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Abstract

In this paper, we consider the linear one- way repeated measurements model which has only one within units
factor and one between units factor incorporating univariate random effects as well as the experimental error
term. In this model, we investigate the consistency property of Bayes factor for testing the fixed effects linear
one- way repeated measurements model against the mixed one- way repeated measurements alternative model.
Under some conditions on the prior and design matrix, we identify the analytic form of the Bayes factor and
show that the Bayes factor is consistent.
Keywords: One- Way Repeated Measurements Model, ANOVA, Mixed model, Prior Distribution, Posterior
Distribution, covariance matrix, Bayes Factor, Consistent.

1. Introduction

Repeated measurements occur frequently in observational studies which are longitudinal in nature, and in
experimental studies incorporating repeated measures designs. For longitudinal studies, the underlying
metameter for the occasions at which measurements are taken is usually time. Here, interest often centers around
modeling the response as linear or nonlinear function of time, Repeated measures designs, on the other hand,
entail one or more response variables being measured repeatedly on each individual over arrange of conditions.
Here the metameter may be time or it may be a set of experimental conditions (e.g. ,dose levels of a drug).
Repeated measurements analysis is widely used in many fields, for example , in the health and life science,
epidemiology, biomedical, agricultural, industrial, psychological, educational researches and so on.[2],[3],[17]

A balanced repeated measurements design means that the p occasions of measurements are the same for all of
the experimental units. A complete repeated measurements design means that measurements are available each
time point for each experimental unit. A typical repeated measurements design consist of experimental units or
subjects randomized to a treatment (a between-units factor) and remaining on the assigned treatment throughout
the course of the experiment. [2],[3],[17]

A one —way repeated measurements analysis of variance refers to the situation with only one within-units
factor and a multi-way repeated measurements analysis of variance to the situation with more than one within
units factor. This is because the number of within factors, and not the number or between factor, dictates the
complexity of repeated measurements analysis of variance.[2],[3],[4].[12].[17]

In this paper, we consider the linear one- way repeated measurements model which has only one within units
factor and one between units factor incorporating univariate random effects as well as the experimental error
term, we can represent repeated measurements model as a mixed model.

The asymptotic properties of the Bayes factor have been studied mainly in nonparametric density estimation
problems related to goodness of fit testing [1],[5],[7].[8].[9].[15],[16]. Choi, Taeryon and et al in (2009) [6]
studied the semiparametric additive regression models as the encompassing model with algebraic smoothing and
obtained the closed form of the Bayes factor and studied the asymptotic behavior of the Bayes factor based on
the closed form. Mohaisen, A. J. and Abdulhussain , A. M. in (2013)[11] investigated large sample properties of
the Bayes factor for testing the pure polynomial component of spline null model whose mean function consists
of only the polynomial component against the fully spline semiparametric alternative model whose mean
function comprises both the pure polynomial and the component spline basis functions. In this paper, we
investigate the consistency property of Bayes factor for testing the fixed effects linear one- way repeated
measurements model against the mixed one- way repeated measurements alternative model. Under some
conditions on the prior and design matrix, we identify the analytic form of the Bayes factor and show that the
Bayes factor is consistent.
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2. One- Way Repeated Measurements Model
Consider the model

Vijk = B+ 75+ 85y + 7, + (i + €k
Where
i=1,....,n is an index for experimental unit within group j ,
j=1,...,q is an index for levels of the between-units factor (Group) ,
k=1,...,p is an index for levels of the within-units factor (Time) ,
Yij  is the response measurement at time k for unit i within group j,
K is the overall mean,
7y isthe added effect for treatment group j ,
digy  Isthe random effect for due to experimental unit i within treatment group j ,
yr Iisthe added effect for time k ,
(Ty)ik s the added effect for the group j x time K interaction ,
ek isthe random error on time k for unit i within group j,
For the parameterization to be of full rank, we imposed the

following set of conditions
Z]g:l T=o - Yeco qu:l(TY)jk:o for each k=1,...,p
Z£=1(TY)jk:0 for each j=1,...,q .
And we assumed that the e;j and 8;(j, are indepndent with
Cijk ~ iid N©oD) +  Oj ~ iid N (0,63)
The model (1) is rewritten as follows

Y=XB+Zb+e

Where
Y111 Hix1
y_ Viia ~ Tle - 1p:><1 0p:><1
=" N 2= o
Px1 Px1
Ynapl,qpx1 (tY) qpx1 (gp+a+p+1)x1 x %17 nqpxnq
d1(1) €111
1) e .
b=5=|"® ) € = 1312 and X = (X7, xI, X7, xD)Tis an
lén(q)J enqp nqpx1

ngx1

(ngp x (1 + g + p + gp)) design matrix of fixed effects.
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Weassume ngp< 1+q+p+qp+nqg,nqgp+s=1+q+p+qp+ngq, (sisinteger number and greater
than 1), and we assume that the design matrix as the following way:

My qpMpgp = NqPLg,  VYngp =1 4
where:
Mgy = [X Z,] and Z, be the ngp X [nqp — (1 + q + p + gp)] matrix, and let Z = [Z,. Z,].

We would like to choose between a Bayesian mixed one- way repeated measurements model and it’s one- way
repeated measurements model (the model without random effects) by the criterion of the Bayes factor for two
hypotheses,

Hy:Y=XB +¢€ i.e Hp:yj=wr+71+7, + @ )k+emu  versus
Hi:Y=XB+Zb+e i.e Hp:yy=p+1+3g +7,+ @)k + € - (5)

We assume S and b are independent and the prior distribution for the parameters are

