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Abstract

In this paper, we consider the linear one- way repeated measurements model which has only one within units
factor and one between units factor incorporating univariate random effects as well as the experimental error
term. Bayesian approach based on Markov Chain Monte Carlo is employed to making inferences on the one-
way repeated measurements model.
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1. Introduction

Repeated measurements analysis is widely used in many fields, for example , in the health and life science,
epidemiology, biomedical, agricultural, industrial, psychological, educational researches and so on.

Repeated measurements is a term used to describe data in which the response variable for each experimental
units is observed on multiple occasions and possible under different experimental conditions . Repeated
measures data is a common form of multivariate data, and linear models with correlated error which are widely
used in modeling repeated measures data. Repeated measures is a common data structure with multiple
measurements on a single unit repeated over time. Multivariate linear models with correlated errors have been
accepted as one of the primary modeling methods for repeated measures data [1],[2] ,[7].[9] .

Repeated measures designs involving two or more independent groups are among the most common
experimental designs in a variety of research settings. Various statistical procedures have been suggested for
analyzing data from split- plot designs when parametric model assumptions are violated [1],[2].

In the Bayesian approach to inference, all unknown quantities contained in a probability model for the
observed data are treated as random variables. Specifically, the fixed but unknown parameters are viewed as
random variables under the Bayesian approach. Bayesian techniques based on Markov chain Monte Carlo
provide what we believe to be the most satisfactory approach to fitting complex models as well as the direction
that model is most likely to take in the future [3],[4],[5],[6].[8],[10],[11] .

In this paper, we consider the linear one- way repeated measurements model which has only one within units
factor and one between units factor incorporating univariate random effects as well as the experimental error
term. Bayesian approach based on Markov Chain Monte Carlo is employed to making inferences on the one-
way repeated measurements model. We investigate the posterior density and identify the analytic form of the
Bayes factor .

2.Repeated Measurements Model and Prior Distribution

Consider the model

Vijk = B+ T+ 8igy + Vi + (TV)jk + eijk €Y)
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Where

i=1,...., n is an index for experimental unit within group j ,

j=1,...,q is an index for levels of the between-units factor (Group) ,
k=1,...,p is an index for levels of the within-units factor (Time) ,
Yiik IS the response measurement at time k for unit i within group j,
W is the overall mean,

7, is the added effect for treatment group j ,

dig s the random effect for due to experimental unit i within treatment group j ,
¥r  isthe added effect for time k ,

(Ty)ik s the added effect for the group j x time K interaction ,

ek isthe random error on time k for unit i within group j ,

For the parameterization to be of full rank, we imposed the following set of conditions

jqzlrj:(, , YheiYk=o Z?zl(ry)jk=0 for each k=1,...,p

ZLl(TY)jk:o for each j=1,...,q

And we assumed that the e;j and 8;(;) are indepndent with
€ijk ~ iid N(0,02) ) Si(j) ~ iid N(0,0%) "

Sum of squares due to groups, subjects(group), time, group*time and residuals are then defined respectively
as follows:

2
SSG =np 2?21 (y] - Y) ) SSU(G) = p2?=1 Z]'(l:l(yij. - y.j.)z

_ N2 _
SStime = 1q ZE:1(Y..k - y) + SSgxtime = nqu=1 Zl€=1(y.jk —Y; Vit y.)?
n

q p
SSg = Z(Yijk — ik = Vij. +¥5)°

j=1 k=1

[y

Where

q yp
_ i=1 21-:1 k=1 Yijk

y is the overall mean.
nqp
n_oyp o
y. = M is the mean for group j.
g np
LT
y. = M is the mean for the i*" subject in group j.
ij. p
1Yt Vik
V.= e L L is the mean for time k.
k nq
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nog
_.jk = @ is the mean for group j at time k.
ANOVA table for one-way Repeated measures model
Source of df
variation ' S.S M.S E(M.S)
Group q-1 S.Sg S.S¢ np a
2 2 2
q-—-1 — th+p08+oe
==
Unit (Group) q(n—1) S.Su(e) S.Su po% + o2
q(n—1)
Time p—1 S. Stime S. Stime nq P
il oD Zvﬁ > @3
r-D&
Group*Time | (@—=1{®@—-1) | S.Soxtime S. Sextime n 1.2
q—-D@p-1 — z Z(TY)jzk + 0%
o= Die— D=z
Residual glp—1D(n-1) S.Sg S.Sg o?
q(p-D(-1)

