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Abstract

The aim of the present paper is to obtain a comfixed point theorem by employing the recently
introduced notion of weak reciprocal continuity. \dlemonstrate that weak reciprocal continuity ersure
the existence of fixed points under contractivedittons which otherwise do not ensure the existesfce
fixed points. Our result generalize and extend sweell-known fixed point theorems due to Boyd and
Wong (1969), Jungck(1976), Pant (1994) and Pathak(@997).
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1. Introduction

The question of continuity of contractive maps engral and of continuity at fixed points in partaou
emerged with the publication of two research papgri&annan (1968, 1969) in 1968 and 1969 respdgygtive
These two papers generated unprecedented intartst fixed point theory of contractive maps which,
turn, resulted in vigorous research activity on éxéstence of fixed points of contractive maps #mel
question of continuity of contractive maps at thisied points turned into an open question.

In (1998), 30 years after Kannan’s celebrated mapeant (1998) introduced the notion of reciprocal
continuity for a pair of mappings and as an apfiliceof this concept obtained the first fixed pdineorem,
in which the common fixed point was a point of distnuity.

Definition 1.1

Two self mappingsA and T of a metric spacdX, d) are defined to be reciprocally continuous iff
lim,ATx=At andlim,TAx= Tt, whenevefx,} is a sequence X such thatim,Ax,= lim,Tx,= t for somet

in X.

The notion of reciprocal continuity has been emgtbipy many researchers in diverse settings to ledtab
fixed point theorems which admit discontinuity hé tfixed point. Imdaet al (2009) used this concept in
the setting of non-self mappings. Singh and Misf2@02) have used reciprocal continuity to establish
general fixed point theorems for hybrid pairs eigte valued and multi-valued maps. P.Balasubraamani
et al (2002) extended the study of reciprocal contintatyuzzy metric spaces. Suneel Kunearal (2008)
studied this concept in the setting of probabdistietric space. S. Murlishankat al (2009) established a
common fixed point theorem in an intuitionistic fiyzmetric space using contractive condition of gméé
type. Chugret al (2003) and Kumaet al (2002) have, in the setting of metric spaces, abthinteresting
fixed point theorems which do not force the mapéacontinuous at the fixed point.

The notion of reciprocal continuity is mainly apgable to compatible mapping satisfying contractive
conditions. To widen the scope of the study of dixgoints from the class of compatible mappings
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satisfying contractive conditions to a wider classluding compatible as well as noncompatible
mappings satisfying contractive, nonexpansive psthitz type condition Paet a2011) generalized the
notion of reciprocal continuity by introducing thew concept of weak reciprocal continuity as fokow

Definition 1.2

Two self mappingsA and T of a metric spacéX, d) are defined to be weak reciprocally continuous iff
lim,ATx=At or lim,TAx= Tt, whenevefx,} is a sequence X such thatim,Ax,= lim,Tx,= t for somet in

X.

Jungck(1986) generalized the notion of weakly comimgumaps by introducing the concept of compatible
maps.

Definition 1.3

Two self mapping# andT of a metric spacé€X, d) are compatible iff lim, d(ATx, TA%)= 0, whenever
{Xn} is a sequence in X such thiat,Ax,= lim,Tx,= t for somet in X.

In (1993), Jungck et al (1993) further generalized concept of weakly commuting mappings by
introducing the notion of compatible of type (A).

Definition 1.4

Two self mapping#\ andT of a metric spacéX, d) are compatible of type (A) iff lim, d(AAx, TAx)= 0
andlim, d(ATx, TTx)= 0, wheneveKx,} is a sequence K such thatim,Ax,= lim,Tx,= t for somet in
X.

In (1998), Pathak et al (1998) generalized theomotif compatibility of type (A) by introducing the/o
analogous notions of compatibility, i.e., A-compégiand T-compatible.

Definition1.5

Two self mapping#\ and T of a metric spacéX, d)areA-compatible ifflim, d(ATx, TTx)=0, whenever
{X,} is a sequence M such thatim,Ax,= lim,Tx,=t for somet in X.

Definition 1.6

Two self mapping#\ andT of a metric spacé€X, d) are T-compatible iffim,d(AAX%, TAx)= 0, whenever
{X,} is a sequence M such thatim,Ax,= lim,Tx,= t for somet in X.