B ~N(0,Y,), where
2

Ou 01xq 01xp O1xqp
0 o2l 0 0
qx1 T igxq qxp qxqp
Yo = O-[gll+q+p+qp = 2 0, ) 6)
Opx1 0gxp oy Lpxp prap
2
L Ot Oapxg Oapxp a(”’)quX‘”’J(1+q+p+qp)><(1+q+p+qp)
and b ~N(0,Y;) ,where
[0511 0 o 0]
0 o} 0 |
1= O-I?Inq = O-glnq = I 6_12 . F . (7
Lo o 9 .
2.Posterior distribution
From the model (1), we have the following:
Yoap |€nqp ~ Nngp (Enqpr O-ezlnqp) ) gnqp ~ qup(onqerZOXT + ZleT) 8
where
Ei}'k =u + Tj + 81(]) + Yk + (Ty)jk + ei]-k,for, i = 1,2, ...,Tl,j = 1, ., q and k = 1, P
Then, the posterior distribution 7 (&,4p|Yngp) is the multivariate normal with
E(fnqplynqp; Jez) = 22(22 + UGZIN)_lynqp , where N:l+q+p+qp+nq and
Var ($ngp|Yngp: 08) = (X2 + (@)™ = XX, + oIy ) ol
where
2
|[ Ou 01xq 01xp 01xqp ]|
0 o2l 0 0
So= XSXT4zZ5,ZT =x| ot Tlea Tee ey g
0px1 Opxq 07 Ipxp pxap
Ogpx1 Ogpxq 0gpsp U(Z‘Ey)lqpxqp
[ 0 0
[ 0 a5, - 0 ]ZT
0 0 - oE,
Then, Yngp~ MVN(O, 021y + 35). 9)
Hence, the distribution of Y,,,,, under H, and H, are respectively Ny, (0,021, + XX0X") and
Ngp(0, 081ngp + XX XT + Z3427). (10)

We investigate the consistency of the Bayes factor, under the one- way repeated measurements model with
design matrix of the random effects (Z) to the first ngp terms. We get

Vijk = B+ 7 + 3 + 7, + (Wik + €, K =1,....,(ngp — (1 + q + p + qp)).The covariance matrix of the
distribution of Y;,,,, under H; as:
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aezlnqp + XY XT + ZTZ”ZTT = o*ezlnqp + anpanpM,fqp (11)
2
[0'511 0 0 'I

0 of w0
where 31205 Ingp-(1+q+p+ap) = | i 5,12 . . ]

: : ..‘. 2 '

0 0 O-‘anp—(1+q+p+qp)

nqp—(1+q+p+qp)xnqp—(1+q+p+qp)

0 . . .
= agznq,,_(1+q+,,+q,,) and Dypgp = g:li Zzlr] , Where 0,1, 0,,- are the matrices for zeros element with size
A+q+p+ap)x(ngp—(A+q+p+gp)) and (gp—-(A+q+p+qp))xA+q+p+aqp)
respectively.

Then, we can rewrite (11) by using Dy, as:

aé

Myap [@ Ingp + anp] Mrfqp' (12)
Then, the covariance matrix of the distribution of Y,,,,, under H,, can be represented as:
02 Ingy + X%0XT + 2,0, Z] = 021,1qp + MygyCrgpMigy, Where:

C — ZO 07’1

nap 017’ 07’1”
and 0, is the matrix for zeros element with size (ngp — (1 +q +p +qp)) X (ngp — (1 + q + p + qp)), then
we can rewrite the covariance matrix of the distribution of Y,,,,, under H,, the following:

2

anp [naj Inqp + qup] ngp (13)

and the covariance matrix of the distribution of Y,,,,, under Hy, can be represented as:
02Lngy + X0 X" + Z31Z" = 021ngp + [X Z]Ggp[X Z]7, where:
G = 20 Orl]

nap Olr Zl

then we can rewrite the covariance matrix of the distribution of Y,,,, under H,, the following:
X Z1 [ Lgp + Gugp| X 217 (14)

¢

nqp

Lemma(1):Let the covariance matrices of the distribution of Yaqp Under Hy and H, be defined as in (12) and
(13) respectively, and suppose My, satisfy (4). Then, the following hold.
1= MygpMagp = MgpMngp = nqplugy

2 TY = nompl ol 2+ 9¢ 2yq (9 2yp (9¢ 2
2 — det(02l,4, + XX0XT) = ngp +q*”+‘"’($ + au)(ﬁ + of )‘7(@ + oy )p(ﬁ + 00
2ynqp—(1+q+p+qp)
CALE
3 —det(02lygp + X00X" + Z, 31,27 ) =

2 2 q 2 14 2 qp 2
ngp (% AN L 2 e 2 e 2 il 2ynqp-(1+q+p+qp)
(nqp) (nqp + o-”) (nqp + O-T) (nqp + O'y) (nqp + O-(TV)) (nqp +05)

2 Ty-1 - _1 ol T
4= (O gy + X2oX ™)™ = 5 Mngp [@ Ingp + qup] Mrap

2 T Ty-1 _ _1 ¢ - T
5— (Ge Inqp + XZOX + Zer,rZr) - Wanp [ﬁlnqp + anp] anp
Proof:-
1 — By multiplying M,,,,, and M, to equation (4) from right and left side, we have:-
aner{qunqurfqp = anpnqp[nqurfqp
= MugpnqpMagp
= NqPMngpMngp
Multiplying (M,,4,M1,,,)~ " to the above equation from left side, we get:-
T T T -1 _ T T -
Myqp Mrgp MngpMnap (MngpMngp) ™ = 1GpMygpMagp (MngpMngp) ™
MugpMpqp = 1qPlngp

