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Abstract 

The purpose of this paper is to prove some common fixed point theorems for a pair of Jungck type self 

maps satisfying ψ – φ contractive condition on a spherically complete ultra metric space. 
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1. Introduction 

Generally to prove fixed point theorems for maps satisfying strictly contractive conditions, one has to 

assume the continuity of maps and compact metric spaces. In spherically complete ultra metric spaces, the 

continuity of maps are not necessary to obtain fixed points.  

First we state some known definitions. 

Definition 1.1 [3]. Let (X, d) be a metric space. If the metric d satisfies strong triangle inequality: 

d(x, y) ≤ max{d(x, z), d(z, y)} for all x, y, z   X 

then d is called an ultra metric on X and the pair (X, d) is called an ultra metric space. 

Definition 1.2 [3]. An ultra metric space (X, d) is said to be spherically complete if every shrinking 

collection of balls in X has a non empty intersection. 

Recently Gajic [1] proved the following 

Theorem 1.3 (Theorem1, [1]): Let (X, d) be a spherically complete ultra metric space. If T : X → X is a 

mapping such that 

d(Tx, Ty) < max{d(x, y), d(x, Tx), d(y, Ty)} for all x, y   X, x ≠ y 

then T has a unique fixed point in X. 

Now we extend this theorem for a pair of maps of Jungck type, by using  ψ – φ contractions. 
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2 Main Result 

Theorem 2.1 : Let (X, d) be  a spherically complete ultra metric space. Let T, f  : X → X be mappings 

satisfying  

(i) ψ(d(Tx, Ty))  <  ψ(max{d(fx, fy), d(fx, Tx), d(fy, Ty)})  – φ(max{d(fx, fy), d(fx, Tx), d(fy, Ty)}) 

for all  x, y   X such that x ≠ y, where  ψ:[0, ∞) → [0, ∞) is non – decreasing function and   

φ: [0, ∞) → [0, ∞)  is function with  φ(t) > 0 if t > 0, 

(ii) T(X)   f(X).  

Then there exists  z  X  such that  fz = Tz. 

Further if f and T are coincidentally commuting at z, then z is the unique common fixed point of f and T. 

Proof: Let  Ba = (fa, d(fa, Ta)) denote the closed sphere centered at fa with the radius d(fa, Ta) and let A  

be the collection of these spheres for all  a   X. Then the relation Ba  Bb iff Bb   Ba is partial order 

on A. Let A1 be a totally order sub family of  A. Since (X, d) is spherically complete, we have 

. BB
AB

a

a




 
                      

Let fb   B and  Ba   A1 then  fb   Ba. 

Hence  d(fa, fb) ≤ d(fa, Ta).                (2.1) 

If  a = b, then Ba = Bb. 

Assume  a ≠ b. 

Let  x  Bb then  

d(x, fb) ≤ d(fb, Tb) 

 ≤ max{d(fb, fa), d(fa, Ta), d(Ta, Tb)} 

 = max{ d(fa, Ta), d(Ta, Tb)}. 

Case(i): If d(fa, Ta) is maximum, then d(x, fb) ≤ d(fa, Ta).     

Case(ii): If d(Ta, Tb) is maximum, then  

d(x, fb) ≤ d(fb, Tb) ≤ d(Ta, Tb) 

ψ(d(x, fb)) ≤ ψ(d(fb, Tb))   

 ≤ ψ(d(Ta, Tb)) 

 < ψ(max{d(fa, fb), d(fa, Ta), d(fb, Tb)}) – φ(max{d(fa, fb), d(fa, Ta), d(fb, Tb)}) 

 = ψ(max{ d(fa, Ta), d(fb, Tb)}) – φ(max{d(fa, Ta), d(fb, Tb)}), from (2.1) 

If d(fb, Tb) is maximum, then from the  above we  have 

ψ(d(fb, Tb)) < ψ(d(fb, Tb)) – φ(d(fb, Tb)) 

 < ψ(d(fb, Tb)). 

