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Abstract

We extend the notion of conditional expectation onto the set of generalised positive operators ( the extended
positive part) of crossed product of a von Neumann algebra.
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1.0 Introduction

The concept of conditional expectation in non-commutative theory of operator algebra was first studied by
Umegaki [12]. Takesaki [10] gave the necessary and sufficient conditions for the existence of such
expectation.The motivation for this paper is as a result of Lance [7] where the possibility of extending
conditional expectation to crossed product of von Neumann algebras was shown. In this paper, we extend the
notion of conditional expectation to the extended positive part of crossed product of von Neumann algebras
defined in Haagerup [3].

2.0 Preliminaries:

We recall the notion and results on generalised positive operators as discussed by Haagerup [3]. We also recall
the construction of crossed product of a von Neumann algebra as done by Vandaele [ 13].

Definition
A weight @ onavon Neumann algebra M is a function ¢: M, —[0,0], such that

. Pp(X+y)=p(X)+o(y), X,yeM,
i P(AX) =1p(x), XeM_ , 12>0.

We say that ¢ is faithful if @(X'X)=0=X=0. ¢ isnormal if @(X) =sup@(x.) , with X as the limit of
a bounded increasing net of operators {X.},_, in M, and ¢ is semifinite if n, is o - weakly densein M .

To any weight ¢ is associated a O - weakly continuous one parameter group of * automorphisms (<7t“’)te]R

on the von Neumann algebra M , called the modular automorphisms group defined by
o,(X)= ﬁ_l(A';ﬁ(X)A;'t) .

Definition

A generalised positive operator affiliated with a von Neumann algebra M s the set of maps

XM — [0,00] which is positively homogeneous, additive and lower semi continuous, where M is
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the positive part of the predual M of M The set of all such maps is called the extended positive part of
M and is denoted by M’ . They are “weights “ on the predual of the von Neumann algebra M Each
element X € M, defines an elementin M " by @ — @(X), ¢ € M_", hence we canregard M, c M "
[3].

Definition

Let X,yeM.,aeM and A >0 we define X+ y,AX and a’ xa by
(1) (AX)0=2x(¢) , deM]
@ X+Y)o=x(®)+Y(P) . dpeM;
3 (@xa)(p)=x(@ga’), deM;

Remark: ada (X)=¢(a’xa) , xeM,

hence we have a¢a (1) =p(a’la)=¢(aa’) ,1e M )

Definition
If Xe M”, aweighton M isgiven by ;
1 1

p(8) =lim,, p(a,) =lim,, 7(x, ®a,) =lim, , 7(x?a,x2) , aeM, [3]

We have a theorem from Haagerup [3] which states the form of the spectral resolution for the generalised
positive operator.

Theorem

Let M be a von Neumann algebra. Each element X € M " has a spectral resolution of the form

X(p) = J.ﬂ,d(g(eﬂ) +oo(p) , @€ M . Where (ei)ie[o,oo] is an increasing family of projections in
0

M suchthat A — €, is strongly continuous from rightand lim,  =1-p .[3]

Here we recall the construction of crossed product of von Neumann algebra by Vandaele[13]

Definition

Let M pe a von Neumann algebra acting on Hilbert space H with a faithful normal state ¢ - We denote by

M =R(M,a?), the crossed product of M by the modular automorphism group {67; ‘te R}

associated with @ . M is a semifinite von Neumann algebra acting on a Hilbert space H= L, (R,H)
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generated by the operators (7 (X)&)(S) = o (X)&(S) and (A(t)E)(S) =&(s—t), xeM,
£eC.(R,H), s,t eR suchthat 7o6,(x) =e*z(x) where C_(IR, H) is a complex vector space of
H valued functions on R with compact support, = isaf]aithful normal semifinite trace (f.n.s.)on M
and 6, is the dual actionof R on M . [13]

3.0 Conditional Expectation on Extended Positive Part of Crossed Product of a von Neumann Algebra.

Let M be a semfinite von Neumann algebraand N its von Neumann subalgebra. Then there exists a
conditional expectation E from M onto N which is a projection of norm one [11]. The conditional

expectation exists only when N is globally invariant under the modular automorphism group (Gt‘/’)te]R
associated with a faithful normal weight ¢ [9]. Goldstein [2] extends conditional expectation E to the extended

positive part of von Neumann Algebras ( denoted by E ) and also to the crossed product of von Neumann
algebra ( denoted by E ). Here we define our conditional expectation on the extended positive part of the

A A

crossed product von Neumann algebra M .. We denote the extended conditional expectation by E and show

A A

that E is invariant with respect to a given normal weight on M+. To show the possibility of extending the

conditional expectation onto the generalised positive operators of crossed product of a von Neumann algebra, we
follow the same idea of [2].

