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Abstract: The notion of a generalized dislocated metric space is introduced, its topological properties are
established and an analogue of seghals fixed point theorem is obtained from which existence and
uniqueness of fixed points for self maps that satisfy the metric analogues of contractive conditions
mentioned and it can be derived.
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1. Introduction: Pascal Hitzler presented variants of Banach’s Contraction principle for various modified
forms of a metric space including dislocated metric space and applied them to semantic analysis of logic
programs. In this context Hitzler raised some related questions on the topological aspects of dislocated
metrics.
In this paper we present results that establish existence of a topology induced by a generalized dislocated
metric and show that this topology is metrizable , by actually showing a metric that induces the topology.
Rhoades collected a large number of variants of Banach’s Contractive conditions on self maps on a
metric space and proved various implications or otherwise among them. We pick up a good number of
these conditions which ultimately imply Seghal’s condition .We prove that these implications hold good for
self maps on a generalized dislocated metric space and prove the generalized dislocated metric version of
Seghal’s result then by deriving the generalized dislocated analogue’s of fixed point theorems of Banach,
Kannan ,Bianchini, Reich and others.

In what follows, R™ the set of all positive real numbers.

1.1:Let binary operation ¢ : R* x R* — R satisfies the following conditions:
() ¢ is Associative and Commutative,

(1) ¢ is continuous w.r.t to the usual metric R*

A few typical examplesare a b =max{ a, b}, aob=a +b,aob =ab, acbh=ab+
ab
max {a,b,1}
In what follows we fix a binary operation ¢ that satisfies (I) and (1)

a+bandaob= foreach a, be R”

Definition 1.2:A binary operation ¢ on R™is said to satisfy /3 -property if
(Il)there exists a positive real number S such that @ ¢ b < max{ a,b}for every 8, be R™

Definition 1.3: Let X be a non empty set. A generalized dislocated (simply gd) metric (or d”
metric) on X is a function d": X2 — R" that satisfies the following conditions:

(1 d*(x,y)20,

(2) d*(x,y)=0 Implies X =Y
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@) d'(x,y)=d"(y,x)

@) d*(x,z)<d"(x,y)o d"(y,z) foreachX y,zeX.

The pair (X, d*) is called a generalized dislocated (orsimplyd*) metric space.

Fixa d” metric space (X , d”). For r > 0 write Bd*(X, N={yex:d(x,y)<r}

Definition 1.4: We say that a net {Xa/aeA} in X converges toXin (X, d*) and write
lim{ x, /a e A}=x if limd"(x,,X) =0i.e. for each > O there exists &, € A such that for all

a>a, =d (XX,)<e.
Remark: If ¢ satisfies /3 -property with f > 0.then the limit of a netin (X, d*) is unique. Now on
we assume that( X , d ") has /3 -property with 0 < B <I
Notation: For Ac X wewrite D (A)={ X € X / X isalimitofanetin (X ,d")}
Proposition 1.5:Let A, B < X. Then

. D(A)=¢ifA=¢

Il. D(A)c D(B)if Ac B

Il D(Au B)=D(A)u D(B) and

Iv. D(D(A))c D(A)

Proof:(i) and (ii) are clear. That D(A)u D(B)c D (A v B) follows from (ii). To prove the
reverse inclusion,

Let Xe D(AUB) and X:IirTA1( X, ) where (X,/ a€ A)isanetin A U B.If 3

AeAsuchthat X, € A for a€ A and a>A then (X,/a>A ,ae A) is a cofinal subnet of
(X,/ ac A)andisin A and lim d"( x,x,)=lim d"( X, Xx,)=0 sothat X € D(A).
a> aeA
If no such Aexists in Athen for every a€ A, choose P(a) € Asuch that B(a) > and

Xs(0) € Bthen {X,(,)/ & € A}is a cofinal subset in B of (X,/ a€ A) and I(:gAl d” (x pa) + X)

