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Abstract.

In the present paper, we have presented a recursive method namely the Power Series Method (PSM)
to solve first the linear and nonlinear Volterra integral and integro-differential equations. The PSM is
employed then to solve resulting equations of the nonlinear Volterra integral and integro-differential
forms of the Lane-Emden equations. The Volterra integral and integro-differential equations forms
of the Lane-Emden equation overcome the singular behavior at the origin x = 0. Some examples
are solved and different cases of the Lane-Emden equations of first kind are presented. The results
demonstrate that the method has many merits such as being derivative-free, and overcoming the
difficulty arising in calculating Adomian polynomials to handle the nonlinear terms in Adomian De-
composition Method (ADM). It does not require to calculate Lagrange multiplier as in Variational
Iteration Method (VIM) and no need to construct a homotopy as in Homotopy Perturbation Method
(HPM). The results prove that the present method is very effective and simple and does not require

any restrictive assumptions for nonlinear terms. The software used for the calculations in this study
was MATHEMATICA ® 8.0.

Keywords: Power series method, Volterra integral equation, Lane-Emden equations, Singular bound-
ary value problem

1 Introduction

A variety of problems in physics, chemistry and biology have their mathematical setting as integral
equations. Many methods have been developed to solve integral equations, especially nonlinear, which
are receiving increasing attention.

Many attempts have been made to develop analytic and approximate methods to solve the linear
and nonlinear Volterra integral and integro-differential equations, see [1-10]. Moreover, Chebyshev
polynomials are applied for solving of nonlinear Volterra integral [11]. Although such methods have
been successfully applied but some difficulties have appeared, for examples, construct a homotopy in
HPM and solve the corresponding algebraic equations, in calculating Adomian polynomials to handle
the nonlinear terms in ADM and calculate Lagrange multiplier in VIM, respectively.

Recently Tahmasbi and Fard [11, 12] have proposed a new technique namely the Power Series
Method (PSM) for solving nonlinear and system of the second kind of Volterra integral equations,
respectively. The PSM converges to the exact solution, if it exists, through simple calculations .
However for concrete problems, a few approximations can be used for numerical purposes with high
degree of accuracy. The PSM is simple to understand and easy to implement using computer packages
and does not require any restrictive assumptions for nonlinear terms. In this paper, the applications
of the PSM for both the linear and nonlinear Volterra integral and integro-differential equations and
the resulting equations of the nonlinear Volterra integral and integro-differential equations forms of
the Lane-Emden equations will be presented.

The results obtained in this paper are compared with those obtained by other iterative methods
such as ADM [13], and the VIM [14].

The present paper has been organized as follows. In section 2 the power series method (PSM) is
explained. In section 3 the analytical approximate solutions for linear and nonlinear Volterra integral
equations by PSM are presented. In section 4 solving linear and nonlinear Volterra integro-differential
equations by using PSM are given. In section 5 the applications of PSM for the Lane-Emden equation
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of first kind and how to convert it to Volterra integral and integro-differential equations (of first and
second orders) and some illustrative cases are solved and finally in section 6 the conclusion is presented.

2 The power series method (PSM)

Consider the nonlinear Volterra integral equation of second kind

u(z) = f(x) + /K(m,t)F(u(t))dt. z € [0,1] (1)

the kernel K (x,t) and the function f(z) are given real-valued functions, and F'(u(z)) is a nonlinear
function of u(z) such as u?(z), sin(u(z)) and e*®).
Suppose the solution of Eq.(1) be as
u(z) = co + a1z, (2)
where ¢y = f(0) = u(0) and ¢; is a unknown parameter. By Substituting Eq.(2) into Eq.(1) with
simple calculations, we get
(acy — b)x + Q(x*) = 0. (3)

where Q(2?) is a polynomial of order greater than one. By neglecting Q(22), we have linear equation
of ¢1 in the form,

acy = b. (4)
the parameter ¢; of z in Eq.(2) is then obtained. In the next step, we assume that the solution of
Eq.(1) is

u(r) = o + cr1a + coa® (5)

where ¢y and ¢; both are known and ¢y is unknown parameter. By Substituting Eq.(5) into Eq.(1),
we get

(acy — b)2® + Q%) = 0, (6)

where Q(23) is a polynomial of order greater than two. By neglecting Q(x3), we have linear equation
of ¢ in the form,

aco = b (7)

the unknown parameter cz of 22 in Eq.(5) is then obtained. Having repeated the above procedure for
m iterations, a power series of the following form is derived:

u(z) = g+ 1z + 22?4 ... + cpa™ (8)
Eq.(8) is an approximation for the exact solution u(x) of Eq.(1) in the interval [0, 1].

