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Abstract

Extension of generalised conditional expectation onto the set of generalised positive operators ( the extended
positive part ) of crossed product of von Neumann algebra is considered.
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1.0 Introduction:

Conditional expectation in von Neumann algebra which is the non-commutative extension of the usual
conditional expectation in probability theory was first studied by Umegaki [11]. Tomiyama [10] showed that
each projection of norm one from a von Neumann algebra onto its von Neumann sub algebra enjoys most of the
properties of conditional expectation. In Takesaki [7], the conditional expectation from a von Neumann algebra

M onto its von Neumann sub algebra N exist only when N is globally invariant under the modular
automorphism group ot‘” associated with ¢ .To recover this drawback, Accardi and Cechni [1]gave the concept

of generalised conditional expectation on von Neumann algebras using Tomita-Takesaki theory. Vandaele [13]
gave the construction of crossed product of a von Neumann algebra. The motivation for this paper is as a result
of Lance [8] and Goldstein [2] where the possibility of extending conditional expectation to extended positive
part of a von Neumann algebra and also to the crossed product of von Neumann algebras was shown. In this
paper, we extend the notion of generalised conditional expectation onto the extended positive part of crossed
product of von Neumann algebra.

2.0 Preliminaries:

We recall the notions and results on conditional expectation and generalised positive operators. We also recall
the construction of crossed product of a von Neumann algebra as given by Vandaele [ 13].

Definition:

A projection of norm one from a von Neumann algebra M onto a von Neumann sub algebra N is a mapping
7:M — N such that:

i. 7T is order preserving

i. m(axb) =az(x)b , Va,be N, xeM
iii. 7T is * preserving

iv. 7(X) 7 (X) < 7(X'X), xeM

Definition:

Let @ be a faithful normal trace such that (o(l) =1 inavon Neumann algebra M , then a projection of
norm one such that:
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i. (=1, leM

i. w(ax+ pBY)=an(X)+ pr(y) , X,yeM, a,fcC

iii. 7T is * preserving

iv. 7T is positive preserving

V. 7T is faithful

vi. n(z)=z,zeN

vii. 7T is norm one

viii. 7(X) 7 (X) < z(X'x), xeM

iX. X, " x=n(x,) " 7(X), X,,xeM
X. or(X)<p(X), xeM , peM/

Is called a conditional expectation from M onto N .
Definition:

A von Neumann sub algebra N of M is said to be expected if it is invariant withrespect to the modular
automorphism group associated with the pair (M ,(po) ,i.e.a o weakly continuous ¢, invariant projection of

norm one from N onto M .
Definition:
A weight @ on avon Neumann algebra M is a function ¢: M, — [0, o0], such that

i p(X+Yy)=p(X)+(y), X, yeM,
i P(AX)=Ap(x), XeM,, 1=0.

We say that ¢ is faithful if @(X'X)=0=x=0. ¢ isnormalif ¢(X) =sup¢(X ) , with Xas the limit of
a bounded increasing net of operators {X}._, in M, and @ is semifinite if n, is o - weakly dense in M

To any weight ¢ is associated a o - weakly continuous one parameter group of * automorphisms (at"’)te]R

on the von Neumann algebra M , called the modular automorphism group defined by
o, (X) =7 (AL (X)A").

Definition:

A generalised positive operator affiliated with a von Neumann algebra M s the set of maps XM — [O, oo]
which is positively homogeneous, additive and lower semi continuous, where M " is the positive part of the

predual M of M  The set of all such maps is called the extended positive part of M and is denoted by M
They are “weights “ on the predual of the von Neumann algebra M Each element X € M, defines an element

in M” by > @(X), @ M, hence we canregard M, < M " [3].

Definition:
Let X,yeM.,acM and A >0 we define X+ y,AX and a’ xa by

M) (X)0=Ax(¢) , peM]
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@ (X+Y)o=X(®)+Y() . deM]
(3) (a'xa)(¢)=x(apa’) , peM;

Remark: a¢a (X)=¢(a'xa) , xeM
hence we have a¢a (1) =¢p(a’la)=¢(aa’) ,1e M **)
Definition:
If (Xi),, isincreasing netin M . then X(¢) =sup; Xi(¢),® € M, defines an elementin M .. In particular

if (Xj);c, isafamily of elementsin M., then X(¢) = Zjd Xj(@) € M . The relationship between

operators in von Neumann algebra and its positive part is given in corollary 1.6 of Haagerup paper [4].

Corollary:

Any X e M . is the pointwise limit of an increasing sequence of bounded operatorsin M, .
Definition:

If XeM., pe M and (X,),_ in M ,with X /" X then X(¢p) =lim_o(x,).

Definition:
Let Xe M, aweighton M’ is given by ;
1 1

p(@) =lim, p(a,) =lim, 7(x, ea,) =lim_ 7(x2a,x2) , aeM. ]

We have a theorem from Haagerup [4] which states the form of the spectral resolution for the generalised
positive operator.

Theorem:

L et M be a von Neumann algebra. Each element X € Mf has a spectral resolution of the form

X(p) = I/Id @(e,)+o(p) , pe M . Where (el)k[0 ] 1s an increasing family of projections in M such
0

that A — e, is strongly continuous from right, and lim, | =1-p.