=lim d” (x,,X)=0 so that

aeA

X e D(B). It now follows that D(A w B) < D(A)u D (B) and hence (iii) holds. To prove
(iv) let xe D( D(A)) ,X:IirTAl X,, X, € D(A) forae A,and V o€ A, let (X ,, / Be

A(a))beanetin A >

Xa:ﬂllr‘?) X g, -For each positive integer i 3 o, € A suchthat d (X , ,X)< ~.andB; € A(a;)3
eA(x ! |

1 ,
)< - writea; =y, VI then{y,y, } isdirected set with y; < y;

J a; PRl PR A T VA

d'(x,
1Bi
If i<j,and d'(x, x)=d(x,,x,)0d (X, X)

< B max{ d*(Xyi,Xai ), d*(X(Zi  X)}

<d'(x, . x,)+d(x,.x)

<3 . Thisimpliesthat X € D (A).
|
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As a corollary, we have the following

Theorem 16: If for AcX and A=A U D (A), then the operation A — Aon P(X) satisfies
Kuratowski’s Closure axioms:

)
i. AcA
ii. A= A and
iv. =~AUB=A UB.
Consequently we have the following

Theorem 1.7 : LetJ be the set of family of all subsets A of X for which A=A and T be the
complements of members of I3 . Then the J is a topology for X and the J -closure of a subset Aof X

is K
Definition 1.8:The topology 3 obtained in Theorem 1.7 is called the topology induced by d” and

simply referred to as the d-topology of X and is denoted by ( X , d*, 3).
Proposition 1.9: Let A < X .Then X € D (A) iff forevery >0, Bg(x) NA#¢

Proof: if X € D(A) there existanet (X,/ a€ A) in Asuchthatlim X, =X, if 6>0 3 a5 € A such
that

d’ (X, ,X)< 0 .Ifoe A and a2 az.Hence X, € Bd(X)ﬁ A fora> ay.

Conversely if for every ¢ >0, B(;(X) M A # ¢ we choose one X,in B; (X) m A for every integer

n

. . . 1.
N >1in(0,1). Clearly (X,/ N=1)isanetin A andlet e>0and N, >— if n>N,
€

. 1 1
d(x,, X)< =< —<e
n N,
Hence X € D (A).

Corollary 1.10: Xe A <> X e A or B,(X)n A= ¢ V&>0.
Corollary 1.11: A is open in (X, d*,3) if and only if for every X € A3 5>0 such that
{x3U Bs(x)c A
Proposition 1.12: If X € X and & >0 then { X} B ;(X) isanopensetin( X , d”, 3).
Proof: Let A={X}U B ;(X), Yy eB ;(X)ando<r<s-d (X,y)
Then B, (y) < B,(x) = A
since z € B,(y)
=d (y,z)<r<d-d(x,y)
= d'(x,y)+d(y,z)< s
Now d"(x,z) < d"(x,y)od (y,z)

< pmaxg d(x,y), d’(y,2)}

<d'(x,y)+d'(y,z)< o

= 7 € B,(x).
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Proposition 1.13: If X € X and V (X)=B,(X) U{X} for r >0 then the collection {V  (X) /

X € X} isanopenbaseat X in(X,d",3).
Proof: The first condition for a basis is trivial, before checking the second condition for a basis we show

that if © Y * is a basis element of V _( X).Then there is a basis element VJ(y) that is contained in V  (X).
Define § =r-d (X y) then Va(y) c V, (X).

Forif z € V,(y)then d"(y,z)<&=r - d"(X,y)

= d(x,y)+d(y,z)<r

Now d(x,z) < d"(Xx,y)od (y,z)

< fmax{ d'(x.y), d"(y,2)}
<d'(x,y)+d'(y.z)
<r
Let Vyand V, be two basis elements and let Y €V, MV, then there exist J,,0, so that V (y)CV1

and V5, (y)cVZ.
Let § =min{ 5,,5,} then V;(y) cV, N V,.