Theorem 2.1 [11]
Let u = u(x) be the exact solution of the following volterra integral eqution

e /th PPt ()

Then, the proposed method obtains the Taylor expansion of u(z).
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Corollary 2.2 [11]

If the exact solution to Eq.(9) be a polynomial, then the proposed method will obtain the real
solution.

3 Analytical approximate solutions for linear and nonlinear Volterra integral equations
by using PSM

In this section, the PSM is applied to solve the linear and nonlinear Volterra integral equations.

3.1 Linear Volterra integral equations

The standard form of the linear Volterra integral equation of second kind is given by [7,15]

(@) = f(@) + / K, tyu(t)dt (10)
0

Where, K(z,t) and f(z) are given functions, and u(z) is unknown function occurs to the first power
under the integral sign.
The PSM can be applied by following the same procedure as in section 2 to the following example:

Example 1: Consider the following linear Volterra integral equations [7]:

T
3

wz)=1+z+ % - / (z — t)u(t)dt (11)
0

co = u(0) = f(0) =1 as the initial condition, suppose the solution of Eq.(11) be

u(x) =co+crx =1+ cx

(12)
Substitute Eq.(12) in Eq.(11) we get
3 x
l+az=1+a+% — [(z—t)(L+ crt)dt
0
By integrating and solving we get (13)
c1— 1)z — —2 4 (L Lez3) =0, by neglecting —2 4 (L Le))a3), therefore ¢ =1
2 6 6 2 6 6
Substitute ¢; = 1 in Eq.(12) we get
u(z) =1+ x. (14)
Suppose the solution of Eq.(11) be as
uw(z) = co+ 1z + co2? =1+ + coz? (15)

Substitute Eq.(15) in Eq.(11) we get
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x

l—i—x—l—cQwQ:l—i—x—i—% [ (z—t)(1L+t+ cot?)dt

0
By integrating and solving we get (16)
(co+ 3)a? + (cz%) = 0, by neglecting 02%, therefore ¢y = —1
Substitute ¢; = —% in Eq.(15) we get
22
u(x) = 1+x—?. (17)
Suppose the solution of Eq.(11) be as
2
u(z) =co+ 1z + cor? + 32 =1+ 2 — L 4 cza° (18)
Substitute Eq.(18) in Eq.(11) we get
x2 3 3 T 3
I+ —-% +eze®=1+a+% — [(z—1)( 1+t——+03t )dt
0
By integrating and solving we get (19)

1.4

3 — (577" — 63‘%) =0, by neglecting (552

5
— c3%5;), therefore c3 =0

Substitute c3 = 0 in Eq.(18) we get

2

u(e) =1+ - (20)

Continue by this way we will get series of the form u(xz) =z + (1 — %2 + % — %60 + ...,) so that gives

the exact solution u(x) = x + cosz [7].

3.2 Nonlinear Volterra integral equation

The standard form of the nonlinear Volterra integral equation (VIE) of the second kind is given
by [7,15]

M@zf@%ﬁ/K@ﬁF@@Mt (21)
0

where, F'(u(t)) is a nonlinear function of u(t).
The algorithm of power series method is given by the same procedure as in section 2. The PSM will
be applied to the following example:

Example 2: Consider the following nonlinear Volterra integral equation [7]:

1 2x y

u(@) = 7+ g +e” — % + / (z — t)u?(t)dt. (22)
0

co = u(0) = f(0) =1 as the initial condition,
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Suppose the solution of Eq.(22) be as

u(z) =cp+cx=14cx (23)
substitute Eq.(23) in Eq.(22) we get

T
ltez=1424e" = 4 [(z—t)(1+cit)dt
0

By integrating and solving we get

(c1 — 1)z — (i +e¥ — Q?TE + %2 + ‘313“33) = 0, by neglecting (i +e¥ — e?TE + %2 + %), therefore ¢; = 1