2
2= 02Ingp + XX6XT = Mpgp L% Ingp + qup] M, and by using (4), we get
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(nqp U,f) leq 01xp leqp lenq
o2l
041 nq; +o Zlq) 0gxp Ogxqp 0gxnq
o2l
= [X,Z,] Opxs Opxq nq: + 0;1 ) Opxap Opxng x,z]"
a?l
Ogpxa Oqpxa Ogpxp ( nq(;p + U(Zry)lqp) Ogpxng
0nq><1 anxq 0 0 ”EZI
ngxp ngxqp ngp MAP—(1+q+p+qp) |
ngp 0-[%) 01><q 01><p leqp lenq
o2l
Ogx1 nqp(ﬁ +atly) Ogxp Ogxqp Ogxnq
= 0 0 ngp(CEe 4 621 ) 0 0
px1 pxq P, T Orip pxqp pxnq
0 0 o?l,
wx1 axa Ogpxp ngp( ;qz,p + U(Zw)lqp) Ogpxnq
0 0
L naxt naxa anXp anqu Uezlnqp—(1+q+p+qp)-
Then
det(02lng, + XX XT) = 1+q+p+qp "_62+ 2 "_34_ 2yq (%€ o2)P +
et\o¢ nqp ZO = nqp (n O-,u)( O-1.') ( ) ( a(-ry))
qp nqp nqp
(o2)nap—(1+a+p+qp)
2
2 T T _ g¢ T
3 = 021y + XX + Z, 31,28 = Mygp [% Ingy + Dngp| Mgy
r Z
nqp 2) leq 01><p 01><qp lenq
2
Ogx1 (ﬁ + afly) Ogxp Ogxqp Ogxnq
2
_ T
=[X 7] Opxs Opg (nqp +021,) 0pxqp Opxng x z.]
0 0 %lqp
qpx1 avxq quxp (—— nqp + J(ry) qp) quan
0 0 a?
| nad naxa Ongxp Ongxqp (anp Ingp-(1+q+p+ap) T 95 Infw (1+q+z>+qz>))
- o2
nqp(— + U,u) 01><q 01><p Ol><¢1 01><q
atly
qul nqp(% + 07 Iq) qup Oqup qunq
= Opxl Opxq 11’) 01”“?17 Oanq
OQP><1 OIIPXII quxp TlCIP( E qp + J(Zry)lqp) quan
0 0 a?
i nad naxa Ongxp Ongxaqp nqp( Ingp-(4qip+ap) + 08 Ingp- (1+q+P+qp))
Then
d 27 Xy xXT+ 7 7T = nqp aé 28 98 2\q oé o2\p a¢
et(ae nqp + ZO + er,r r) - (nqp) (@ + O-u)(% + O-r) (nq ) ( + O-(Ty) nqp

2\ngp—(1+q+p+
Jg)qp( q+p+qp)

= (02 Ingp + XX = (Mygp [JE Ingp + qup] Mqp} ™

2

_yr 1 O¢
nap |,

-1
qp Inqp + qup] anp_l

-1[ o2
— nqp € nqp
= nqplnqp nqp [ nqp nav T nqp] anp NAPlngp e nap

—_1 T 1[0 -1 T
~ (ngp)? nqunqunqp [ . Inqp + qup] Mgy MugpMngp
= wm [+ | ML (bylemmal

~ (ngp)? nqp[ nap nqp + nqp] nqp( y lemma )

2

(Uezlnqp + XZOXT + Zer rZT) t= {anp [ Inqp + anp] M;qp}_l

nqp
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2 _1
-1| O, _
= Mr{qp [ qep Lngp + anp] My qp !

_ ’nqp r -1[dé -1 Ingp
= "qp[nqunqp nap ~——lngp t Dngp| Mngp "1qPIngp nap

-1
__1 T -1[d -1
 (ngp)? anpanpanp [nqp Lngp + anp] Mgy anpanp

1 U€ T
ap)? nqp[ nap Lngp + Dngp|  Mngp- ®

3- The Bayes factor
The Bayes factor for testing problem (5) is given by:

_ m(yyc|Ho)
BOl(Yijk) =
m(yijic| Hr)
1 1 1 a2 -t
EXP{‘EYJW(WMMV[T;IMD*' me] Mv-{qp)ynqp}
_ JZﬂan”qﬂ”W(nquu)(nqp+ar)q(nqp+ay)17(nqu(ry))qv(ge)nqp (1+q+p+q)

1

nqp 2 o2 zqf’g 2p<7§ 2 qp o2 nq
2m(nap) (nqp )(nqp“’f) (nqp+"y> (nqp”(ry)) G 8

-1
2
1,7 1 g,
eXP{—;anp Gz X 21 [T;]Inq,ﬁ Gnqp] x Z]T)Ym”,}

n q ‘TE ) p ‘TE 2 qp n
rap (75507 ) gy o?) (sigro?) (groton)  Grgrod"™ T
= exp{ — —pz Yaap
]nqp1+q+p+qp( ot +gu)(ﬁ+gr)q(nqp+gy)p(n";pw(w))qp(ge)nqp (1+q+p+qp)
o? - o?
(Mygp [@1,@ + qu,,] M2, — XZ][ € Lap + Gnqp] [X Z]™) Y- (15)

Now let the approximation of By, with de3|gn matrix of the random effects (Z) to the first ngp terms as
following

(nqp)nqp(_"‘o'u)(_"'a‘r)q( +Uy)p( 0’5 +‘7(1:‘y)) p(_+0-2)nqp—(1+q+p+qp)

~ nqp nqp nqp nqp 1 r
Bo1 = - exp{— Pp—; Yogp
jHQP1+q+p+qp(fT;+0u)(W+ar)‘7(nqp+ay)p(n25p+a(m)qv(ge)nqp (1+q+p+qp)
oé R o2 1
(anp [% Inqp + qup] anp_anp [% Inqp + anp] anp)ynqp}- (16)
Then,
o nqp-(1+q+p+qp)
n €
(rap) qp(ang")(ang’)q(nqp+67)p(nqp+U(TV))qp(W+a5) 1 T

logBy; = %lo

F— Je_ a¢ 2yngp—(1+q+p+qp) 2nqp? " "4P
nqpl*ta+p qp( +o'u)(nqp+o'.r)q(nqp+gy)p(nqp+a(_cy))qp(a ) qp— q+p+qp
o o? -1
€ € T
(anp [nqp Inqp + qup] nqp anp [ [nqp + anp] anp) nqp
. nqv—(1+q+p+qp)
(nqp)"q”(—wg) 1
> S nqp o¢
2logBy, = log nqp AT (G2)naP—(I+qP+AD) | ngp? nqp ( nqp[ nap Ingp + qup] anp
-1
U'e T
anp[ nqp Inqp + anp] anp)ynqp
062 2 ngp—(1
_ (nqp)nqp(n_e+06)nqp (1+q+p+qp) 1 -1
— qap _ T aé _ |
-2 IOgB()l = lOg nqp1+q+p+qp(JEZ)nqp—(1+q+p+qp) (ngp)? { ananP {[ Inqp + qup] [nqp Inqp +

anp] } anp anp}

1+q+p+ 2
(nqp)nap-(1+a+p qp)(nq6p+06) L

= 108 (c2)nap—(1+q+p+qp) " (nqp)? anp

ngp—(1+q+p+qp)

anp
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0 leq lep leqp lenq
0q><1 0q><q O‘?XP Othﬂl Oanq
0p><1 Oqu 0p><p Opxqp qu"q
0 0 quXp qpxqp quan
qpx1 apxq 2,52
0 0 ( (ngp)“o§
anxl anxq naxp naxap (UEZ +nqp0'§)”e
2 2
_ O tNAPTs\ ngp—(1+q+p+ T
= 1og(7662 )nap (1+q+p+ap) _ {ananqunqp}
where
0 leq lep leqp
qul quq OqXP quqp
anp = ! anpl Opxa Opxqg Opxp Opxap
2
(nap) | 0 0 anXn quxcm
| qpx1 qpxq
0 0
lonqxl anxq ngxp ngxqp (

(02+nqpo$)o?