It may be noted that the notions compatible Artbmaptible (orT-compatible, compatible mappings of
type (A)) are independent to each other. If bétlandT are continuous, then all the analogous notions of
compatibility including compatibility are equivaleto each other.

As an application of weak reciprocal continuity veove a common fixed point theorem for a
@ —contractive condition that extend the scope ofstiuely of common fixed point theorems from the class
of compatible or analogous compatible continuougppiteys to a wider class of mappings which also
includes discontinuous mappings.

1. Main Results

Theorem 2.1

Let A andT be weakly reciprocally continuous self mappings.abmplete metric spa¢¥, d) satisfying

(i) AXcTX

(i) dAx, Ay)=3 (max{d(Tx, Ty), d(Ax, Tx), d(Ay,Ty), [d(Ax, TyfitAy, Tx)]/2 }),

where@: R,— R. denotes an upper semi continuous function suc¢hZhé) < t for eactt > 0.

If A andT are either compatible or A-compatible or T-comipiatithen A and T have a unique common
fixed point.

28



Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) T
Vol.2, No.3, 2012 IISTE
Proof.

Let X, be any point irX. Define sequencgg,} and{y,} in X given by the rule
Yn = AXn = TX1+1-
This can be done sinéeX = TX Then using (ii) we obtain
d(¥n, Yne1) = d(AX%,, Axe1) = @ (Max{d(Tx, Tx.1), d(A%, Tx), d(A%.1, TX1),
[d(AXn, TX1) + d(AXea, TX)]/2}).
= @(d(Yn-1,Yn) < d(Yn-1,Yn)-
Thusd(¥n, Yn+1) = (d(¥h-1, Y) < d(¥Yn-1,Yn)-
(2.2)
Similarly, d (Y1, Yo) = (d(¥h-2, Yn-1) < d(Yn-2s Yo-1)-
(2.2)

Thus we see thdt(y,Yn+1)} isstrictly decreasing sequence of positive humbas hence tends to a limit
r = 0.
Suppose > 0, then relation (2.1) on making — o« and in view of upper semi continuity ofé yields
r = @(r) <r, a contradiction. Hence= lim, _. d (%, Yn+1) = 0. We claim{y,} is a Cauchy sequence.
Suppose it is not. Then there existsearD and a subsequendg,} of {y,} such that(y,i, Vhi+1) > 2&
Sincelimd(yn, Yh+1) = O,there exists integers; matisfying r< mi< n.; such that
d(Yhi, Ym) =E&. If not then
d(Yis Yi+1) = d(his Yai+1— 1) +dQhi+1— 1, Viv1) <€+ dMni+1— 1, Yiv1) < 2§
a contradiction. If mbe the smallest integer such ti&h;, ym) > &, then
£=d(¥ni Ymi) < d(Ynir Yi-2) + AVYmi- 2, Ymi— ) + A(Ymi- 1 Ymi)
<&+ d(ymi—Za Ymi—:l) + d(Ymi—l: Ymi)v
that is, there exists integer; satisfyingn,< mi<n; ., ; such that
d(Yni, Ymi) =€ andlim, d(Yhi, Ym) = &,
(2.3)
without loss of generality we can assume th& odd and mis even. Now by virtue of (1), we have
d(ym+ 1,ymi+l) <@ ((d(Ym ’ ymi) + d(yniy Yhi + 1))
Now on lettingn;—» o and in view of (2.3) and upper semi continuity @f the above relation yields
5= {@(s) <&, a contradiction. Hendg} is a Cauchy sequence. Since X is complete, thasésea point t
in X such that y» uas n- «. Moreover,
V=A% = TXui-u.
(2.9

Suppose thaf and T are compatible mappings. Now, weak reciprocal ioaity of A andT implies that
limp,ATx=Au or lim,TAx= Tu. Letlim,TAx,= Tu. Then compatibility oA andT yieldslim,d(ATx, TAx)=0,
i.e., im,ATx=Tu. By virtue of (2.4) this yielddm, ATx.:= lim,AAx=Tu. If Au£Tu then using (ii) we
get d(Au, AAY) =@ (max{d(Tu, TAY, d(Au, Tu), d(AAx TAX), [d(Au, TAX) + d(AAX, Tu)]/2}. On
lettingn - « we get d(Au, Tu)< @ (d(Au, Tu)) < d(Au, Tu)a contradiction. HencAu=Tu. Again
compatibility ofA andT implies commutativity at coincidence points. HeAdai=TAu=AAu=TTu Further,
if Au£zAAuthen in view of (ii), we get d(Au, AAux @ (max{d(Tu, TAu), d(Au, Tu), d(AAu, TAu), [d(Au,
TAU) + d(AAu, Tu))/2} = 8(d(Au, AAu)) < d(Au, AAuh contradictionHenceAu = AAu =TAu Therefore
Au = Tuis a common fixed point o& andT.