(24)
substitute ¢; = 1 in Eq.(23) we get
u(z) =1+ =x. (25)
Suppose the solution of Eq.(22) be as
u(z) = co + a1 + c2* = 1 + 7 + co2? (26)
substitute Eq.(26) in Eq.(22) we get
x
ltater?=1+ar=3+2re" — S 4 [(z—t)(1+1t+c3t3)2dt
0
By integrating and solving we get
2 2 3 (27)
(2-H? -G+ -Fro+ Z+22+ (h+ 20N+ 5 + 55 =0
By neglecting — (1 +e” — €% o4 & g ar’ 4 (L eydy ar’ CQJ” ), therefore cp = 1
Substitute ¢ = 1 in Eq.(26) we get
72
u(z) = 1+x+?. (28)

Continue by this way we will get series of the form u(z) =1+ 2z + % + ‘%3 — % + ..., so that gives the
exact solution u(x) = e” [7].

4 Solving linear and nonlinear Volterra integro-differential equations by PSM

In this section some linear and nonlinear Volterra integro-differential equations will be solved by PSM
to show effectiveness of PSM .

4.1 Solving linear Volterra integro-differential equations by PSM

Let us consider the following linear Volterra integro-differential equation of kth order.

wk(z) = f(z) + / K (a, Oyu(t)dt. (29)
0
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where u¥) (z) = dci—kk. Because the resulted equation in (29) combines the differential operator and

the integral operator, then it is necessary to define initial conditions u(0),u'(0), ..., u*~1(0) for the
determination of the particular solution u(x) of the Volterra integro-differential equation (29). Without
loss of generality, we may assume a Volterra integro-differential equation of the second kind given by

u (@) = fx) + / K (z,tyu(t)dt, u(0) = ag,u'(0) = ay (30)
0

By integrating both sides of Eq.(30) twice from 0 to = and use initial the conditions we get,

u(z) :ao—I—qu—i-jjf(:v)dxdx%—/m/m/zK(m,t)u(t)dtdxdx (31)
00 000

The algorithm of power series method is given by the same procedure as in section 2. The PSM will
be applied to the following example:

Example 3: Consider the following linear Volterra integro-differential equation of the second order:

X
u(z) =14z + / (x — t)u(t)dt, u(0)=1,4'(0) = 1. (32)
0
By integrating both sides of Eq.(32) twice, we get

w@)=1+z+2 +2 4 [ [ [(x—t)u(t)dtdedz. (33)
000
co = u(0) = f(0) =1 as the initial condition,
Suppose the solution of Eq.(33) be

u(z) =co+car=1+4+czx (34)
Substitute Eq.(34) in Eq.(33) we get

T T T
ltaz=1+c+%Z +2 4 [ [ [(z—0)(1+ert)dtdode
000

By integrating and solving we get

(35)
4
(@ —Dz— (5 + (5 +2 + 2+ L) =0.
By neglecting "”22 + (% + ’”—; + % + %), therefore ¢ = 1

Substitute ¢; = 1 in Eq.(34) we get
u(r) =1+ x. (36)

Suppose the solution of Eq.(33) be

_ 2 _ 2

u(x) =co+crx+ e =1+ + cow (37)

Substitute Eq.(37) in Eq.(33) we get
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T T T
ltzte?=1+a+% +2 4 [ [[(z—0)1+1t+cot?)dtdeds
000

By integrating and solving we get

(38)
3 4 5 6
(2= D2+ (5 + 51+ (B + () =0
By neglecting (%3 + ’g—z + (% + (%02), therefore ¢y = 3.
Substitute ¢ = 1 in Eq.(37) we get
L o
u(x):1+x+§a: . (39)

Continue by this way we will get series of the form u(z) =14z + %a:2 + %aﬁ?’ + ..., so that gives the
exact solution u(x) = e”.
4.2 Solving nonlinear Volterra integro-differential equations by PSM

Let us consider the following integro-differential equation of kth order.

uk(z) = flz) + /K($,t)F(u(t))dt, (40)
0

where u*) (z) = d%. Because the resulted equation in (40) combines the differential operator and

the integral operator, then it is necessary to define initial conditions u(0),%’(0),...,u*~1(0) for the
determination of the particular solution u(x) of the Volterra integro-differential equation (40). Without
loss of generality, we may assume a Volterra integro-differential equation of the second kind given by