—

Mgl‘qp anp}

2 )Inqp*(1+q+p+qp)

nqpxnqp

lenq
0

0
0

(nqp)?o}

qxnq

qxnq

qpxnq

e e s e ]

2 )Inqp—(1+q+p+qp)

The Bayes factor for testing the model in (5) satisfy is consistent if [6]

limpgpse Boy =@,

limpgpso Bor =0,

Lemma(2):let Y, = 111, -0 Yngp)” Where y;;'s are independent normal

almost surely in probablity P;° under H,,
almost surely in probablity P{° under Hq,

T
Mygp -

ngpxnqp

a7
(18)

random variable

with mean p + 1; + v, + (ty); and variance a2 = 1, then there exist a positive constant C; such that

1 [anp—(1+q+p+qp)
S. i=1
nqp,1
nqp—»oo

—— oo, in probability, where Spqp; = Sy

Proof:

nqpc%
i=1 2%
(1+nqgpoy)

log(1 + nqpog) — Yy QuapYnap] > €1, with probability tending to 1, i.e. logBy,

Let Xngp = (X111, X121, -, Xngp) are independent standard normal random variables, Note that anpganp +

Xp and

Yquanqunqp = (anp + XB)Tanp (anp +XpB)
= XEqunqunqp + (X.B)Tanp Xp) + Xgqunqp *xp) + (X.B)Tananqp-

By the property of the design matrix (4) get

[ 0 01xq
OqXI Oqu
T — T 1 Ole Opxq
(Xﬁ) anp = (Xﬁ) (nqp)? anp
qpx1 quXq
0an1 anxq
T —
anp -
0
qul
1
ma)? [w,7,y, xY)Ingp (11+q+p+qp , anp—(1+q+p+qp) OPX1
Ogpx1
0ngx1

lep

leq
Oqu

0pxq
Ogpxq
0

ngxq

nqp(11+q+p+qp ’ 0nq—(1+q+p+qp) Ty, @]" =0.

Then Yrquanpanp = XEchnquncm-

leqp lenq

OquF qunq

Opxqp qunq

OQPXQP quan

0 ( (ngp)*a§

neap L (ag+nqpog)o?
lep 01><qp lenq
Ogxp Ogxap Ogxnq
Opxp Opxqp Ogxnq
quxp ququ quan
2
0 0 ( (nqp)" o}
ngxp ngxqp 2 2
(a€+nqp05)a§

Now by using the expectation formula of the quadratic form[4],[10],[12],[14], get

0 < E(XfqpQnqpXnap) = t1(Qngp) = Zicy

nqpo%

i=1 (1+nqp6§) — “ngp,1

Note that

149

2 )Inqp—(1+q+p+qp)

)Inqp—(1+q+p+qp)


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) | |il
Vol.4, No.11, 2014 Ils E
0 leq lep leqp lenq -|
qul quq quﬂ OthW Oanq
2 —;M 01 Opxq 0 Opap 0gxng MT M
nqp — 4 ''ngp nqp-"nqp
(nap) 0 Ogpp Ogpxgp 0gpxng
qpx1 qpxq
0 0 ( (ngp)*a} )i
0,951 0,14xq ngxp ngxqp (o2 +nqpc,5)d2 ngp—(1+q+p+qp)
[ 0 O1xq O1xp O1xgp 01xnq ]
| 0q><1 quq qup OquP OqXTl'I I
| Opx Opxq Opxp Opxaqp Ogxnq IMT
Ogpxp Ogpxqp quan ngp
Oapet Oapxq 0 0 (ngp)* 05 I
0,0x1 0pax nqxp nqxqp ( ) nqp-(1+q+p+qp)
| axa (o +napog)a? |
0 leq lep leqp lenq ]
0q><1 quq qup OGXQP Oanq
= %anp Opx1 Opxq Opxp Opxqp 0gxnq ngp
(nap) - 0, . Ogpxp O0gpxap Ogpsng
ap qpxq . o ( (nqp)z% )2
anxl anxq naxp ngxqp (¢ +nqu-5)o-2 ngp—(1+q+p+qp)
and
nqp (ngp)*c3., _ \wnagp, NGPOg > 2 _
tr(Q qp) (nqp)2 1+nqpo} )" = Zin 1+nqpc§) nqp (1+nqpcr ) Sngp.2-

Using the variance formula of the quadratic form[4],[10],[12],[14], get

2
nqp, nqpo
Var(ananqp nap) = Ztr(anp) = 2Sngpz = 2 L=y 1+nqp22)2'

Let cpqp = Sngp3~Snapt (ihere Snap3 = Zioy log(1 + nqpos) = ngplog(1l + nqpog) . Then,
2Snap1 :
ngqp—(1+q+p+qp) 2 T _ {YZqpQngpYnqp} ~ Snap3
anpl [Z log(l + nquS)z - anp anpanp] < qup } Pr [ qunq!:Jpl . Sn:il
Cngp ]

_ E(Y8qpQngpYnap) 1

- Pr [{ananqunqp} E(ananqunqp) Sngp3

nqgp

Sngp,1 Snqp1 " Snapa Snqp,1

S —E(Y3gpQnqpYnqp)
— T ngp,3 ngp<ngp -ngp
=Pr — E(YagpQnap Yngp)} = Snapa ~ Cngp |
1 var(Y Y 8s ngp-oo . .
<tV s( “QEQS“QP 1“‘113) = ngpz___ 0, from the Chebyshev inequality[13] .
SZqps  (CR4R2~Snapi (Snap3—Snqp1)
Zanp1
Since Sygp3 — Sngp1 = C1Sngp,1 for some c; > 0 and let c,qp = ¢4/2.