2.0 Generalised Conditional Expectation:

Let M be a semfinite von Neumann algebra and N its von Neumann subalgebra. Then there exists a
conditional expectation E from M onto N which is a projection of norm one ( Tomiyama [11]). The

conditional expectation € (X) = 7' (E7,, (X)E) in Takesaki [ ] exist only when N is globally invariant under
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the modular automorphism group (o7”),_ associated with a faithful normal weight ¢ . Generalised conditional
expectation of Accardi and Checchni [1] defined by &£(@) = 72"1(juO P, 7(2) J, Iy, P) always exist but it is
not a projection of norm one neither does it enjoy the useful property £(axb) = as(X)b, a,be N and

X € M . In Goldstein [2] he extends conditional expectation E to the extended positive part of a von Neumann

Algebra and also to the crossed product of a von Neumann algebra (which he denoted by E and E
respectively) Here we extend the generalised conditional expectation & to the generalised positive operators of

A

crossed product of a von Neumann algebra. We denote our extended generalised conditional expectation by ¢ .

A A

We showed that ¢ is invariant with respect to a given normal weight on M+. To show the possibility of

extending the generalised conditional expectation onto the generalised positive operators of crossed product of a
von Neumann algebra, we follow the same argument of the proof in [2] which of course is the same even for a

A

generalised conditional expectation € -

We now give the operators of our extended positive part of crossed product of von Neumann algebra using [13]
and also give the generalised positive operators of the crossed product using the same argument of [4].

Definition 1:

A generalised positive operator ? affiliated with a crossed product of a von Neumann algebra M is the set of
maps i:W — [O,oo] which is positively homogeneous, additive and lower semi continuous, where M: is
the positive part of the predual M- of M The set of all such maps is called the extended positive of M and
is denoted by ﬁ+.

Definition 2:

A A A

Let ; € M+ we define a weight on M+ by

_ _ - i1
p;(y)=lim 7 (Xmey,)=lim 7 (XAy,X3) ., yeM.

Remark: The generalised positive operators are added multiplied by scalars in a natural way.

Definition 3:

Let H be a Hilbert space. Denote by C.(R) the space of continuous functions with compact support on R .

The tensor product L, (R. ds)®H is spanned by elements of the form f®&& where C¢(R) , é e H . The

_ A
Hilbert space completion of the linear combination of such function is denoted by H . Let M be a von
A AN A

Neumann algebra acting in H and @, a fixed faithful normal state on M . Denote by o the modular
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AN A A

automorphism group associated with M and @, . The crossed product of M by & is the von Neumann

A A

algebra M acting on H generated by 7z(X), X€M and A(s),s € R where

(Z()E)D) = () EL) , (AS)E)() =E(t—S3).

A A

Let M_ be the * algebra generated algebraically by operators 7(X), X € M and A(s),s € R . Then M is the

A A A A

o weak closure of M. . Everyelement X € M may be represented as X = Zk(sk) 7(X,) forsome
k

Spyerer Sy eR,)?l,.,.,)(Ak el\?l )

Theorem 4:

A A

The & restricted to M . extends uniquely to a map of M onto N which is positive, additive, order preserving

ANRAS A

, normal and satisfies (E?)((I)) = ;(4)02) :

Proof : Using Goldstein [2]

A

Let XeM Xn €M, and Xn /' X since & is positive, &Xn /9 forsome y € N.

ANRAS A A

Put 8X:y, if Zn th Z /'?,thenforeach &GM*
lim, ¢(xn) =lim_@(zn) ie. Xo —2n =0, o - weakly

Where £Xn —&Zn —> 0, o - weakly, and thus lim, &()_(n) —lim, &(EEn —£22) >0, o - weakly

Implies £Zn /' ex

We have (ﬁi)(&) =lim_g(exn) = i(gZoE)

ASRAS A A

Hence, (Ei)(?ﬁ) = ;@og) . Itis obvious that & is positive, additive and also normal.

AN

To show that & is invariant with respect to a faithful normal weight we refer to the theorem

Theorem 4:

Let M be semifiniteand N its subalgebra and M+ and N+ be their respective extended positive part such

that No < M., , then gi =;§ o
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Proof:

A~ A -~

Let X € M. , we define a weight on M+ by

}/ }/) FANEAT

IS - - - = —
pi(@)=lim gs(an) =lim,  7(xm-an) =lim_ , 7(xx*an X

A A A A A

Let &£: M. — N be our extended generalised conditional expectationon M . onto N,

A A A A

Ifaem+, §5N+ then, ;/'; and En/E with ;meﬁ+ and &_lnem+

&i(ﬁ) =z(x-a)=lim, , 7(xn-£(@n)) = lim, T(xm g(an)xm )

= lim r(x lim ¢(ean)x 2)=Ilim_ r(X%g(a)X )

A/\/\/\

= lim r(g(a)¢(xm)) r(g(a)llm ¢(xm)) r(g(a)(x))

ARANERAN

7:(a) = r(=(@)(X) = 73 (s 2)

A

Hence @; = @5 &

We used the relation in remark (**) and the assumption that the increasing sequences are densely defined on

M and N, to prove the above theorem.

Theorem 5:

A A A

If é; isaweighton M+ and ¢ , & are the conditional expectations on M + and M+ respectively then
¢y (Ea) =gy (a(g-E))

Proof

¢:(ca) =@ (lim_g(can)) where aneM, and an a

2 =72 X2 g(zan)xi2)

= T(Xm lim ¢(gan)xm )=Ilim, T((Xm ¢(€an)Xm

2 =72 205 X2

= 7(xi2 lim ¢(gan)xm )=Ilim, 7((xi (¢og)a )X
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ARAS

= T2 a(pe £)Xi2) = r(a(xi (o 2)xe2))

- 7(@(fe £)n) = 92 (a(Fo2))

Hence 5 (2) = 95 (a(po2)).
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