1"

u (z) = f(z) + /K(w,t)F(u(t))dt, u(0) = ap, v’ (0) = (41)
0

By integrating both sides of Eq.(41) twice from 0 to xz and use the initial conditions, we get

u(z) = ag + a1z + /x / f(z)dwdz + / / / K (2, t)F(u(t))dtdzdz (42)
0 0 0 0 0

The algorithm of power series method is given by the same procedure as in section 2. The PSM will
be applied to the following example:

Example 4: Consider the following nonlinear Volterra integro-differential equation of the first order:

xT
1
u'(z) = —2% — 1x5 + zu(x) + /xu(t)Sdt, u(0) = 0,v'(0) = 1. (43)
0
By integrating both sides of Eq.(43) twice, we get

X T
u(z) =z — 22 — ;2" + [ [ au(z)dedz +
00

O—xz

;f bf ru(t)3dtdrdr. (44)

co = u(0) = f(0) = 0 as the initial condition,
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Suppose the solution of Eq.(44) be
u(z) =co + a1z = 1z (45)

Substitute Eq.(45) in Eq.(44) we get

1.4 1 .7
C1T =2 — 3T 1683:—}—

Ct—x

fa: cirx)dzxdzr +
0

O—=z
Ot—x5

fx c1t) Sdtdxdx
0

By integrating and solving we get

(1 — Dz — (323 + (=55 + aay)z? +3c125 55 + 3284 + (— 145 + ¢l kg)2") =0

By neglecting — ((§2° + (=55 + c155)2* + 3c12° 5 + Jab % + (— 145 + 3 145)2"), therefore ¢ = 1.

(46)
Substitute ¢; = 1 in Eq.(45) we get
u(z) = x. (47)
Suppose the solution of Eq.(44) be
u(z) = co + 17 + cox? = T + o2 (48)
Substitute Eq.(48) in Eq.(44) we get
X T xr T T
v+ =a—tat — ;LaT+ [ [x(x+ ca?)dede + [ [ [ 2(t + cot?)3dtdada.
00 000
By integrating and solving we get
(49)
CQx 30290 cgrm _
cpr® + (—gq2t + +280+144+630)_0'
B ] . cgz 3oz 62:1: c%:cm h f o
y neglecting — :U + + 550 t T T &30, theretore cog = 0
Substitute ¢ = 0 in Eq.(48) we get
u(zx) = . (50)

Note that ¢; = 0 for j > 2, so that gives the exact solution u(z) = x [16].

5 Applications

In this section the applications of the PSM for resulting equations of the nonlinear volterra integral
and integro-differential equations forms of the Lane-Emden equation of first kind are presented.

5.1 The Lane-Emden equation of first kind

The Lane-Emden equation of the first kind in standard form [13]:

u” + gu/ + flu(t)] = 0,u(0) = a,u'(0) = 0,k > 0. (51)

where flu(t)] = u™, Eq.(51) is a basic equation in the theory of stellar structure for k = 2. It is a useful
equation in astrophysics for computing the structure of interiors of polytropic stars. This equation
describes the temperature variation of a spherical gas could under the mutual attraction of its molecules
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and subject to the of laws of thermodynamics [13]. This equation is linear for m = 0, 1 and nonlinear
otherwise. We convert the differential equation to integral equation for several reasons, through the
integration we can rid of the singularity formula which is a problem in differential equations, and also
in the integral equation we get more stable results [17]. Moreover, as indicated before, the power series
method worked perfectly for the resulting integral equation rather than the original ODE, since it is
required to convert the ODE to integral equation.