Then, there exists a positive constant C; = c;/2 such as

1 - . . .
S [Srap=(Ha*PHaR) 150 (1 + nqpod)? — YiupQugpYnqp] > C1, With probability tending to 1.

Then,

~ —_ ngqp—o . . .
2logBy; = YpaP~ (AP 16601 + ngpo?)® — YT, Quap Yagp — © in probability under H, i.e.
qp—>00

logBy; ——

Lemma 3: Suppose we have the one- way repeated measurements model, then

1 1 02 0'
ot (—nqp Mgy [22 2 L + anp] Mgy = [X 2] [ by + Gnqp] [X 7] )—» 0

Proof:
2
Since[X Z] [1% Ingp + Gnqp] [X Z]" =M,y ["qf Ingp + anp] MZ,, is the covariance matrix of

& =6k =2Zb, K*= nqp —(1+qg+p+gp),.., ngp + s, itis a positive definite matrix. Thus

1 gg 1
I

-1
o' . .. - .
rap? Mnap [nq map + Dngp| Mgy — nqu [X Z] [ ; In,“[J + Gnqp] [X Z]"is also a positive definite matrix.

-1
]["f Ingy + Gngp| X Z1" ), also

ol -
Thus, tr( 5 Mgy [nq Ingy + Dnp M,fq,,) > tr(-
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-1
tr (ZT Mgy ["f Ingp + anp] nqp> < tr(ZTZS)tr< Mgy [‘; Ingy + Dnp M;q,,>

M qp [UE Lygp + anp] nqp” by the Cauchy-Schwarz inequality, where

1 o?
nqp? anp[ qs Inqp + anp] anp

1 ol _5\,%
= s [+ )

-2
= [ﬁ{ <(nqp ) + 2 (nqp ) + Zf; (nqp ) + 2?21 (ni;p ¢ )) +

1

_2 =

ynap=(+4=p+ap) (J_f+02) }]2
i=1 ngp §

Since

(o) + 2t (2

-2
)+ 30 1(—+ay)+2ffl(%+a@y))) = 1 =

2
((Fvtealoed oo oo vl et

nqp? . nqp?
2 = 2
((o +nqp0,4)+q(ag+nqpof)+p(ag+nqpay)+qp(ag+nqpa(,y))) ((nqpoﬁ)+q(nqm%)+p(nqpo%)+qp(nqpaﬁw)))
= ! > =0(1), and
((e2)+ateD+p(o7) +ar(ot,))
-2 3 3
1+q+p+ ngp—(1+q+p+qp) nqp (ngp) (ngqp)
D Crarprap) (nqp+62) - o2 ,\° = 2 N (o2 +nqpa?)’ = (nqpo}) = 0(nap)
(W”s) (ra5+o3) e d
h 1 o? _ 1
Then, |1 Mg, [nqp Ingp + an,,] M2 || = 0{(ngp)z }.
Since sup||Z|| = 1 from the distances between the elements of design matrix Z, then || Z]|? < nqp.
1 a? 1 ol -t T
Thus, ——¢r (2 Mg [ g + anp Migy = X 2] [ gy + Gugy| X217 =
1 1 ol ol T al
ot (nqp anp[ £ gy + anp] Mgy {nqu[ ][ = lngp + Gugp| [X 2] — s Mgy [ﬁlnqp +
O'
Dngp | Mg} IX 2125 Iy + Gnqp] [X Z]T)
-1 2
_ 1 nqp+s T o¢ T T _1 o
- Snapa ZK*:nqp—(1+q+p+qp) Os (Z anp [ qe Inqp + anp] M"QP(ZK* nqp? [X Z] [ﬁlnqp +
-1 2
T\NT g5 1 a? nqp+s 2
Gnqp] [XZz]")") = Snqpa || nap? nqp[ ,; Ingp + anp nqp” ZK*:nqp—(1+q+p+qp)”ZK*”
< nqpcrg nqp+s 1 K*ag _ K*ag :K*(1+nqpa§)
- ngpSngp,1 K*=nqp-(1+q+p+qp) = = nqp Sngp,1 (nqp)zag (nqp)?
(1+nqpo%)
Thus
1 1 o? 1 o -1 T K*(1+napo})
Snap tr (nqu Mngp [ ; Ingp + anp] nqp nqp? [X Z] [ﬁlnqp + Gnqp] [X Z] ) S (nap)?
nqp—-oo
_— 0

Theorem(1): Suppose that the true model is the one- way repeated measurements model with fixed effect
only (the model under H, in 5), and let P;"?? denote the true distribution of the data, with probability density
function Po( yijli 7, Vo (M) = P{Gije — 1 — 1 — v, — (W)ji)/ 9}, where @(°) is the standard normal
density, then, the Bayes factor is consistent under the null hypothesis H, i.e

lim,, g0 Boy = o0 in probability B'%.

Proof:

det(0¢Ingp+XYoX  +Z31Z7)

1 _ -
log By, = Elog - _Y qp( (o-ezlnqp + XZOXT) 1_(0-621nqp + XZOXT + ZleT) 1)anp

det(0Ingp+XXoXT)
_1 det(0¢Ingp+XYoX T +Z3127) 11 det(0¢Ingp+XYoX T +Zr Y1 +Z¥) _ 4 Xy xT) -1
- T T 2 T qp (0' nqp 20 )
2 det(o? Ingp+XX0X" +Zr¥17rZy) det(ogIngp+XXoX")
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_ 1 -
_(O_ezlnqp + XZOXT + Zer,rZ}:) 1)anp - EYTqu((UEZInqp + XZOXT + Zer,rZZ) 1_(0621nqp + XZOXT +
ZleT)_I)anp
= logBy, + %log
ZleT)_I)anp
Since (021ngp + X20X" + Z¥1Z") — (0¢1ngp + XX oXT + Z, 31 ,Z7) is a positive definite matrix,
det (02lngp + X200 X" + Z31Z7) = det(0llygy + X0X" + Z, 31,27 ), thus

1 det(0¢Ingp+XToX T +25127)
det(c? Inqp"'XZOXT‘*‘Zer,rZ;I:)

