4-2)c] :{_____ [@ :(5610412 —156a1+36J

9216

Using equation (4) we obtain

1 1| 8c, +a a a 38502 +142a, + 49
A,==la+3b+et D, |==| 2243 22|+ 22 i\/ L L 25
23 2[ 1] 2| 32 {96} {96} 962 25)
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~ 102 [(1705l +7)+ \/385051 +142¢, + 49] with multiplicity 1

Similarly, using equation (5) we get

2_
__[a bres B, - 1 8a1+a2_%+%i\/561a1 916526a1+36

:9_16 [210{1 +3+ \/5610t12 —156¢a, + 361 with multiplicity 2 (26)

The smallest eigenvalue is;

Apy = ﬁ b?al +7+ /38502 —142a1, + 49] @)

The eigenvalues, A,, 45, 4, and A, occur for the case m=4. These are

A, = é b?al +7++/3850% +142a, + 49], with multiplicity 1,

% b7a1 +7— \/3850512 +142¢, + 49], with multiplicity 1,

— 9_];3 [21051 +3+ \/5610512 —156¢, + 36] with multiplicity 2 and

= 9—16 [21a1 +3+ \/5616112 —156¢, + 36] with multiplicity 2.

If the smallest eigenvector of Ck(M) has multiplicity 1, Pukelsheim (1993), then the only choice for the

. . Y74 . . . .
matrix E is, E =W, where zZ € R® is an eigenvector corresponding to the smallest eigenvalue of the
VA

information matrix C, (M) . In our case, the smallest eigenvalue is;

ﬂ“min 192 Ejal +7— \/3850!1 +142(,¥l +49 |, (28)

We therefore need to get an eigenvector z, corresponding to the smallest eigenvalue of the matrix, C, (M).

By definition, 4 € R, is an eigenvalue of matrix Cif (C—-A41)z=0 < Cz=AZ with z#0

!

Where, E:(g h st uvwXx Yy Z) , is an eigenvector of C corresponding to A .

Thus, from equation (24) and equation (28) we have (C — A . 1)z = 0

min
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ST

P
29
29
29
49
49
49

0

0

0

where, p = 25, +13+ /3850 +142a, +49, =, =1- @, and

29
P
29
29
49
0
0
4q
49
0

29
29
p
29
0
49
0
49
0
49

29
29
29
P
0
0
49
0
49
49

49 49 49 O O O

49 0 O 49 49 O
O 49 0 49 O 4q
O O 49 O 49 4¢q
r 0 O O O O
O r O O O O
O 0 r O O O
O 0 O r O O
O 0 O O r ©O
O 0O O O O r

r =19, —5++/385a2 +142a, +49

we obtain the equations as;

pPg +2gh+2gs+2qt +4qu +4qv+4qw=0
209 + ph+2gs +2qt +4qu + 4gx+4qy =0
209 +2gh+ ps+2qt +4qv+4gx+49z =0
209 +2gh+2qgs + pt +4qw+4qy +49z =0
4099 +4gh+ru=0

499 +4qgs+rv=0

409 +4qt+rw=0

4gh+4gs+rx=0

4gh+4qt+ry=0

4gs+4qt+rz=0

Solving the above system of linear equations, we obtain the eigenvector corresponding to /Imm as;
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1
g 1
h 1
S — 8q
t r (29)
-~ u —8q
z = = r
w r
X —8q
-
Yy — 8q
z r
-
Then the matrix zz'is;
1 1 1 1 —8q —8q —8q —8q —8q —8q
r r r r r r
1 1 1 1 —8q —8q —8q —8q —8q —8q
r r r r r r
1 1 1 1 —8q —8q —8q —8q —8q —8q
r r r r r r
1 1 1 1 —8q —8q —8q —8q —8q —8q
r r r r r r
-89 -89 -89 —-8gq 649® 649° 649° 649° 649° 649°
. r r r r r? r? r? r? r? r?
ZZ2=1_89 -89 -89 -8gq 649> 64q9° 649> 649> 649> 649>
r r r r r? r? r? r? r? r?
-89 -89 -89 —8g 649® 64q9° 649° 649° 64q9° 649°
r r r r r? r? r? r2 r? r?
-89 -89 -89 —8g 649® 64q° 649g° 649° 64q9g° 649°
r r r r r? r? r? r? r? r?
-89 -89 -89 —8g 649® 64q9° 649® 649° 64q9q° 6497
r r r r r? r? r? r? r? r?
-89 -89 -89 —-8gq 649°® 649° 649° 649° 649° 649°
r r r r r? r? r? r? r? r?
(30)
4r? +384q°

a7 = 4758

Thus the matrix E is given as;
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r2 I,2 r2

r2

—-8qr

-8qr

-8qr

-8qr

-8qr

-8qr

rZ I.2 r2

4r2 138492 4r2 +384g%  4r? + 3847  4r? + 38492

r2

4r2 1 384¢2
-8qr

4r2 1 384¢2
—-8qr

4r? 1 384¢2
-8qr

4r2 1 384¢2
—8qr

4r? 1 384¢2

—-8qr

4r? 1 384¢°2
-8qr

r2 rZ r2

4r2 +384q2 42 4 384q2 42 4 384q2 4r2 +384q2

r2

4r2+384q2
—-8qr

42 384q2
- 8qr

4r? +384q2
- 8qr

4r2+384q2
—-8qr

4r? +384q2

- 8qr

4r? +384q2
- 8qr

rZ r2 r2

ar? +384q%  4r2 +38492  4r? +38492  4r? + 38492

r2

4r? + 384q°
- 8qr

4r? + 38497
-8qr

4r? + 384¢2
-8qr

4r? + 384q°
- 8qr

4r? + 3842

-8qr

4r? + 384¢2
-8qr

- 8qr —-8qr - 8qr

4r2 +384q2 42 4 384q2 42 4 384q2 4r2 +384q2

- 8qr

4r2+384q2
64q2

42y 384q2
64q2

4r? 4 384¢2
64q2

4r2+384q2
64q2

4r2 +384q2

64q2

4r? + 38492
64q2

22 | 4r?+384q7 4r2+38492 4r? +38492  4r? + 38492

E:_2:
"4| - 8qr —-8qr —8qr

-8qr

4r? + 384q?
64q°

4r? + 384q°
64q°

4r? 4 3842
64q?