5.2 Convert the Lane-Emden equation of shape factor of 2 to volterra integral
equation

The Lane-Emden equation of shape factor of 2 reads
2
u” + Eu' + flu(t)] = 0,u(0) = a,u'(0) = 0,k > 0. (52)

To convert Eq. (52) to Volterra integral form, we follow the same procedure as in [13], however
the prove is given here:

(a%) = —2* £ (u(t)) (53)

W=~ [ 2 flu(t))dt
0

fuda:——fxlzfﬁf )]dtdx,
0" 0

By integrating both sides of Eq.(53) twice

u(z) — u(0) = Offﬂf Jldtd(L)

0
then by integrating by part, we get,

- [fesuta } - J1a(fesuo)

0

a\»—‘

x €T
= [ sluoiart - f Lt lutelas
0 0
by using Leibnitz rule, we obtain

:ZiﬂﬂMﬁ—wawwt

then the Lane-Emden equation of shape factor of 2 is

xT

t
u(r) =a+ /t(x — 1) flu(t)]dt (54)
0
By differentiating Eq.(54) twice, using Leibnitz rule, gives
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2
w(@) = - (st (55)
0
o2
w'(w) = ~flu@)+ [ 205 fluto) (50
0

Multiplying u/(z) by % adding the result to u”(x) gives the Lane-Emden equation of shape factor of
2 in Eq.(52) .

This shows that the Volterra integral form Eq.(54) is the equivalent integral form for the Lane-Emden
equation of shape factor of 2 [13].

5.3 The Lane-Emden equation of shape factor of k

The Lane-Emden equation of shape factor of k reads

o Su + FTu(®)] = 0,u(0) = a, u/(0) = 0,k > 0, (57)

If £ # 1, by the same way that we got through it on the Eq.(54) we will get Eq. (59):

1 th1
u(z) =a— 1 t(1— F)f[u(t)]dt (58)
0

By differentiating Eq.(58) twice, using Leibnitz rule, gives

k
w@) = [ Cottuto (59)
0
ok
(@) = ~flu@)+ [ () Slu(olde (00
0

Multiplying u/(z) by % adding the result to u”(x) gives the generlaized Lane-Emden equation Eq.(58).
This shows that the Volterra integral form Eq.(58) is the equivalent integral form for the generlaized
Lane-Emden equation [13].

If £ =1 the integral form is :

w(z) = a+ / Hin ) Flu(e))dt, (61)

X
0

which can be obtained in limit as £ — 1 in Eq. (58) in fact, we have by L’Hospital’s rule.

: Lt

pim e =@
i ‘ Ltk
= fim 7 i ()

Applying L’Hospital’s rule on each part, the first part

lim —— =
k1—>mlk:—1 0
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The second part is also applied by the same rule we obtain f(k) = (£)*~! and g(k) = 25
f(k) = (L)1 then f'(k) = (L)*1InL, beause [£(a%) =a”Ina] and ¢'(k) =1

Then:

: 1 (Dt
hmk~>1 -1 hmk%l 2 1

:(L—hnwﬁlg%%

—0—

limy 1 (£ In £
1

=0 — limy_1 (£)*1In (L)

=_—Int
x

Therefore, the Volterra integral forms for the Lane-Emden equation is give by [13].

T

a+ [tnd)flu@)]dt, for k=1, [flu(t)]=u"(t)
0
u(z) = (62)
T
— i [t = B flu(n)dt, for k> 0,k # 1
0
The Volterra integral equation Eq.(62) and integro-differential equations Eqs.(59)-(60) forms of the

Lane-Emden equation overcomes the singular behavior at the origin x = 0. The PSM will be applied
to the following examples:

Example 5: Consider the following Volterra integral forms for the Lane-Emden equation when
k=2,m=0:

t
() =1— /t(l Ly (63)
0
co = u(0) = f(0) =1 as the initial condition,

Suppose the solution of Eq.(63) be as

wx) =co+cx=1+cz. (64)
Substitute Eq.(64) in Eq.(63) we get

T
l4caz=1-[t(1-L)dt
0

By integrating and solving we get (65)

c1x + % = 0, by neglecting %, therefore co = 0.

Substitute ¢; = 0 in Eq.(64) we get
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u(z) = 1. (66)
Suppose the solution of Eq.(63) be as
u(r) = o + 17 + co2? = 1 + coz?. (67)
Substitute Eq.(67) in Eq.(63) we get
x
14z =1— [t(1—L)dt
0
By integrating and solving we get (68)
(co + %)xQ = 0, by neglecting %, therefore co = —%.
Substitute ¢y = —% in Eq.(67) we get
2
u(z)=1- % (69)

2

Note that ¢; = 0 for j > 3, so that the exact solution u(z) =1 — %

Example 6: Consider the following Volterra integral forms for the Lane-Emden equation when k& =
2,m=1:

t
() = 1— / 10— Dyl (70)
0
co = u(0) = f(0) =1 as the initial condition,
Suppose the solution of Eq.(70) be as
u(x) =co+crx =1+ . (71)
Substitute Eq.(71) in Eq.(70) we get

x
l+caz=1—[t(1—L)(1+cit)dt
0
By integrating and solving we get (72)
II)Q _

3 . 2 3
ar— % 61% = 0, by neglecting % — cl%, therefore ¢; = 0.