Proposition 1.14: ( X , d*, J) is a Hausdorff space and first countable.
Proof: If X, y € X , and d"(X, Y)>0 then V ,(X) "V, (Y) = ¢.
2 2
Hence ( X, d”) is a Hausdorff space. If X € X the collection { B, (X)}isbaseat X .Hence (X, d

n

is first countable.
Remark: Proposition 1.14 enables us to deal with sequence instead of nets.

Definition 1.15: A sequence { X, } is called a Cauchy sequence in ( X ,d*), if for each € >0, there exists

N, € N such that d*(xn ,Xm)<e foreach n,Mm=n,. (X ,d”) is said to be complete if every Cauchy
sequence is convergent.
Definition 1.16: Let (X ,d") be a d metric space. If there is a number 0<y <lsuch that

d"(f(x), f(y))<yd™(x,y) VX, ye Xthen f iscalled acontraction.

Let (X,d) be a d -metric space and f:X —>Xbe a mapping write
V(x)=d"(x, f (x))and 2()={x/V(x)=0}

Clearly every point of Z( f ) is a fixed point of f but the converse is not necessarily true. We

call points of Z(f) as coincidence points of f .ThesetZ( f )isa closed subset of X .Mathew’s theorem

states that a contraction on a complete dislocated metric space has a unique fixed point . The same theorem
has been justified by an alternate proof by Pascal Hitzler.We present the generalized dislocated metric
version of this theorem for coincidence points.

2 MAIN RESULTS:

Theorem 2.1: If (X ,d") is a complete and f: X — X is a contraction,then there is a unique
coincidence point for f .

Proof: Forany X € X the sequence of iterates satisfies

d"(f"(x), £™*(x)) <y"d"(x, f(x)) where y is any contractive constant,

Consequently if N <m,
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d°(f"(x) . Fm(x)) < d7CFN(x) . FTE)0 dTCFTE(x) L FTR(0))0. dTCFTA(X)
)
< B max {d"(f"(x). 1" (x)) . d°(F"(x) "2 (x)).... d7(F™(x)

f7(x)3

< d7(f"(x) , f"(x)+ dTCF(x) , FTE(X)) . dTCFMN(X)
£7(x))

<y" (l+7/ 7y 1)d*(x, f(x))

<L d(x, f(x)

'

Hence { f”(X)} is Cauchy sequence in X .
it &=lim f"(x)

then f (&)=lim f"*(x) so
d"(&, f(&))=limd"(f"(x), f"*(x)). since d"(f"(x), f"*(x))< y" d"(x, f(x))
since0<y <1; limy" d”(x, f(x))=0 Hence d"(&, f (£))=0
Uniqueness:If d” (&, T (£))=d (. f (n7))=0,then f (£)=¢& and f (17)=7 so that
d°(&,m=< d(&, f(&ned (F (&), fmned (fm),n

< B ma{ d'(&, F(&).d°(F (&), Fo.d(fam), m:

<d'(&, FEn+d(f (&), fo+d (f ), m

<y d'(&, n)sothat
d"(&, 17)=0,hence =77,
Theorem 2.2: let ( X ,d*) be any d” -metric spaceand f : X — X be continuous .Assume that
dcf ) L f (yy < max {d(x L fx) dy. foyndixyn
wheneverd*(X, y)#0.Then f has a unique coincidence point whenever cl O(X) is nonempty for
some X € X .
Proof: Write V(X)=d (X, f (X)), Z={X/V(X)=0} ;: O(X)={f"(Xx)/n>0}
Since f is continuous, V is continuous. If X ¢ Z , then
V(o= dTCF o0, F200) <max{d™(x, £ x)), dT(f (x), FA(), d7(x, f o}

=max {V(X) ,V(f (X))}

=V (f (X)) <V(X) ,wheneverV(X) #0 ie X ¢Z (1)
IFO(X)N z=¢ then V( T* (X)) < V(F*(x)) Vk
Hence V( f" (X)) is convergent. 2)

let & be a cluster point of O( X). H(ni)T 3> & =lim fni (X)
= £5(&) =lim f"*(x)
=0(&) < cl 0(X), since V is continuous
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V(F4(&)) = timv( f"*(x))
SinceO(X)NzZ =¢ by @Q{V(f "(X)) } is convergent.