We define our generalised positive operators affiliated with crossed product of a von Neumann algebra M

M using the same argument of [3].

Definition 3.1

A generalised positive operator X affiliated with a crossed product of a von Neumann algebra M is the set of

A, —
maps X:Mx — [0,00] which is positively homogeneous, additive and lower semi continuous, where M = is

the positive part of the predual M- of M . The set of all such maps is called the the extended positive of M

A

and is denoted by M+ . They are “weights” on the predual of the crossed product M . Each element X € M .

A

defines an elementin M. by @ —> @(X), @ € M hence we canregard M. = M.

Definition 3.2

A A A

Let Xe M+ we define a weight on M+ by

_ - S S D
qai(y)=|imn’mr (xm-yn)zlimnvmr (Xay,X4) , yeM.

Remark: The generalised positive operators are added multiplied by scalars in a natural way.

42


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) l'~.i.!
Vol.4, No.8, 2014 NSIE

We now define the crossed product operators of the extended positive part M: and the Hilbert space it act on
using [13].

Definition 3.3

Let H be a Hilbert space. Denote by Cc(R) the space of continuous functions with compact supporton R .

The tensor product L, (R. ds)®H is spanned by elements of the form f®¢ where C¢(R) , ée H . The

A

—_ N
Hilbert space completion of the linear combination of such function is denoted by H . Let M be a von
A N A

Neumann algebra acting in H and @, a fixed faithful normal state on M . Denote by & the modular

A AN A

automorphism group associated with M and @, . The crossed product of M by G is the von Neumann

algebra M acting on H generated by 7(X), Xe I\?I and A(s),s € R where
(Z()E)B) =0, () &(t)
ORIEI(EY

A A

Let M. be the * algebra generated algebraically by operators 7(X), X € M and A(s),s € R . Then M is

A A A

the o weak closure of M. . Every element xeM may be represented as X = Zk(sk)ﬁ(xk) for some
k
SiiuaS €RX, X eM

We show the possibility of extending E onto MA using the same argument of the proof in [2].

Theorem 1

A A

The E restricted to M+extends uniquely to a map of M onto N which is positive, additive, order
preserving , normal and satisfies (E X)(¢) = X(¢ E).

Proof : Using Goldstein [2]

Let X eM, ;n eer and ;n /'i since E is positive, Ein /'9 for some 9 EN+

A

Put Ex = y, if Zn €M+, Zn /';,thenforeach geM*
lim, ¢(Xa) =lim_¢(zn) ie. Xo—2n —0, o - weakly

Where EXn —EZn — 0, o - weakly, and thus lim, Eﬁ(;n) —lim, ES(EEn —En) —0, o - weakly
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Implies EEn /‘Ei
We have (ﬁi)(}ﬁ) = lim_@(Ex») = i(&oE)

Hence, (E;)(g) = ;(50E) . Itis obvious that E is positive, additive and also normal.

A

To show that E is invariant with respect to a faithful normal weight we refer to the theorem

Theorem 2:

Let M be semifinite and N its subalgebra and M+ and N+ be their respective extended positive part such

that N < M., then @i =(;§ oE

Proof:

A A A

Let X € M. , we define a weight on M, by
_Q A o _ﬁ _ o _ _ o _ }/ }/ N AN
pi(@)=lim, g;(an) =lim, , 7(xm-an) =lim_  z(Xa’anxi’) , ae M.

A A A A

Let E:M, —> N, be our extended generalised conditional expectationon M+ onto N,

A A A A

IfaeM., XEN+ then,;/'; and én /'5 with )_(m €N+ and e_ln em+

AN NN

(@) = r(x-8) =lim,, , (% -E(@n)) = lim, . Z(x2E(an)X2)

= lim T(Xm lim ¢(Ean)x}m/)—llm T(Xm E(a)x 2)

/\AA /\

= lim T(E(&)¢(Xm)) r(E(a)Ilm #(xm)) =7(E@)(X)

A AYEAN

9:(a) =7(E(a)(x) = ¢, (Ea)
Hence E)i = (7)§ oE

We used the relation in remark (**) and the assumption that the increasing sequences are densely defined on
M . and N to prove the above theorem.
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Theorem:

A L S A

If gZi is a weight on M. and E , E are the conditional expectations on M. and M+ respectively then
¢ (Ea) =g;(a(¢-E))
Proof

0 (Ea) =3 (lim, (Ean) where an M. and 3 '

r(xmy lim ¢(Ean)xm}/)—llm r((xmy¢(Ean)xmy)

Z'(X}/“m ¢(Ean)xy)—llm r((xy(qﬁ E)an)x}/)

ANAY

(02 (B EYi?) = r(a(xi (B E)xid)

r(a(¢ E)Xm) = <0x(a(¢ E))

Hence 73 (E a) = 2 (a(< E)).
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