Substitute ¢; = 0 in Eq.(71) we get
Suppose the solution of Eq.(70) be as

u(z) = co + a1 + caw? = 1 + oz (74)
Substitute Eq.(74) in Eq.(70) we get
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T

2 _ t 2
L+ cpa? =1— [t(1— L)(1+ cot?)dt.

0
By integrating and solving we get (75)
(o + Z)22 — at ing 22 _ 1
2 + % )r° — c25y = 0, by neglecting T, therefore co = —¢.

Substitute c; = —# in Eq.(74) we get

Suppose the solution of Eq.(70) be as

w(x) =co+crx+cox? fezad=1-— :%2 + 33, -

Substitute Eq.(77) in Eq.(70) we get

xX
1-— "%2 +cgad =1 —{t(l -0~ %+C3t3>dt'

By integrating and solving we get

c3wd + (—% + ‘%2 + % - 03%5 +..)=0. By neglecting(—% + % + ‘5—1 - 03‘%5 + ...), therefore c3 = 0.

(78)
Substitute c3 = 0 in Eq.(77) we get
2
wz)=1- 2. (79)
6
Continue by this way we will get series of the form u(x) =1— % + ﬁlox‘L + ...,, so that the exact
solution u(x) = 7.
Example 7: Consider the following Volterra integral forms for the Lane-Emden equation when
k=2m=>5:
xT
t
u(w) =1 - / 11— Lyu(eypar (20)
x
0
co = u(0) = f(0) = 1 as the initial condition,
Suppose the solution of Eq.(80) be as
u(z) =co+car=1+cz. (81)

Substitute Eq.(81) in Eq.(80) we get
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x
l+caz=1— [t(1— L)1+ cit)°dt.
0

By integrating and solving we get

(82)
clx—(—%—cl%—c%% c‘%‘% C%EZEQ 51’%“"—6) =0
By neglecting — (—%2 —c 51“2 - %“2 - c:f% - c‘f% - c?%),therefore c1 =0.
Substitute ¢; = 0 in Eq.(81) we get
u(z) = 1. (83)
Suppose the solution of Eq.(80) be
u(x) = co + 17 + cox? = 1 + 22, (84)
Substitute Eq.(84) in Eq.(80) we get
x
1+ca? =1— [t(1—L)(1+ cpt?)5dt.
0
By integrating and solving we get (85)
(ca + %) — (—c2 422 +...) = 0, by neglecting ¢ 4%1” + ..., therefore co = —é.
Substitute c; = —# in Eq.(84) we get
2
u(r) =1- % (86)
Suppose the solution of Eq.(80) be
w(x) =co+cx+cox? fezad=1-— %2 + c3xB. (87)
Substitute Eq.(87) in Eq.(80) we get
1 z? 3 -1 T 1 tY(1 t? 3 5d
— &tz = —gt( — )1 =G +cst?)dt.
By integrating and solving we get
(- + G - =0, by neglecti 28—l therefore c3 = 0
c3r® — (=% + 55 — 3% +...) =0, by neglecting  (—% + 53 — 3% + ...), therefore c3 = 0.
(88)
Substitute c3 = 0 in Eq.(87) we get
2
u(r) =1- % (89)

Continue by this way we will get series of the form u(z) =1 — 6 + 5 43; + ..., the approximate
solution is a series form, which is the same as the result obtained by ADM in [13].
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Example 8: Consider the following Volterra integral forms for the Lane-Emden equation when k& =
2,m=2:

xX
t
u(r) =1-— /t(l — S)u(t)?dt (90)
T
0
co = u(0) = f(0) = 1 as the initial condition,
Suppose the solution of Eq.(90) be as

u(z) =co+car=1+czx. (91)
Substitute Eq.(91) in Eq.(90) we get

€T
T+cz=1—[t(1— L)1+ cit)2dt.
0
By integrating and solving we get (92)

2 3 4 . 2 3 4
ar— (% —a% — %) =0, by neglecting (—% — c1% — ¢35), therefore ¢; = 0.