Yr?qp((aezlnqp + XZOXT + Zer,rZZ) ! (Ue Inqp + XZOXT + ZleT) 1)anp) - Ue tr((o—ez nqp +
XZOXT + Zer TZT) ! (Ue nqp + XZOXT + ZleT) 1) + (Xﬁ)T((O-ezlnqp + XZOXT + Zer,rZTT) t—
(Je Inqp + XZOXT + ZleT) 1)(Xﬁ)
since (Uezlnqp + XZOXT + Zer,rZI) t— (Uezlnqp + XZOXT + ZleT)_l ' (Uezlnqp + XZOXT + Zer,rZZ)_l
and (0214 + XX0X" + Z¥,Z7) ™" are all nonnegative definite matrices, it follows that
0< (XB)T((O-EZ nqp +XZOXT + ZerrZT) t— (O-e Inqp + (XZOXT +ZleT) 1)(Xﬁ) = (Xﬁ)T
(o-e Inqp + XZOXT + ZerrZT) - (X.B)
By the property of design matrix (4), we get

det(0¢Ingp+XYoX T +Z3127)
det(02Ingp+XYoXT+Zr 31 +ZT)

- _Y qp(( 2Inqp + XZOXT + Zer,rZ’rr)_l_(o-ezlnqp + XZOXT +

X Mgy = MigpX = 1D (higipap » Ongp-+a+p+ap)-
Now as the proof of lemma (3), we get:

(Xﬁ)T(a nqp + XZOXT + Zer,rZ;r)_l(Xﬁ)

-1
0'6
(nqp)z( 'B)TM"‘"’[ rap v + anp] My (XB)

= ﬁ [Ty, @INGP (ligspsqp - Ong-(1+a+p+ap)
- Ouxg Ousp Ovva Ovmg |

Ogx1 (& + o), OqXp Ogxqp Ogxnq
Opx1 Opxq o Opxqp Opxng nqp
Ogpx1 Ogpxq Ogpxp (@ (Zry))lqv Ogpxnq
Ongx1 Ongxq Ongxp Ongxap 5 ngp—(1+q+p+qp) |

(11+q+p+qp s Ong- (1+q+p+qp) wtTYy, (TV)]T

= w2 =+ au] +30 [ + a,] + 3P p? [n‘fp+ o] +qu1(‘ry)2[ + o) '

=0(1).

Since pr { Snl Y (08 1ngp + XZ0XT + 2,1, Z5) = (08Ingp + XT0XT + Z31Z7) Wpgp > €} <
1 E(Ylqp((02Ingp+XT0XT+Z7 317 Z) "1 =(62 Ingp+X 30X T+231Z7) " HYngp) }

Snap1 €

< 1 tr((02Ingp+XLoX T +Zy Y1728 ) 1 —(08Ingp+XYoX T +23127) 71 n 1

Sngp,1 € Sngp,1
(XB)T(UEInqp"‘XZOXT"'ZrZITZT)_1 (Xp) nqp—

0 (by the Markov inequality[13], where € > 0) .
Since (01qp + XZOXT + Z, 20, Z5) 7 = (02 + X200 XT + Z3,ZT) 71 is nonnegative definite —
Yoo (0Ingp + XX oXT + Z, 0, Z7) ' = (02 lngp + X0 X" + Z31Z7)™1)Y,gp is nONNegative .
Therefore,
Yrqu((UZInqp + XZOXT + Zer,rZz)_l_(o_szlnqp + XZOXT + ZleT)_l)anp = O(anp,l)

__Y qp((a nqp + XZOXT + Zer,rZz)_ (0-6‘ nqgp + XZOXT + ZleT)_l)ynqp

anp,l

=0(1)

Then, as in lemma (2) there exists a constant C; such that
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' logBy; = ——log By, + o(1) > C, + o(1).

Sngpa Snqp.1

That is,

ngp-o - nap
By1 = exp(Spgpa{ C1 + 0(1)}) —— oo in probability Py™".m

Lemma(4):

Assuming that the true model is the mixed one-way repeated measurements model (the model under H;in 5). Let
Yogp = (V1 ) Yngp) Where y;;'s are independent normal random variables with mean p + t; + 8;5) + v, +
(y)jk and variance g2 = 1 and let w,,q,, = E(anp)Tanp E(Yngp)-

Then, limy g, co W;Yananqunqp = 1, in probability P°.
nqp

Proof:
From the moment formula of the quadratic form of normal random variables, the expectation and variance of
quadratic form Y,7, Qnqp Yngp are given by:
T
E(YanPQnCIPanP ) =tr (anp) + E(anp) anp E(anp)

_ vngp-(1+q+p+qp) _napog T
= Xi=1 (1+nqpo?) + E(Yagp) Quap E(Yagp)

= Sngpa T Wngp » and

var (Yigp QnapYngp ) = 2tr (anpz) + 4E(anp)Tanp2 E(anp)-
Note

T
Wnagp = E(anp) Qnap E(anp)

= (w"y", @), 6r€qp—(1+q+p+qp))M£qp 7 Mugp

ngp
[ 0 leq lep 01><qp 01><nq '|
0gx1 Ogxq 0gxp Ogxqp 0gxnq
0 0 0 T
0 0 pxp pxap axnq T T T T
pxt pxa quxp quxqp quan anpanp (H'T 'y '(T]/) ’SHCIP—(1+CI+P+CIP))
Ogpx1 Ogpxq (nqp)zg(ZS
Onox1 Ongx Ongxp Ongxap ( 2 2 )Inqp—(1+q+p+qp)
a >q (0 +nqpo )l
0 leq lep 01><qp 01an

qul quq qul’ quqp Oanq
— T T T §T 0px1 0pxq Opxp Opxqp Og>xng
= "y @ bngp-rrqrpran) 0 0 0

0 0 qpXp qpXqp qpXnq

qpx1 arxq 2 2

(ngp)*o; |
0,9x1 Ongxg Ongxp Ongxqp (62+nqpo2)a? ngp—(1+q+p+qp)
T
T T T oT
(.u'T 4 '(TV) 'anp—(1+q+p+qp))
_ T (nqp)?o} 5 _ anp—(1+q+p+qp) (nap)?o§s?
nqp-(1+q+p+qp) (62+nqpo2)o? nqp—(1+q+p+qp) “nqp—(1+q+p+qp) i=1 14nqpoZ
since sup; §; < oo, we have
2 nqp _napog 2

Wnap S SUp; 8 nqp ;= Tenapol 0(ngp Sugp,1), then wyg,, = 0(ngp?).