4r? + 384q?
64q°

4r? 1 3842

642

4r? + 38492
64q?

- 8qr -8qr - 8qr

4r2 + 38492 4r2 +384q%  4r? +3849%  4r? +384q°2

- 8qr

4r2 1 384¢2
64q2

4r? 1 384¢2
64q2

4r? 1 384¢°2
64q2

4r2 1 384¢2
64q2

4r? 1 384¢2

64q2

4r? 1 384¢°
64q2

-8qr —-8qr -8qr

ar? 1384q%  4r2 +38492  4r? + 38492  4r? + 38492

-8qr

4r? + 384q?
64q°

4r? + 384q?
64q°

4r? 4 38492
64q?

4r? + 384q?
64q°

4r? 1 3842

64q°

4r? 4 38492
64q?

-8qr -8qr -8qr

4r2 138492 4r2 +384g%  4r? + 3847  4r? + 38492

-8qr

4r2 1 384¢2
64q2

4r? 1 384¢2
64q2

4r? 1 384¢°2
64q2

4r2 1 384¢2
64q2

4r? 1 384¢2

64q2

4r? 1 384¢°2
64q2

-8qr —-8qr —-8qr

4r? 1384q% 4r2 138492 4r? 438492  4r? 4 38492

-8qr

4r? 1 38492
64q°2

4r? 1 3842
64q°

4r? 1 38492
6492

4r? 1 3842
64q°2

4r? 1 3842

642

4r? 1 38492
6492

From Kinyanjui (2007), we have C, as;

OO0OO0OO0OO0OO0 O O O NP
O0OO0O00O0 O OAMNPrRO
OO0 0000 OAMNR O O
O0OO0O0OO0OO0OMNPrR O O O
O0O0OO0O0OO0OO0O O O ©
O0OO0OO0OO0OO0OO0O O O O
O0O0O0O0OO0OO0O O O O

Multiplying C, with equation (31), we obtain;

4r? +384g7  4r? +384q7 4r? +3849%  4r? +384q°

000000 O O O

4r? + 384q°

0000000 O O O
0000000 O O O
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r? r? r2 r2 -8qr -8qr -8qr -8qr -8qr -8qr
4r2 13842 4r2+384% 4r2+3842 4r2+3842 4r2+384q2 4r2+384q2 4r21384g2 4r?+384g2 4r?1384g2  4r2 +384q2
r2 r2 r2 r2 -8qr -8qr -8qr —8qr —-8qr -8qr
4r2 +384q2 4r2 +384q2 4r2 +384q2 4r? +384q2 4r? +384q2 4r2 +384q2 4r2 +384q2 4r +384q2 4r? +384q2 4r? +384q2
r? r? r2 r2 -8qr -8qr -8qr —8qr -8qr -8qr
4r2 13842 4r2+384% 4r2+3842 4r2+3842 4r24384q2 4r2+384q2 4r21384g° 4r2+384g2 4r?+384g2  4r2 +384q2
r? r? r2 r2 —8qr —8qr —-8qr —-8qr —8qr —-8qr
4r2 +384q2 4r2 +384q2 4r? +384q2 4r? +384q2 4r? +384q2 4r2 +384q2 4r2 +384q2 4r? +384q2 4r? +384q2 4r? +384q2
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
(32)
r2
ThUS traceClE = ﬁ
4r< + 384q

Now traceC,

r.2

E =4, (C) we have;

1

4r? + 38492 192

Substituting the values of q and r, this simplifies to;

EL7a1 +7 — /3852 —142c, + 49] (33)

— 55126799360, — 303247360, — 2271901952¢;," + 2900480¢: +10876672c; — 4265984¢, +897024 =0

(34)

The root of polynomial (34) is ¢, = 0.1231since, ; € (0,1), then &, =1—c; = 0.8769.

The smallest-eigenvalue criterion V(¢_ ) =4,

smallest eigenvalue is;

1

/’Lmin = AN
192

min

EL?al +7 —/385a2 +142c, + 49]: 0.015525588

In the second-degree Kronecker model with m=4 ingredients, the weighted centroid design

7(a®) = ayn, +a,n, =0.12315, +0.87697, , is E-optimal for K'@ in T,

The maximum value for E-criterion when m=4 ingredients is V(¢_,, ) = 0.015525588 .

E-optimal weighted centroid designs for maximal parameter subsystem for the corresponding two, three and four
ingredients is derived. Optimal weights and values for the corresponding weighted centroid designs were
numerically obtained using Matlab software. In conclusion results based on maximal parameter subsystem,
second degree Kronecker mixture model with two, three and four ingredient, E-optimal weighted centroid design

for K'@ (information matrix) therefore exist for the specific design points.

Results and conclusion
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(35)

(C), Pukelsheim (1993), hence from equation (28), the
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Recommendation

In line with the study it could be interesting to see practical results for the implementation of the designs
suggested in this study.
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