Substitute ¢; = 0 in Eq.(91) we get

Suppose the solution of Eq.(90) be

uw(z) = co + 12 + co2? = 1 + oz’ (94)
Substitute Eq.(94) in Eq.(90) we get
xX

1+ CQ$2 =1- ft(l — %)(1 + 02t2)2dt.
0

By integrating and solving we get

(co + %)xZ — (—%2 — cﬁ—g — C%%) =0, by neglecting — "%2 — 02‘% — cgi—;,therefore co = —%.
(95)
Substitute c; = —3% in Eq.(94) we get
2
u(z)=1- % (96)
Suppose the solution of Eq.(90) be
u(r) = co+ 12+ cax? + 32 =1 — %2 + c323. (97)

Substitute Eq.(97) in Eq.(90) we get
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xr
1—Z pegad =1— [t(1— E)(1— & +czt®)2dt.
0

By integrating and solving we get (98)

c3xd — (—%2 + % — 63% +...) =0. By neglecting (—% + g—g — 03’{—; + ...), therefore c3 = 0.

Substitute c3 = 0 in Eq.(97) we get

2
u(r) =1- . (99)
6
Continue by this way we will get series of the form u(z) =1 — + 60 %"go + ..., the approximate

solution is a series form which is the same as the result obtamed by ADM in [13}

5.4 Solving Volterra integro-differential forms of the Lane-Emden equations

In this section we will discuss Volterra integro-differential forms of the Lane-Emden equations of first
and second order given in Eq.(55) and Eq. (56), respectively and will be solved by PSM.

5.4.1 Solving Volterra integro-differential forms of the Lane-Emden equations of first order

We will solve the Volterra integro-differential forms of the Lane-Emden equations given in Eq.(55) by
PSM, let us consider the following integro-differential equation of first order.

Tk
w@:—/ﬁ)www,mm:a (100)

xk
0
By integrating both sides of Eq.(100) and using the initial conditions, we get

T

o= [ ] o o
0
—a—// ;; t)dtdzx (102)

0 0

The algorithm of power series method is given by the same procedure as in section 2. The PSM will
be applied to the following example:

Example 9: Consider the following nonlinear Volterra integro-differential forms for the Lane-Emden
equation of the first order when m =1,k = 2:

2
qm@:—/ﬁlmmu w(0) = 1. (103)

By integrating both sides of Eq.(103), we get

8

O—=z
:\
O%H

f ﬁu )dtdzx,
0
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mij

ISt

u =
x

O%H

x 2
[ Lu(t)dtdz.
0
co = u(0) = f(0) =1 as the initial condition,
Suppose the solution of Eq.(104) be as

u(z) =co+crx =1+ .

Substitute Eq.(105) in Eq.(104) we get

l+ciz=1-

T

Ct—x5

z 2
[ 51+ ert)dtd.
0

By integrating and solving we get

car+ (G 2 4 c1 12) 0, by neglecting % + 01%, therefore ¢; = 0.

Substitute ¢; = 0 in Eq.(105) we get

Suppose the solution of Eq.(104) be as

u(r) = co + 12 + co2? = 1 + coz?.

Substitute Eq.(108) in Eq.(104) we get

r T
1+02x2:1—ff% 1+ cot?)dtdu.
00

T

By integrating and solving we get

(co — l)a? + C” =0, by neglecting 0223 , therefore ¢y = %.
Substitute c; = —¢ in Eq.(108) we get
1
=1- a2
u(z) &

Suppose the solution of Eq.(104) be as
wx) =co+cz+ e +ezxd=1-— a: 2 4+ cqad.

Substitute Eq.(111) in Eq.(104) we get

2

T T
1—2224egad =1— [ [ 5(1 - 342 + c3t3)dtda.
00

T

By integrating and solving we get

2 4 12

C3$3 + (% _ 13”% —+ cggj) = O’ by neglecting 6
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Substitute c3 = 0 in Eq.(111) we get
1
6$2.