We assume that the prior distribution on one-way repeated measurements model coefficients as following

IJ."’ N(O, O-El) ’

(ty)jx ~ N(O, Gfry)) '

3.Posterior Calculation

j ~N(0'G‘%) ’

o3 ~1G(as,Bs)

Y ~ N(0,6%)

0?: ~ IG(O(e: Be)

The likelihood function for the model (1) can derive as follows

L(Y| W, Tj; 81(]); Yk (TY)jk' O'g, 0%) x H?=1 H]‘qzl H£=1 r €xp [

- L(y|w T, 8ig), Yio (TV)jk, 03, 02)

_hgp
(2m(02)) 2 x exp

since

(&)

1
2mo2

L 2R (i 1—Tj= 8i(j) Yk~ (TY)ji)

[— DI

203

~@ijk=H=Tj=8i) Y= ()
20%

im1 Z]g:l Zi:l(}’ijk —H=T =8 — Yk — (j)* = XLy Z,g:l Zﬁ:l[Yijk tTVik —Yik T Y.k — Y.k T Vi —

Vi t Vi —YVi. —H—

T — Big)

— Yk — (TY)jk]z

=Yt Z?:l ZE:1[(Yijk — W+ ik — 1)+ Tk — 8igy)* + i — Vi)* + G, — ())* — Wik + Y.k +

yij. + Yi..)z] .

Then
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_nap S P i)’ S s P (i)
2 2 2 1=14j=14k=1\V1] 1=14&j=1 ~#k=1\1 )
L(y|w T, 8igy, Yie (tV)ji 03, 03) o (2m(03)) 2 exp[— 2(2) - 2(c3) -

2 2 2 2
Yiz1 219=1 2R x=8ig) _ Yiz1 Z]g:lZE:l(Yij._Yk) _ Tit1 Z,-q=1 L i) + Tita Z,-q=1 2 ik YKV Yi)
2(o?) 2(o) 2(cd) 2(cd)

1.3

Then we have the posterior density of one-way repeated measurements model coefficients and the variances
(02) and (03%) as follows

1 (1], 8igiys Yie (OVji 05, 02) < Ly, T, 835y, Yier (TV)jier 03, 02) 100 (),
where m, and m,; represents prior and posterior density respectively, then
The posterior of u (1|Tj, 8igy, Vi (t¥)ji 03, 02 ) is

_nhap ozd P (}’ijk—u)2 ozt P (Yi.k—Tj)z
nl(u|Tj;8i(j);Yk’ (W)jk,cg,ﬁé)‘x (21'[(0%)) z exp[— — 12(031) e 12(651)

2 2 2 2
L R OacBig)”  EEL S TR ovi)” S B TR -0 N LTk e Gk i i)
2(0?) 2(0?) 2(03) 2(03)

1 .2
X (2m07) 72 exp [%]

_nap 1 im1 2 Tk vy
2 P 1 ,(ngp , 1 i=12j=1 Zk=1Yijk
o« (2m(c2)) 2 (2mol)7zexp [_E” (—Gg +o_ﬁ) + u(—cg
[ Tl 1 B Rea ik
i o2 ngp | 1
ocexpf—Z| 0 —2p—mgp T — X(c—z"‘o_z)
O'_%+O'_ﬁ e T

2

q P
2?=12j=12k=1yiik\‘
2
Oe
T2| W map, T
0'2 0'2 /
e o
= €exp T
ngp, 1
ngp, T
cr% ca
T 5L TR ik
2
. 2 2 oe 1
~ 1T, 8ig) Yio (ty)ji 05,06 ~ N nap, 1 yagp, 1| - 4)

+ +
0% of 0% of

The posterior of T; (t;|i, 8iy, Yi (TY)jk0 05, 03) s

10 ([ iy, Yio (Wi 05, 62) < L(y |1, 75, 81y, Yio (T¥)j 05, 02) o (Ty)