Let 7 = limV/( gl (X)) = V(&)

Also y= limv( f"(x))=Vv(f (&) ;Vk

=V (f (EN=V(&) ®)

From (1) and (3) it follows that VV (&) =0

Uniqueness:If V(&) =V(77)=0then

E=1(5). n=1 (@ itd (£, n)=0

d'(& . m=d"(f (&), T ) <max{v(&), van), d (& m) 3
=d" (&, n) which is a contradiction.

Hence d” (&, 17)=0.
B.E Rhodes presented a list of definitions of contractive type conditions for a self map on a metric space

(X, d) and established implications and nonimplications among them ,there by facilitating to check the
implication of any new contractive condition through any one of the condition mentioned so as to derive a
fixed point theorem. Among the conditions in seghal’s condition is significant as a good number of
contractive conditions imply seghal’s condition .These implications also hold good in the present context as

well. In fact the usual metric on R is a d metric, if we write @ 0b = a + b .We state the d metric
version of some of the contractive conditions mentioned in and derive various implications and non

implications and deduce fixed point theorems for d” metrics from 2.2

Let (X,d ") be a d " metric space with @ 0b = @ + b foreach a,b € R" and f : X — X bea
mapping and X, Y be any elements of X.
1. (Banach) : there exists a number &, 0 < o <1such that foreach X,y € X
d°(f(x), fyp<adx,y)
2. (Rakotch) : there exists a monotone decreasing function « : (0, 00) — [0,1) such that
d°(x,y)< ad (x,y) whenever d (X ,y) =0
3. (Edelstein): d" (f (x), f (y)) < d (X,y) whenever d" (X, y) =0

1
4. (Kannan) :there exists a number &, 0< & < E such that

d°(f (), fyn<a [di(x, foxpody., fy)l
5. (Bianchini): there exists a number h ,0 < h <21such that
d™(f(x), f(y) <hmadd (x,f(x).d(y. fey)
6. d (f(x), f(y))<maxd (x,f(x).d(y,f(y)) wheneverd (X, y)=0
7. (Reich) : there exist nonnegative numbers a, b, ¢ satisfying a + b + ¢ < 1 such that
d°(f(x), f(yn<adi(x, f(xpopdiy.d(ypocd(x,y)

8. (Reich) : there exist monotonically decreasing functions a, b, ¢ from (0, 00) to [0,1) satisfying
a(t) + b(t) + c(t) <1 suchthat ,
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d” (f(x),. f(y))<aed (x,fx)obe d(y,f(y)ocs)s wheret=d ( X,

y) =0
9. there exist nonnegative functions a, b, c satisfying SUp a(X , Y)+b (X , Y)+c (X , y) <1
X,yeX
such that
d(f (x), f (y)<amd (x, f (x)obwyd (y, f (y))o ct)t where t=(X ,
y)
10. (sehgal): d”( f (x), f (y)<max{d (x, f (x)).d"(y, f(y).d(x,y)} if d(x
,y)=0

Theorem 2.3: if f isa self map on a generalized dislocated metric space ( X , d*) and f satisfies any
of the conditions (1) through (9) then f has a unique coincidence point provided cl O( X ) is nonempty for
some X € X .

Proof:B.E Rhodes proved that when d isa metric
1) = @) = (3) = (10)
(4) = (5) = (6) = (10)
(4) = (1) = (8) = (10)
) = (1) = (9) = (10)

These implications hold good in a d”- metric space as well since X zy = d*(X , Y)#0 ina

d”- metric space .1t now follows from theorem 2.2 that f has a fixed point which is unique when O( X)) has
a cluster point for some X.

Remark: Every coincidence point in a generalized dislocated metric space is a fixed point but the converse
is not true.
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