Continue by this way we will get series of the form u(x) =1— éxQ + éox , 80 the exact solution
Slll$

is *%, which is the same result when we solved the Volterra integral equatlon in example 6.

u(z) =1-— (113)

4

5.4.2 Solving Volterra integro-differential forms of the Lane-Emden equations of second order
We will solve Volterra integro-differential forms of the Lane-Emden equations of second order given

in (56) by PSM.

tk

u(z) = —f(u(z)) + /’f(mkﬂ)f(U(t))dt,u(O) = a,u'(0) =0 (114)
0
By integrating both sides of Eq.(114) twice and using the initial conditions, we get

/ /f d:c+// ey Jult)dtda, (115)
0
—a—//f dmdw+/// k+1 u(t))dt (116)

0

The algorithm of power series method is given by the same procedure as in section 2. The PSM will
be applied to the following example:

Example 10: Consider the following nonlinear Volterra integro-differential forms for the Lane-Emden
equation of the second order where m =1,k = 2:

2
u'(z) = —f(u(z) + /223u(t)dt, u(0) = 1,4/(0) = 0. (117)

By integrating both sides of Eq.(117) twice, we get

2(L)u(t)dtdrdz. (118)

@
||
O%H

[ f(u(z))dzdx +
0

O—x
O—x
O—xg

co = u(0) = f(0) =1 as the initial condition,

u(z) =cop+cax =1+ ca. (119)
Substitute Eq.(119) in Eq.(118) we get

l1+caz=1- [ [ f(u(z))dzds +
00

Ct—x5
O —xz

J2( 2 5)1 + citdtdzdz.
0

By integrating and solving we get (120)

cir + (% " 4o 12) =0, by neglecting % 6 cl‘f—;, therefore ¢; = 0.
Substitute ¢; = 0 in Eq.(119) we get
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u(z) = 1. (121)

u(r) = co + 12 + co2? = 1 + coz?. (122)
Substitute Eq.(122) in Eq.(118) we get

xr T r xr x
1+ coa? =1— [ [ flu(@))dedz + [ [ [2(5)(1 + cot®)dtdwda.
00 000
By integrating and solving we get (123)
(co — 3)z% + 023” = 0, by neglecting c%?,therefore cr = —¢.
Substitute co = —% in Eq.(122) we get
L 9
u(z) =1- i (124)
wx) =co+cx+cox? +ezad=1-— :c + e3x5. (125)

Substitute Eq.(125) in Eq.(118) we get

X
L+eszd=1— [ [ f(u(z))dzdz + 2 t—g 1+ c3t?)dtdwda.
0

Ot—x
C—x5

I

O —xz

By integrating and solving we get (126)

3 x? . a* a5y . x? o z* x® _
c3r® + (G — 155 T ¢355) = 0, by neglecting % — {55 + ¢35, therefore c3 = 0.

Substitute c3 = 0 in Eq.(125) we get

u(z) =1- éxz.
Continue by this way we will get series of the form u(z) =1— lx2 + 1%037 , 80 the exact solution
is B2 which is the same result when we solved the Volterra 1ntegral equatlon in example 6.

It can also be clearly seen that from examples 6, 9 and 10 the solutions of the Volterra integral
equation Eq.(62) and integro-differential equations Eqgs.(59)-(60) forms of the Lane-Emden equations

are equivalent.

(127)

4

6 Conclusion

In this paper, we implement the power series method (PSM) to obtain an analytical approximate
solutions for solving linear and nonlinear Volterra integral or integro-differential equations. Then the
applications of PSM for solving Volterra integral or integro-differential forms of Lane-Emden equations
also given. The proposed Volterra integral or integro-differential forms facilitates the computational
work and overcomes the difficulty of the singular behavior at z = 0 of the original initial value
problem of the Lane-Emden equations. Moreover, the results obtained in current paper are in a
complete agreement with the results by ADM [13] and VIM [14]. Furthermore, the PSM is simple
to understand and easy to implement and does not require any restrictive assumptions for nonlinear
terms as required by some existing techniques. Also, this method reproduces the analytical solution
when the exact solutions are polynomial. It is economical in terms of computer power/memory and
does not involve tedious calculations. It is worth to mention here, by solving some examples, it is
seems that the PSM appears to be very accurate to employ with reliable results.
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