_nap S 5P ipen)” IR L 3P (i)
2 i=14j=14k=1\1) i=14j=1 &4k=1\Vl. j
10 ([ 8iy, Yio (T)jio 05, 03) < (2m(0?)) 2 exp[— ' 2(c2) B ] 2(o2)

I O D 0 00 0 7 R D 100 .00 S ORI O TR
2(c8) 2(%) 2(3)

Yizq Z?:l o GikHY YV
2(03)

) a  [-5L, 2
] X (2mo?) 72 exp [7“ ! ]

j
2
2071
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ST

_a
= 1y (5|1 8igj), Vio (T, 03, 03) (Zn(oﬁ)) = (2110) 2 X

Lige (i 1)y o (S
exp [ j= IT] (0% + 0'.%) + Zi=1Tj ( o2
2?=1Z£:1yi.k
1 A (np 1)
X —= — — € Ix(—+ =
e I D B s v I
O-e O

2 5
P
2:{1=1 Zk=1 Yi.k\
+0‘e |
np, 1
mp, 1T
08" j
= exp T
np, 1

2=
"e o%

n p
Ziz1 Xp—q Vik
0’% 1

. 2
- 511 8i) Vie ()i 05, 06 ~ N [—p FT (5)
otor  ortaz
e Ot e 0T

The posterior of i (Yic|w Tj, 85y, (TY)ji 0%, 02) is
3 (Vicl 5, 8igy, (V)i 03, 02) o Ly, T, 816y, Vies (T¥)jio 03, 02) o (110

SIS, S, i) S S R ix-1)”

_hap
1 (V| T, iy (¥)ji 03, 02) o (2m(02)) 2 exp[—

2(c3) 2(o2)
- B 2L 2 (b)) Ry Py’ LI P -
2(0%) 2(6.23) 2(0‘%)
2
pX Z,g=1 R ik kYY) .- -2 e
2(c2) ] % (2moy) 2 exp [T]

- (Ylej' 51(]')' 5 (TY)jk' o3, 05) S

z ng 1 T EL, i
(21‘[(0‘8)) (ZT[O-Y) XeXp . k 1Yk +_2 +Zk 1 k —_—

o2

[ q
IiL1 I, v
1 p o3 nq , 1
xexp|—3 k=1yk ZZk 1Yk ng T X _2+—2
z _2 _2 Oe¢ oy
e 9y
2:1 1Z =17Yij.
>
(2
Z:k N
o2tozZ
e vy
= exp T
nq i
ot'oZ
21 12 =1Yij.
2 —
: 2 2 o8 1
Vi I3, 8igy, (Wjio 05, 06 ~ N | =g = mg, (6)
o3 c'y 6% c%,
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The pOSteriOI’ Of ('I._Y)]k ) (('I._Y)]khl, Tj, Si(j)'Yk' Gg, 05) iS

1T1((TY)jk|M' T, Si(j)'Yk' Ug' 05) x L(Y|H: T, Si(j):Yk' (TY)jk' 0123; Gﬁ) 1To((W)jk)

_nap S TP i) I I, 2R (k)
1 (Ol T, Bigy Vi 05, 02) o (2m(0?)) 2 exp[———— 12(031) - 12(051)
B XD Z£=1(Y..k—51(j))2 _ Tiz1 Z?:lzﬁzl(Yij._Yk)z _ Tizk, Z£:1(Yi.._('fy)jk)2
2(c2) 2(o2) 2(08)
2
Z{lelil PR (VikHY.kHYij Vi) 2 (-3P _Zj=1zﬁ=1(Ty)i2k
2(c3) s (ZT[G(TY)) P T
QL 2 - 1aq wp 2(n 1 4 wp ity Vi
« (2n(0d)) 2 (2mofy)) 2 xexp|—; XL, X, ((tv)jk) ata)t 2=y Zk=1(TY)jk( o2 )
Tt 1Yi.
1 2 2 n 1
ocexp | =3 | Ity Zeea (M) — 25, BRoy (Wi | X (6_2) + UT)
o2 o2 € o
e Oty
_ 2 q
( 2?:1“.\
2
—% Z;l:lZﬁ:l(TY)jk_ﬁ
\ o' |
= exp T
n 1
o3’ o2,
Z}leyi"
1
~ (Wi I T, 81y Yio 08,08 ~ N | v | - 0

e Oty Og Oty
The posterior of 8y, (8ig |1 T, Yie (TY)jio 03, 02) is
11 (8icy | b T, Vie (TV)ji 03, 02) < L(y| 1, 5, 835y, Yie (TV)ji 03, 62) 0 (8i5)