It is a contradiction. Hence d(fa, Ta) is maximum. 

Thus 

ψ(d(x, fb)) < ψ(d(fa, Ta)) – φ(d(fa, Ta)) 

 < ψ(d(fa, Ta)). 

By definition of  ψ, d(x, fb) ≤ d(fa, Ta).      
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Thus in both cases we have that d(x, fb) ≤ d(fa, Ta).           (2.2) 

Now d(x, fa) ≤ max{d(x, fb), d(fb, fa)} 

 ≤ d(fa, Ta),  from (2.1) and (2.2).
 

It follows that  x  Ba. 

Hence  Bb   Ba for any Ba   A1. 

Thus Bb is an upper bound in A for the family of A1 and hence by Zorn’s lemma, A has a maximal element 

Bz, z  X. 

Suppose  fz  ≠ Tz. 

Since  Tz  T(X)   f(X). Then there exists  v  X  such that  Tz = fv. Clearly  z ≠ v. 

ψ(d(fv, Tv)) = ψ(d(Tz, Tv)) 

 < ψ(max{d(fz, fv), d(fz, Tz), d(fv, Tv)}) – φ(max{d(fz, fv), d(fz, Tz), d(fv, Tv)}) 

 = ψ(max{d(fz, fv), d(fv, Tv)}) – φ(max{d(fz, fv), d(fv, Tv)}). 

If  d(fv, Tv) is maximum, then from  the above , we have  

ψ(d(fv, Tv)) < ψ(d(fv, Tv)) – φ(d(fv, Tv)) 

   < ψ(d(fv, Tv)). 

It is a contradiction. Hence d(fv, fz) is maximum. 

Thus 

ψ(d(fv, Tv)) < ψ(d(fv, fz)) – Φ(d(fv, fz)) 

 < ψ(d(fv, fz)).              (2.3) 

If fz   Bv, then d(fz, fv) ≤ d(fv, Tv). 

By definition of ψ, ψ(d(fz, fv)) ≤ ψ(d(fv, Tv)). 

It is a contradiction to (2.3).  Thus  fz   Bv. 

Hence  Bz   Bv. It is contradiction to maximality of Bz . 

Hence  fz = Tz . 

Suppose  f  and  T  are coincidentally commuting at  z  X . 

Then  f
2
z = f(fz) = f(Tz) = T(fz) = T(Tz) = T

2
z . 

Suppose  fz ≠ z.  

ψ(d(Tfz, Tz)) < ψ(max{d(f
2
z, fz), d(f

2
z,, Tfz), d(fz, Tz)}) – φ(max{d(f

2
z, fz), d(f

2
z,, Tfz), d(fz, Tz)}) 

 = ψ(max{d(Tfz, Tz), d(Tfz,, Tfz), d(Tz, Tz)}) – φ(max{d(Tfz, Tz), d(Tfz,, Tfz), d(Tz, Tz)}) 

 = ψ(d(Tfz, Tz)) – φ(d(Tfz, Tz)) 

 < ψ(d(Tfz, Tz)). 

It is a contradiction. 

Hence  fz = z = Tz. 

Therefore  z  is common fixed point of  f  and  T. 

Suppose  w  is another common fixed point of  f  and  T such that  z ≠w. 

ψ(d(z, w))  = ψ(d(Tz, Tw)) 

  < ψ(max{d(fz, fw), d(fz, Tz), d(fw, Tw)}) – φ(max{d(fz, fw), d(fz, Tz), d(fw, Tw)}) 

  = ψ(max{d(z, w), d(z, z), d(w, w)}) – φ(max{d(z, w), d(z, z), d(w, w)}) 

  = ψ(d(z, w)) – φ(d(z, w)) < ψ(d(z, w)). 
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It is a contradiction.  

Therefore z = w. 

Hence  z  is unique common fixed point of f and T.  
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