Next suppose thdim,ATx,=Au. ThenAXZTX implies thatAu=Tv for somev in X and limATx=Au =Tv.
Compatibility of A and T implies, lim,TAx=Tv. By virtue of (2.4) this also yields linATx,+1=
lim,AAX=Tv. If Aw£Tv then using (ii) we ged(Av, AAx) <@ (max{d(Tv, TAY, d(Av, Tv), d(AAx TAXx),
[d(Av, TAx) + d(AAx, Tv)]/2}. On letting n - «© we getd(Av, Tv) =@ (d(Av, Tv)) < d(Av, Tv)a
contradiction. Hencedv=Tv. Compatibility of A and T implies commutativityt @oincidence points.
HenceATv=TAv=AAv=TTv Further, ifAxAAv then in view of (ii), we get(Av, AAv)= @ (d(Av, AAV)) <
d(Av, AAv) a contradiction. Henc&v = AAv =TAv Therefore Av = Tvis a common fixed point &k andT.
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Now, suppose thah and T are A-compatible mappings. Weak reciprocal coritynaf A and T

implies thatlim,ATx=Au or lim,TAx= Tu. Let lim,TA%= Tu. Then A-compatibility ofA and T yields
lim,d(ATx, TTx)=0. By virtue of lim, TT%..= lim,TA%=Tu this yieldslim,ATx,=Tu. If Au£Tu then using
(i) we get  d(Au, ATY) =@ (max{d(Tu, TTY, d(Au, Tu), d(ATx TTx), [d(Au, TTx) + d(ATx,
Tu)]/2}. On lettingn — o we getd(Au, Tu) = @ (d(Au, Tu)) < d(Au, Tu)a contradiction. HencAu=Tu.
Again A- compatibility implies commutativity at coincidenpeints. HenceATu=TAu=AAu=TTu.Further,
if AutAAuthen in view of (i), we get d(Au, AAu) = @ (max{d(Tu, TAu), d(Au, Tu), d(AAu, TAu), [d(Au,
TAU) + d(AAu, Tu)]/2}=@ (d(Au, AAu)) < d(Au, AAup contradiction. Henc&u = AAu =TAu.Therefore
Au = Tuis a common fixed point &k andT.

Next supposé¢hat limATx,=Au. ThenAX=TX implies thatAu=Tv for somev in X andlim,ATx=Au =Tv.
A-Compatibility of A and T implies, lim,TTx=Tv. If AwTv then using (i) we getl(Av, ATx) =@
(max{d(Tv, TTX, d(Av, Tv), d(ATx TTx), [d(Av, TTx) + d(ATx, Tv)]/2}. On letting n-> o« we get
d(Av, Tv) =@ (d(Av, Tv)) < d(Av, Tv),a contradiction. HencefAv=Tv. A-Compatibility implies
commutativity at coincidence points. Hens&v=TAv=AAv=TTv.Further, if AvtAAv then in view of (i),
we getd(Av, AAV § (d(Av, AAv)) < d(Av, AAya contradiction. Henclv = AAv =TAv Therefore Av =
Tvis a common fixed point & andT.

Finally, suppose thah and T are T-compatible mappings. Now, weak reciprocal continaf A and T
implies thatlim,ATx=Au or lim,TAx= Tu. Let lim,TAx= Tu. ThenT-compatibility of A and T yields
lim, d(TAx, AAX%)=0, i.e., limAA%= Tu. If Au£Tu then using (i) weget  d(Au, AAY =@ (max{d(Tu,
TAX,), d(Au, Tu), d(AA% TA%), [d(Au, TAx) + d(AAx, Tu)]/2}. On letting n— « we getd(Au, Tu) = @
(d(Au, Tu)) < d(Au, Tu)a contradiction. HencAu=Tu. Again T- compatibility implies commutativity at
coincidence points. Henc&Tu=TAu=AAu=TTu.Further, if AuZAAu then in view of (ii), we get d(Au,
AAU) =@ (max{d(Tu, TAu), d(Au, Tu), d(AAu, TA), [d(AuuYA d(AAu, Tu]/2} =& (d(Au, AAu)) <
d(Au, AAu),a contradiction. HencAu = AAu =TAu.Therefore Au = Tuis a common fixed point &k and
T.