-hdp el P (Yijk_ll)z syt sh (Yi.k—Tj)z
1 (8igy 1 T Yio (PV)jo 05, 08) & (2m(0d)) * exp[— === BTy

B Titq Z?ﬂZE:l(Y..k—ﬁi(]‘))z _ i, Z?=1ZE=1(Yij.—Yk)2 _ LTk, ZEzl(Yi..—(TY)jk)z
2(o%) 2(o8) 2(03)

o Z,-q=1 R FikHY i YL
2(63)

2
20

)’ ng  [-3n,34 8%
] x (2m0%) "2 exp [71_1 =1 1(')]

- Ty (Si(j) | W Tj, Yie (TY)jio Gg' 05) S

2 _n;ﬂ 2y 1yn a4 2 p 1 n a5 ZE=1Y..1<
(Zn(o-e)) (ZTTO'S) ZeXp _EZizlzjzl i(§) 0__3+0__§ +Zi=12j:1 i) 0%
z:E=1y..k
1 2 p 1
o exp | =3 | Zint Zjn 8 — 2 X Ejt iy T | X (?Jrc_%)
g Of
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Ek=1y-k\
q o
—3| B L i o |
o3tal /
= exp T
P, L
o202
Z£:1y..k
2
2 o, 1
8ig) 1L T, Vi (TY)ji, 05, 02 ~ N —Lfi sl ®)
o2 62 o2 o2
e Os Oe Op

The posterior of 63, (63 |1, T, 8i(j), Vi (TV)jko 02) is

1T1(0§|M' T, Si(j)'Yk' (TY)jk' Gez.-) °< L(Y|H: T, 81(]):Yk' (W)jk: 0§, 05) 1To("%)

-nap ozt P (Yijk-ll) Z" 13, TR (Ylk—Tl)
(ORI T i e (Ve 02) o (2m(oD)) T el e _—
_ Z?::LZ?=12£=1(Y..k-5i(j))2 _ pX Y E?=12£=1(Yij.-vk)2 _ Z?:@?:l EE=1(Yi..‘(TY)jk)2 + 2;1=1Z]9:1 Z£=1(Yi.k+Y..k+Yij.+Yi..)2]
2(02) 2(o3) 2(c3) 2(c3)

2y~ (ag+1) Bs —Bs
(o3) (s Fisexp| 2

(@) g 5)e e

~ 03w, Tj, 8ij) Yio (TY)jior oz ~ IG[ag, Bs]- )

The posterior of 62, (62|, T}, 8i(j), Yie (TY)jk 03) i
st (G<Ze|ll' T, 8i(j)va' ™)k cé) S L(th: T, 8i(j):Yk: (TY)jk' G%: Gg) mo(02)

-hap el P (Yijk—u) Zl 12 T (Vik— T)
3 (02 |1 T B Vie ()jio 05) ¢ (2(00)) * exp[— === 5 R N

_Z?=1Z?=1Z£=1(Y..k—51(j)) LTk Th (i Yk) Z?=1Z?=12E:1(Yi..—(TY)jk)2
2(o%) 2(o8) 2(c3)

T 12 12](_1(Y1k+y k+Yij.+Vi.)
2(c3)

o (o2)~(@er 3D Be’ (E)‘Be
Oe I'(a e)e p Ge

2y-(aet+1) Bet —Be
]X(G) ¢ I'(ae) p[og]

Where RSS=}L; qu:l Yho Wik — W% + ik — 1)? + Gk — 8i)? + i — vi)? + @i — ()j)? —
Vik +yx i + Yi..)z]

RSS
2 02117 B Vio (Wi 03 ~ 16 (ate + 222, B + 22) | (10)