Now we can consider &2 > 0, where m > 1 is a fixed positive integer and a sufficiently large ngp with

2
nqpo 1
——2%_ > = Then for such ngp and m.
1+nqpo} 2
w, = yMP-(+a+peap) nap?ogsf _ nav’sd o,
ngp T Hi=1 1+nqpo? — 1+ngpoz ™
5 5
2 2
nqpos o2 S§m
=ngp —% 65, = ngp —.
qp 1+ngpch ™ qp 2

Similarly to the previous calculation, we have

T 1
E(anp) QrthpE(anp) = (:“' ", (@) 6rqup—(1+q+p+qp))M1€qP WMMP
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[ 0 O1><q 01><p leqp 01an '|

0q><1 quq OqXp Oqup qunq

0 0 0 T

0 0 pXp pXqp qxnq T T T

pa pxa quXp quxzzp quan anpanp (“‘ TT‘ ],T‘ (TV) 'SHQP—(1+Q+P+QP))

0 0 2
| wa e 0 ( (ngp)*a} )1 |

0 0 ngxp nqaxqp 2 nqp-(1+q+p+qp)
[ naxa (U§+nqpo5)cr§ |

— L é‘T ( (nqp) 05 )2 5
ngp ~nap—((A+a+p+ap)t (42 +nqp65)gz ngp—(1+q+p+qp) “nqp—(1+q+p+qp)

_ 1 anp (1+q+p+qp) (nqp)*os
nqp (1+nqp65)2 '

: T (nap)®o357 (nqp)*os :
Since E(Yngp) Q2gp E(Yngp) < TP m < nqp sup; 67 Z?jfm = 0(ngpSngpz2) (as in case

T
of E(Yntw) Qmw E(anp))'
Now for previous ngp and m we can find

2
= yrar- (1+q+p+ap) (ap)*o56} 2 (_napd§ 82
E(anp) anp E(anp) (1+nqp05) = nqp Om (1+nqpa§) = Tm nqp.

By combining value of S,,,,, ; and the previous result, get

var Yoy QnapYngp ) < 0(nqp Sngp1)-

Furthermore, note that £ (Yugp) @ngp E(Yagp) = E(Yuap) @nap’ E(Yngp):
By the Chebshev inequality[13] get

E(Y‘,’{qunqunqp) var(Y{qunqunqp) _ _p MAP—®
pT‘{ nqunqp nqp T > &< W =0(ngqp=“) —— 0, where ¢ > 0.
i i E(Yn anpynqp) : Sngp1 Wngp
Since lim A RAPRAP MAP) — iy 14 Wnap) _ 4
nqp—>o Wnap nqp—-o Wnap Wnap

. 1 . .
im0 mYananqunqp =1, in probability =

Lemma(5):
Suppose we have the mixed one- way repeated measurements model, then

1 det(02Ingp+XToXT+25127)
0g 2 T =10
Wnqp det(0ZIngp+XLoXT+Zr 51,27 )

limy, 00
Proof:
Since det(0lygp + XToXT + Z31Z7) < 1197 (02 + o2x? + X, 02 + Yo, o2 + il 00,%% +
o, O xlk) (from the property of the determinant of the positive definite matrix)
= (apy" P 17 (2
And we have
2 T TY — a¢ 2 ¢ 2 ¢ 2
det(ae Inqp + XZOX + Zer,rZr) - (nqp)nqp (@ + O-u)(ﬁ + 0z )q(n < )p( + J(ry))qp (nqp

oF)nrap=(1+a+p+ap) (from lemma 1).

(OFxF+E_ ) 0B xf+ Ty OFXGALIL 0 X+ D, 05X T )
nqp nqp '

det(02Ingp+XToXT+25,27)
det(02Ingp+XToXT+Zr 31,2 )

Zer,rZZ:)
{(nqp)lt)g(nqp) + X7 log ( Jep + )} — {naplog(nap) +
log(—+aﬂ) + qlog(—+ar) +plog(—+ o*y) + qplog( + O‘(Ty)) +ngp—(A+q+p+

qp)log (@ +0f)}=0)-0(1) =0(1).
Then

- lo

= logdet(621,qp + X200 X" + Z34Z") — log det(cl gy + XXX +

ap 2 2 ,xNq 2 2
(ofxf+ 80y ofxf ATy P xiALIL | 0l Xt Dedy 05x 0
ngp

1 det(02Ingp+XToXT+2y,2T) nqp-o
0
Wngp 8 det(02Ingp+XToXT+Zr 31,72 )

Theorem(2):
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Suppose that the true model is the mixed one- way repeated measurements model (the model under H;in 5),
and let P"P denote the true distribution of the data, with probability density function
1 (Wil 13, 81 Yo (@) = DL — (1 + 75 + Sigy + v, + (t)jk))/0e}, Where @(°) is the standard normal
density. Then the Bayes factor is consistent under the alternative hypothesis H; i.e
lim,4, 0 By = 0 in probability P"%.

Proof:
1 det(02Ingp+XT0XT+2512T)  1.r 2 T~ -1 2 T 1
log Boy = ;log— i sod® 2 Ynap (0 Ingp + XToXT) —(02Lngp + XXX + ZX1ZT) Wogp
1 det(02Ingp+XYoXT+2312T) 1 det(02Ingp+XT0X T +Zr 31+ ZL) 1 TN —1_ (2
2 log det(02Ingp+XToXT+Zy 3172 ) + 2 log det(62Ingp+X3oXT) Y qp((ff nap + XXoX") (GE Inqp +

-1 1 —
XZOXT + ZTZI,TZTT) )anp - Eyrrqup ((O-ezlnqp + XZOXT + ZTZI,TZI)
-1
—(02Lygp + XZ0X" + ZF1Z") Wogp

1 1
nqp((ae Inqp + XZOXT) -t (Uezlnqp + XZOXT + Zer rZT) )anp - erqp

= logB
08591 — 2 >
(02Lygp + XX oX" + Z, 31, 2ZF) —(a(,.2 gy + X20XT +Z3,27) )anp , Where
logBy; =
1 det(02Ingp+XXoXT+2Zy 31 rZT) _ -1
Elog detgjflnq:+XZOXT)1 - _Y nqp (( nqp + XZOXT) ! (Uez nqp + XZOXT + Zer,rZrT) )anp .