Next supposéhat lim,ATx=Au. ThenAX = TX implies thatAu=Tv for somev in X andlim,ATx=Au
=Tv. By virtue of (2.4) this yieldim, ATx%..= lim,AAx=Au=Tv. T-Compatibility of A and T implies,
lim, TA%=Tv. If AxTv then using (ii) we ged(Av, AAY) = @ (max{d(Tv, TAY, d(Av, Tv), d(AAx TAXx),
[d(Av, TAx) + d(AAx%, Tv)]/2}. On lettingn — o we getd(Av, Tv) =@ (d(Av, Tv)) < d(Av, Tv)a
contradiction. HenceAv=Tv. T-Compatibility implies commutativity at coin@dce points. Hence
ATv=TAv=AAv=TTv Further, ifAx£AAv then in view of (ii), we getl(Av, AAv)= @ (d(Av, AAV)) < d(Av,
AAv),a contradiction. Hencv = AAv =TAv Therefore Av = Tvis a common fixed point & andT.
Uniqueness of the common fixed point theorem fofl@asily in each of the three cases.

We now furnish an example to illustrate Theorenis 2.

Example 2L

Let X =[2, 20] and d be the usual metric #nDefine A andl: X —X as follows

Ax=2ifx=2o0orx>5 Ax=6if2<x= 5,

Tx=2,Tx=12if2<x= 5, Tx=x-3if x> 5.

ThenA andT satisfy all the conditions of Theorem 2.1 and havammon fixed point at = 2. It can be
verified in this example that the mappingsnd T are T-compatible. It can also be noted tWaandT are
weakly reciprocally continuous. To see this,{le} be a sequence X such thatx, -t, gx,—t for some t.
Thent=2 and eithefx,}=2 for eachn or {x,}=5+ &, wheree- 0 asn- . If x,=2 for eachn, ATx -2
=A2 andTAX, —» 2=T2 If x;=5+ &, then Ax,-2, T -2, ATx, -6#A2 and TAx,—» 2=T2. Thus, lim,
TA%=T2 butlim,ATx, #A2. HenceA andT are weakly reciprocally continuous. It is also ol thatA
andT are not reciprocally continuous mappings.

Remark 2.1

Theorem 2.1 contains proper generalizations of miarportant fixed point theorems, we mention only
those due to Boyd and Wong (1969), Jungck (197&)t PL994) and Pathak et al (1997).
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As a direct consequence of the above theorem wihgdbllowing corollary.

Corollary 2.1
Let A andT be reciprocally continuous self mappings of a cletgpmetric spacéX, d)satisfying
0] AX <= TX

(i) d(Ax, Ay)= @ (max{d(Tx, Ty), d(Ax, Tx), d(Ay,Ty), [d(Ax, TylitAy, Tx)]/2 }),

where, @: R,— R, denotes an upper semi continuous function suc¢h@&hé) < t for each > 0.

If AandT are either compatible gk-compatible orT-compatible therA and T have a unique common
fixed point.

If we let @(t) = kt, 0 = k < 1, then we get the following corollaries:

Corollary 2.2

Let A andT be weakly reciprocally continuous self mappings@abmplete metric spa¢¥, d) satisfying

0] AX CTX

(i) d(Ax, Ay)= k(max{d(Tx, Ty), d(Ax, Tx), d(Ay,Ty), [d(AX, BJ(Ay, TxX)]/2}), 0= k<1,

If AandT are either compatible okcompatible orT-compatible therA and T have a unique common
fixed point.

Corollary 2.3

Let A andT be reciprocally continuous self mappings of a clatgometric space (X, d) satisfying

0] AX CTX

(ii) d(Ax, Ay)= k(max{d(Tx, Ty), d(Ax, Tx), d(Ay,Ty), [d(AX, F(Ay, TX)]/2}),0= k<1,

If AandT are either compatible d&-compatible orT-compatible therA and T have a unique common
fixed point.
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