4. Model checking and Bayes factors
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We would like to choose between a Bayesian mixed repeated measurements model and its fixed counterpart by
the criterion of the Bayes factor for tow hypotheses :

Ho: ik = 0+ T + Vi + (TY)jkc + € Versus
Hy: yije = 1+ 1 + 8igy + v + (TV)jk + ik (11)

We compute the Bayes factor, By, of H, relative to H; for testing problem (11) as following

m(yi|H,)
B ik) = —/———~ 12
01 (yUk) m(Yijk |H1) ( )

where m(yjjc|H;) is the predictive (marginal) density of y;;, under model H;,i = 0, 1.
We have

n q p 2
m(y |H ) = . exp[ iz 2o D ik
ijk[tto) — 1 2, 2,2, 2 2y]
@n(of+o+of+ol, +a2))2 2(0u+or+oy+o(yy)+oe)
and
n q p 2
m(yi|H:) = - exp[ 21 e e Yk
ijkl[411) — 1 2,2, 2, 2, 2 27|
@n(of+ot+of+ad+al,  +od))2 2(op+or +o5+oy+0(y)*oe)
q P 2
2052152152452 2) exp _Z?:1Zj:12k=1yijk
. _ m(Yijk|H0) _ \/(Uu+ur+us+°'y+°'(-;y)+°'e) 2(0'%,_+¢r12;+612,+a%1_y)+05) 13
“ By (yip) = (13)

- n q p 2 .
m(yijilH) (02+02+02+02 +02) ~Zi=12j=1 Zk=1 Vijk
urTETTEY T (@y) T Ve ) exp
2(0%+02+0%+05+02_ \+03)
UToTTOFTOYTo(ry)T %

4.Conclusions
1-The likelihood function of one-way repeated measurement model is

_ngp p= 29_ ZP_ Lo 2 !1= 29_ ZP_ k=T 2
L(y|w T Sigy, Yio (tV)jio 03, 02) o (2m(02)) 2 exp[——= et Ol 2o By Dy Gy

2(o2) 2(c3)
2 2 2
_ i1 2L ey (V.- 8iG) _ i T (i~ vi0) _ 1 5 SR 0~ (i)
2(02) 2(o3) 2(ad)

2
o Z,-q=1 R ik kYY)

2(cd)
[ 5L, 2R, vij
. . . 2 1
2-The posterior density of 4 is p|T;, 8y, Vi, (TV)jk 03,05 ~ N T AT
o "% o2 ok
(I, Th_ Vik
. . . 2 1
3-The posterior density of T; is |, 8iGj), Vi (*V)ji, 03,02 ~ N |—p— 5=
np, 1 /TP, T
o§ of o of
Z{le;]:lyij_
. . . 2 1
4- The posterior density of yyis vy |1, Tj, 8i), (TY)ji» 03,02 ~N 7,,;‘*1 R | -
2t 2t
e Oy e Oy

113


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) lLi,l
Vol.4, No.8, 2014 Ils E
Zit1vi.
. . . 2 1
5- The posterior density of (ty)jx is (T¥ji) [t Tj » iy, Vi 05, 05 ~ N Lil T
0% U%V 0% G%y
Z£=1Y__k
. . . 2 1
6- The pOSterIOI’ den5|ty of 611 IS 81(]) ||J., 'I.']' » Yo (Ty)jk, Gg, 03 ~N pd—el, T
of'af of'a

7- The posterior density of o3 is 6|1, T}, 8i(j), Vi (TY)jkr 05 ~ IG[ats, Bs].

8- The posterior density of o2 is 62|u, T}, 8(j), Yi (TV)ji 03 ~ 1G (ae +2E RSS)

= Pt

9-The Bayes factor for checking the Bayesian repeated measurements model is

n q 14 2
- - ox ~Zi=1 21 X1 Yijk
B ( ) \/(‘Tﬁ*"’rz""’a""’}%""’(ry)""’g) pz(aﬁw%w,z,w%w)w%)
01\Vijk) = n vq P .2 :
! J “Eimg Xy Tpem g Vijk ]

2 2
2(aa+a%+06+a%,+a(ry)+ag)

2 2 2 2 2
(cf+02+02+0f,, +02)

exp[
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