From lemma (1), we have

2
nqp —€_ q 14 UE qp nqp—(1+q+p+qp)
det(o'ezlnqp+X20X +Zr21rz1r) (nap) (nqp+0”)(nqp+gr) (nqp+ay) (nqp+6(TV)) ( +U )

T

det(c? Ingp+XXoX") nqp1+q+p+qp(°'e +U#)(@+G'?)q(nqp Jy)p(nal'lep_‘_a.(ry))qp(o.z)nqp (1+q+p+qp)

n Ltatpt nqp-(1+q+p+qp)
_ napnap=Orarp ‘”’)(—pﬂr&) _ (oZ4ngpod\"IP~(FarPEap)
- o2™P- (1+q+p+qp) - o2

24 Mqp—(1+q+p+qp)
n
(1 + = ) = 0(nqp)
6
nqp—(1+q+p+qp)
n
= log(l + qu' ) = 0(ngp).
And from lemma (4) qup = 0(ngp?). Then
1 det(02Ingp+XYoXT+2Z zr _4. Ngp—o©

log (o2 nqu P oz ) _ O(qu 1) 0.
Wngp det(0ZIngp+XXoXT)
Then,

5 1( 1 det(Vi,ngp) 1 r -

looB =_( lo map) 021, + XY oXT) 1= (02, + XY X" +

Wngp 8Do1 2 \Wngp gdet(UEZInqp+XZoXT) Wnap qp(( nqp ZO ) ( nqp ZO

-1
Zer,rZZ) )anp)'

Since (02hugp + XXoX™) ~t = (02Lugp + XToX” + Z,51,27) " = Qugp, then
1 _ -1 1
@anp((aﬁnqp + XX0XT) 1= (02 Lngp + XXoXT + Z, X1, Z8) IWogp = quy{qp QugpYngp- from lemma

. 1 T
(4), llmnqp_,oo—ananqunqp =1, then
5 Mgpoo g ( 1 det(02lngp+XYoXT+2,51,2])

—10 By —— = -
Wnap 8501 2 \Wngp det(aglnqp+X20XT)

- T Yitup (02Ingp + XX0XT) 1= (021Lugp + XT0XT +

qp—-©

Zer rZT)_l)anp)—) - _(0 - 1) =

“—logBo; —— =, in probability P, ‘"’.

Wn
Now from lemma (5),
1 1 det(02Ingp+X¥oXT+23,2T) Map-©

Wnagp 2 08 det(a? Inqp+XzoXT+Zr21 Zk) 0, and _%Y”T‘”’ (02 Tngp + XZoX" + ZTZl'TZrT)_l (02 Ingp +
XY XT + 22127) )Yy.qp is NONpositive random variable since (6214, + XXoXT + ZrZLTZrT)_1 -
(02ngp + X20XT + ZzlzT)'l is a nonnegative definite matrix.
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Therefore, by combining the above results, there exist C, > 0 such that
limy,gp 0 SUP W;log By; < _TCZ with probability tending to 1.
nqp

Then, By, 0, in probability A" m

4.Conclusions

1- The posterior distribution nl(fnqp|anp) is the multivariate normal with
E(Gngp|Yngp, 08) = 22(Zz + 0ZIx) ™ Yngp , Where N=1+g+p+gp+ng and
Var($ngp|Yngp 02) = Q'+ (@2I)™) 7 = XX, + 0lly ) a1y, where

fi]’k =un+ Tj + 81(]') + Y + (‘E’Y)jk + ei]-k,for, i=1,2, ...,n,j =1,.., q and k =1, ... D and
2

Ou O1xq O1xp 01xgp
0 o2l 0 0
3, = XZOXT +2212T =X qx1 Tiaxq 2q><p quqp XT 4+ 7
Opxl Opxq O-YIPXP pxae |
| Ogpx1 Ogpxq Ogpxp G(ZTV)ququJ
[0-6211 0 o 0 ]
2
| 0 0'512 0 !ZT
lo o - d5,)

2-The Bayes factor for testing problem Hy: yix = 1+ Tj + Y + (TV)jk + ek Versus
Hy:yy =TT+ 8igy + Yk + (TV)jk + ey is given by:

( )nqp"_%_'_Z i+2qi+2p”_g+2 _+2nq
nap nap 4 )\nap %) \ngp* %) \ngp %Gy (nqp 95)

0, 0’ -
jnqp1+q+p+qp( € +U#)(—nqp+g'r)q(—nqp+o' )p(nq6p+g(ry))qp(gg)nqp (1+q+p+qp)

— 1 yr
By, = eXP{ = Jrigp? Tnap

2 -1
( nqp [Ue Inqp + C"qp] anp anp [qu Inqp + Gnqp] MTT;QZ?)Y"CIP}'
3-The approximation of By, with design matrix of the random effects (Z) to the first ngp terms as following

+gy)p( ot +08,1)) p(_+02)nqp—(1+q+p+qp)

(nqp)nqp(_"'o'y,)(_"'a‘r)q( nqp

nqp nqp nqp

= 1 _yr
By, = exp{— 2nqp? Yaap

+gy)p("f +08,)) 1P (a2)nap=(1+a+p+ap)

2
a
jnqp1+q+p+qp(ﬁwu)(—wr)q( nap

nqp nqp

ol - ol -
(Mngp [nqp Inap + qup] Mrqup_anp[ nqp nav T anp] Mrfqp)ynqp}'

4- If we have the one- way repeated measurements model, then

1 1 ol a? -1 nqp—-o
ot (—nquanp |25 gy + anp] Migp = (X Z)[Z5 Iy + Grgp| X Z]T) —0
5-If the true model is the one-way repeated measurement model with fixed effects only then the Bayes factor is
consistent under the null hypothesis H, . This implies that, lim,,,,, . Bo; = 0 in probability Py

6- If we have the mixed one- way repeated measurements model, then
og det(02Ingp+XToXT+25127) —0
Wngp det(02Ingp+XToXT+Zr 31 42T ) '
- If the true model is the mixed one- way repeated measurements model, then the Bayes factor is consistent
under the alternative hypothesis H,.This implies that, lim,,,,_.. B; = 0 in probability P"?.

limy, 00
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